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Remark : — As it is essential, in an elementary book, that the 
expressions be appropriate to the subject, and even to the 
local usages of the language of the science, of whose elements 
it treats, as far as the latter can be admitted without diminishing 
the precision of the expressions ; and as this would require the 
author to be a native of the country ,in whose language the treatise 
is published, which is not my case ; my friend Professor Ren- 
wick, so advantageously known to the public by his own works, 
has done me the favour to translate into English the manu- 
script of this work, which I drew up in French. We consi- 
dered this as the surest means of obtaining the desired object 
of bringing this work before the public in a style unembarrassed 
by other idioms, and whose expressions would be adapted, not 
only to the language itself, but to establiiihed usages of this 
science. 
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Matrsmaticai^ science must, from its very nature, bare 
taken its rise in the simple inspection of geometric figures. 
The abstractions, upon wliich the calculus is founded, and 
whose great extension and generalization has produced the 
analytic method, must have arisen at a later period, as the 
product of a higher cultivation of the powers of the mind. 

During the period that geometry constituted the principal 
part of matiiematical science, trigonometry was necessarily 
Ireated of by the synthetic methods applicable to that branch 
of tike science ; and the solution of its several problems, at- 
tained by mere construction. Calculation was subsequently 
introduced, when the means were discovered, by which 
numbers could be appli^ to express the relations of quanti- 
ties, which appear so different in their respective natures, 
as linear dimensions and angles. 

Analysis, so bold in its steps and so universal in its 
metiiods, which has carried mathematical science to results 
the most general, and of such extensive and useful conse- 
qvencesy has naturally changed the mode of proceeding in 
trigonometry, as well as in other departments of mathematics. 
It is th«*efore necessary now, in order to study trigonometry 
in a truly scientific way, to treat of it in the most general 
manner; and, proceeding from principles the^most general, 
yet at the same time the most simple and elementary, to 
found upon them a complete system ; ^^whose results may be 
fitted for universal application. 

It is not necessary to enter^ into all the details, that are 
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the necessary consequences of such a system, in endeavouring 
to attain this object ; they will not escape the researches of 
him, who has made himself master of the system itself. 

With such views the present elementary treatise has %een 
drawn up ; and it is not necessary to explain the difference, 
that exists between it and the jarious other manners in 
which trigonometry has been treated of.* The principles 
upon which it is grounded are the following. 

As straight lines and angles, or portions of the circum- 
ference of a circle, are incommensurable quantities, they 
cannot be directly compared. But the ratio between two of 
the sides of a right angled triangle, will determine the magni- 
tude of the acute angles ; the third angle being always given, 
in consequence of the primitive condition of rectangularity 
in the triangle. This ratio then is the true and only means 
by which angles may be compared with straight lines. 

The names that are given to the several ratios, that exist 
among the sides of a right angled triangle, taken by pairs, 
are purely conventional, although the terms have in part 
been deduced from geometric considerations, having reference 
to the circle. But it is of the greatest importance carefully 
to avoid confounding the lines, that correspond to these ra- 
tios, or trigonometrical functions, when represented in a 
circle, with these ratios themselves. f 

* It was the desire of introdacing^ into the course of mathematics at the 
United States^ military academy at West-point, the most useful mode of instruc* 
lion in this branch, that led me to the preparation of this work, as early as the 
year 1807. 

t The term sine owes its origin simply to a contraction in writing semiiHs 
corda; when, in the middle age, instead of the chords of angles, that were 
formerly employed in calculation, their halves were introduced, writing merely 
sm ; and eo-im for complementi semissis cordoRt the tangent is represented geo- 
metrically by the line touching the circle without cutting it, and is the only 
appropriate denomination taken from the circle. The prolongation of the 
radius, until it cut the tangent, has been called secant, which is a perversion 
of the name given in geometry to a line that cuts the circle without passing 
through the centre. The addition, co, before each of these names, refers 
them, as in the oiae of the sine, to the complementary angle. 
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Setting out then from the primary definitions of the ratios^ 
that exist between the three lines that form a right angled 
triangle, combining them, simply, and by their squai'es, 
according to the properties of right angled triangles, deduced 
from the most elementary geometry; (Euclid L p. 47) we 
sball obtain, by means of the four fundamental rules of ordi- 
nary arithmetic, applied algebraically to these elementary 
expressims, a series of elementary formulse. 

These formulae give the solution of every possible case of 
right lined rectangular trigonometry ; and furnish a general 
table for the reduction of the several trigonometric functions 
to each other ; similar in its nature and application to the 
coipmon multiplication table. In this way we are furnished 
with a system of quantities, whose relative relations are de- 
termined ; the fruitful source of every possible combination. 

By the simple consideration of two angles united by juxta 
or super-position, (a method employed in elementary geo- 
me^,) applying the same elementary process, founded upon 
the principles previously employed, the second step in the 
system is made. This step furnishes the general principles 
of the combination of the trigonometric functions of the sum 
and difference of two or more angles. 

The same- system of combination used before, applied to 
this second series of formulae ; with different assumptions in 
relation to the relative value of the two angles ; and also 
when they are supposed to have a constant determinate va- 
lue; leads to all the various formulae that can be desired^ 
which are given in regular tables systematically arranged ; 
and which may be referred to with the greatest readiness. 

This mode of proceeding appears to lead to the desired aim 
with the least labour of intellect, and thus in the most easy 
way to the final end; which is, to present to the reader a 
full system of this branch of mathematics, in such a way, 
as to furnish every necessary element for the solutions of tri- 
gonometry, both plane and spherical; and for the use of 
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analysis in general, in its numeroas applications to gpamettys 
and to transcendant quantities. 

It is with a similar view that the chapter which points out 
the mode of making nse of the trigonometric functions in ^* 
integral calculnsi^ and chiefly for the purpose of transforming 
the formula to fit them for integration^ has been inserted. 
Trigonometric differentials are however omitted; they would 
require the application of the differential calculus, the know- 
ledge of which is not to be presumed in the student of ele- 
mentary trigonometry. It was thought more expedient to 
defer this part to a subsequent extension of the course of trigo- 
nometry ; that should at the same time present its applica- 
tions, and several other problems ; both theoretic and prac- 
tical, (and which will form the sequel of this elementary 
treatise, if it be approved by the public.) 

It is thought : that the method of applying the trigonometric 
functions to algebra, by a change of the formulae, such as to 
admit the use of logarithms, to change addition or subtraction 
into multiplication, &c. a method as simple as useful, is suffl- 
cientiy explaine^by the use which is made of it in the course 
of this treatise. For this reason it has not been separately 
considered, as it might have been, in applying it to the solu- 
tion of equations of the second and third order, &c. But 
when the applications, that are actually made of it in this 
treatise, are well understood, those to other cases will be abo 
intelligible. 

Although, for the reasons already stated, the explanation 
of the ingenious methods, that may be employed in the con- 
struction of trigonometric tables, both natural and loga- 
rithmic, is not admitted into this plan ^ it has been thoughlj 
proper to explain their fundamental principles; in order to 
complete the system. 

The considerations that have reference to the radius of the 
circky are not given, except where it becomes necessary to 
employ them; thus the student does not find himself embar* 
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rftflsed with them in those parts, wh^re they could answer 
BO othor purpose, hut tiiat of confusing his ideas. 

These principles being established, the solution of all tlie 
cases of oblique angled plane triangles follows, as their most 
obvious application ; and the use that is made of the forms that 
are given to the trigonometric functions, in reducing the 
calculations to logarithms, is a sufficient introduction to this 
method. 

When the analytical method is applied to spherical tri- 
gonometry, it is obviously proper, first to expose some of 
the immediate consequences of the theorems of solid geometry, 
in their application to the sphere, and then to express them 
in the form of trigonometric functions. Setting out in this 
manner immediately from solid geometry, we avoid, as will 
be seen, all the delay and difficulty, which would attend the 
introdoction of spherics in the abstract. 

The combinations of the parts of the right angled triangles, 
that constitute the elements of a spherical triangle, consi- 
dered by the method of trigonometric functions, also forms in 
this part of the work the principle whence all the elementary 
formulae of spherical trigonometry are deduced. The com- 
binations of these give all the solutions, that this branch of 
trigonometry demands. 

It has been thought that the continuation of the method 
previously used, was also in this part of trigonometry prefera- 
ble to the introduction of anotiier, although equally good in 
itself; for it is with methods in mathematics, as wifli style 
in ordinary writings : that author is most easily understood, 
who expresses himself in one uniform and fixed manner; 
while a change in the method of expression naturally intro- 
duces uncertainty in the apprehension of the sense of the 
writer. 

For a simUar consideration, the means of deduction, or the 
representation of the different subjects, have not heesn multi- 
plied : an elementary book need not give all that the author 
B 
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knows on the subject, but only all that is necessary to con* 
stitute a complete system. a 

The mechanical arrangement of a calculation may con- 
duce to its accuracy, andf to the ease of revising it, in case 
of need. It is with tliis, as with order in all matters 
of business ; it is proper in the beginning to acquire good 
habits, which practice will render easy. The numerous 
and frequently complicated operations of trigonometry have 
especially need of such a precaution. 

As an introduction to this practical part, there will be in- 
troduced at the close of this treatise an example of the cal- 
culation of each formula in an order the most concise, and 
most applicable to practice. In the complicated calculations 
of the practical application of trigonometry, it is useful to 
have forms of the process in blank, containing the order and 
denominations of the operations, and having a blank space 
sufficient for the insertion of the numbers. In this way 
the calculations may be reduced to an operation purely me- 
chanical, in which no one of the necessary elements can 
possibly be omitted. This method has been long used in 
great geodetic works,and in navigation. 

This treatise is then naturally divided into four parts. 

1st Part. Analysis of the Trigonometric Functions. 

2d '* Oblique angled Plane Trigonometry. 

3d ** Spherical Trigonometry. 

4th '' Examples of Calculation of the Formulae of Plane 
and Spherical Trigonometry. 

It only remains to give a few details in relation to some 
elementary principles made use of; and to such as are purely 
conventional, that it will become necessary to employ in 
this treatise. 

Elementary Geometry teaches us that all the angles around 
any one point are together equal to four right angles; it 
follows that the circumference of a circle contains also four 
right angles. ^ 

The ordinary mode of expressing a right angle, is, =LB. 
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The diTUUim of the circiimfinviice of a circle is, from its 
▼cfy itttu|^ covrentioiial. Three different diyisions hare 
heen osed, at dilferait times, and with different Tiews ; tiie 
most anci^it of these enjojs the right deriTed from its 
jfnaritj of occupation. This is the division of the cirmm- 
f<»rcBGe into 360 equal parts, or dtgree$: each of these is 
dirided into 60 equal parts, called ndnutes^ (minutse partes ;) 
and fliese again into 60 parts, called secondSf (partes minu- 
ts secondse.) In the same manner we might proceed to 
obtain thirds^ fourthsj &c. ; but instead of tiiis, it is the (cus- 
tom at the present daj, to represent the magnitudes of parts 
less than seconds, in the decimals of that denomination. 

This division maj therefore be represented in an alge- 
braic form, (marking degrees bj a small cypher above the 
numbers, minutes, by a single line, seconds, bj two lines, 
&c«) as follows, viz : 

»».r360'=4 Lfi; 90°=LB; l'=60'; 1=60". 

This furnishes the principle of the method of reduction, or 
transformation, of one denomination into another ; and we 
might express the whole of the circumference in the following 
manner, viz : 

•'rrsS l_B+89° 59' 60". 

The division of the fourth part of the circle or quadrant 
into lOO"*, with decimal subdivisions, has been several times 
attempted ; in consequence of the usefulness such a division 
would possess, in all geodetic operations, when combined 
with the corresponding decimal metrical system. 

The division of the quadrant into 96^' has been employed 
by some of the best artists, in the graduation of great 
astronomical instruments. It is very advantageous in this 
process, because all the subdivisions, down to the single 
degree, may be obtained by the continual bisection of an 
arc, whose cord is equal to the radius of the circle ; or in 
this division 64**^ making in the ordinary division 60°. 

The common division into 360* will be used in this 
treatise. 
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In order to show tiiat the difference between two quanti* 
tics is to be taken, in such a waj that the ref|dt shall be 
always a positiTe quantity, which ever of the two be the 
greater, we shall use the sign 0)9 or an S lying horizontally. 

The complement of an angle is that angle, which, when 
added to it, makes their sum a right angle. Thus the angle^ 
6, has for its complement 90** — 6,=! „jB — 6. 

The supplement of an angle is that angle, which, added 
to it, makes the sum equal to 2I-.E8 180^. Thus the 
angle, 6, has for its supplement, 2 l_JB-6, = ISC'* — 6. 

All other methods of notation, and the signs made use 
of, are derived from Algebra. 



PART I. 

JUCiLTBia OF TRIOOJSUMETRIC FKVCTTOJVW. 



CHAPTER I. 

he First dtmetUary 



$ 1. AiTALTTic Triqonometry is One of the problems of 
Algebra implied to Geometry ; it not only comprises all tiiose 
solutions that are necessary to find the unknown parts of 
triangles from those which are known ; but furnishes a se- 
ries of fimnule and analytical expressions, tiiat may be 
finally applied to Analysis in general ; and which constitute a 
peculiar species of quantities called Trigonometric Functions. 
Considered in this point of view, it forms one of the most 
important branches of analytic mathematics. 

$ 2. If the three angular points of a triangle be considered 
as lying in the same plane, in which, therefore, the lines 
which join these points are likewise situated, the triangle 
beoMnes tiie subject of the investigation of Plane Trigonome- 
try* Elementary geometry makes us acquainted with tiie 
principles of equality and proportion that exist between 
th^n under certain relations of their several parts, and tri- 
gonometry employs these principles as the basis of its 
researches. 

§ S. Kfhe angular points of tiie triatigle be considered as 
not in tiie same plane, the triangle becomes, generally 
speaking, tiie subject of the investigation of Spherical Trigo- 
nometry, as it is referred to the curved surface generated by 
the revolution of the circumference of a circle around its 
diameter, or the surface of a sphere; its properties are 
derived from solid geometry ; and it is the onlj curved sur- 
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^ face that is considered in the elementary part of that brancli 

of mathematics. •% 

$ 4. It is evident that, in the extension of the subject, 
there may be a separate species of trigonometry for every 
possible variety of surface generated by the revolution of a 
re-entering curve. The ec|uation of the radius of the curve 
would he an essential element of the resulting trigonometry ; 
as, for instance, an ellipsoidic or spheroid ic trigonometry. 
But this case requires a more complicated analysis; it is 
more detailed in its investigations, and consequently less 
general in its applications : it therefore cannot belong to 
elementary mathematics. ^ 

^ § 5. The elementary trigonometric functions are the 

ratios that exist between the three sides forming a right 
angled plane triangle; or, in other words, the quotients 
that arise from dividing any one of them by either of the 
two others. There are not, therefore, necessarily more 
than three such functions, to which are added their inverse 
ratios. These several functions are known by names, whose 
origin and signification are of no importance ; but it is the 
more important, that we fully and precisely understand 
their value, and mutual relations. 

The combination of these ratios gives the whole of that 
multitude of trigonometric functions, that enable us to solve 
every question in trigonometiy, and which are perpetually 
applied in analysis. 

§ 6. Let, JiBC, (figure 1) be a plane triangle, right an- 
gled at Ji; the sum, therefore, of the two other angles, 
JJ+CrsLJBasQO**. They are, consequently, each the dif- 
ference between the pther and a right ^ngle. This rela- 
tion of these two angles being the complement, as has been 
previously stated, y^e have, according to the division of the 
circle into 360% 5-=90*'-C,- and 0=90**- 5, 

The theorem of elementary geometry known by the name 
of Pythagoras (Euclid, Book I. prop. 47) gives the following 
relations*^ 
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BC*a=jJB«+j3C", whence 
AB'=BO^AO, and 

To simplify these expressions, let BCsah, AB^k, AC=d, 
and we have 

which determine the relations between the sides of a right 
angled plane triangle, in terms of their squares. 

$ 7. 1 o these properties of a right angled triangle, giyen 
in elementary geometry, trigonometry adds the expressions 
that denote the ratios of the several sides ; or rather, it 
gives to each of these ratios a specific name, as follows, viz : 
The ratio, or the quotient, A 

d is called 

AC : BCy — =8ine B=cosine (90<»-.B)=co9ine C 1 

h 

k 
AB : BCy — ^ =cosine B=8ine (90^ — B)=9ine C 2 

h » 

d 
CA:BA, — =tangentB=cotangent(90°-B)=cotangentC 3 

k 

k 
BA : CA, — =cotangent B=tangent (90** - B)=tangent C 4 

d 

h 
BC : ABy — =secant ^=cosecant(90^ — B)=cosecantC 5 

k 

h 
BC :,AC^ — =co9ecant B=secant (90°— B)=secant C 6 

d 

It is evident from inspection, that the prefix, co, before the 
names sine, tangent, secant, show that the relations of the 
quantities are the same when they are referred to the comple- 
mentary angle, as when with their simple names, they are 
considered in relation to the angle itself. 

It is also evident that the three last i*atios are the inverse 
of the three first. They are consequently much less used 
than tiie three first, particularly the two last : these are, in- 
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Aeeif at present entirely neglected, as well as the terms, 
Tersed sine, and co-versed sine ; having all become useless, in 
consequence of the great simplification that has taken place 
in trigonometric formulse. 

$ 8. Combining the primitive formulae thus found, or deter- 
mined, by their multiplication and division, and comparing 
the results with the simple formulsB, or definitions, to which 
the products or quotients are equal, we obtain a series of 
ftmctions, or formula, that constitute what may be called the 
multiplication table of analytic trigonometry. Thus : 
B By the multiplication of 

d h 
1 A No 1 into No 6 or — ,— =sine B cosec B=l 

h d 

k h 
Q 2 6 — , — =008 B sec B=l 

h k 

d k 
5 3 4 — .,— =tan B. cot 5=1 

k d 

d k k 

4 14 — , — = — =sine B cot B=co8 B] 

h d h 

k d d 

5 2 3 — , — = — =cosiDe B tan B=8ine B 

h k h 

d h d 
5 15 — , — = — =8iDe B sec B=tan B 

h k k 

k h k 

7 2 6 — , — = — =cos B cosec B=K:ot B 

h d d 

By the division of 

d k d sine B 

8 H 1 by No 2 or —:—«—==— =tan B 

h h k cos B 

k d k cos B 

9 2 1 —: — =—=: .— -=cotB 

h h d sine B 

d d k sine'B 

10 1 3 - : - =_= =008 B 

h k k tan B 
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d d h tan B 

No 3 by No 1 or — : — = — = =scc S ttl 

k k k sine B 

k k d cos B 

2 4 — : — = — = =sine B 12 

h d k cot B 

k k h cot B 

4 2 — : — = — = =cosec J8 13 

d k d cos B 

d h (2 tan B 

3 5 — : — =— .=—1— =sine 5 14 

k k h sec B 

/t d ^ 'sec 6 

i 3 — : — = — = =cosec B 45 

k k (2 tan B 

k h k cot B 

4 6 —:_=—= =cosB Ig 

(2 d ^ cosec B 

^ A; ^ cosec B 

6 4 — : — = — = .-=scc B tlf 

(2 (2 ik cotB 

^ ^ d sec B 

6 B — : — =— = =tan B 18 

X: c2 A: cosec B 

h h k cOsecB 

6 6 —:—=—= — =cotB 19 

d k d sec B 

If the combinations producing squares were admitted inte 
this table, it would become more extensive, but it is not consi- 
dered proper to introduce them here, as they may be consi- 
dered with more propriety as consequences. 

It will also be observed that some of the above results 
are already repetitions, for they may be considered as algebra- 
ically contained in preceding ones ; but this, being exactiy 
analogous to what occurs in the common multiplication table^ 
has been admitted, in the same way as, in a complete multi- 
plication table, two equal products, sa^, for instance, 3 times 
Sf and 4 times S, are introduced, to accustom the beginner to 

their equality. 
C 



<w 
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$ 9« If we apply the three expressions deduced firom tlie 
4rth Prop, of Euclid, Book I. given in $ 6, viz : 

h^ = da +k' ; Ja=A« — A;3 ; its = A* -d^ ; 

to those found in the series, A, making use of the expressions 
that hare the same denominator, and reducing the numera* 
torSf resulting from the addition or subtraction of their 
squares, we obtain a new series of formuIsB, that give the 
' relations of the squares of the several functions ; viz : 

C The sum of the squares of 

I 1 and 2, or 1 = = — =l=siD «jB + cos «jB 

The difference of the squares of 

h^ A^ h^-d^ k^ 

^ 6 and 3, or — = — = -- = 1 =8ec ^B-tan ^B 

k» ka k^ k^ 

h^ k^ h^-k^ Ja 

^ 6 and 4, = = — = i = cosec a^— cot ^B 

da da da da 

From these equations are obtained, by simply transposing 
the terms, the following, which are of very frequent use in 
trigonometric calculations. 

4 sin ^B = 1— cos ^B 

5 cos 25 = l—sin ^B 

6 sccaB= l+tan3B 

7 cosec afi = 1+cot aBJ 

8 tanajB = secaB— 1 

9 cot ^B = cosec aB— 1 

By equalizing tiie first three results^ it is also evident that 

10 sin 2B+C0S aB = sec aB-tan ^B = cosec ^B— cot ^B = 1 

and 

II sec aB— cosec *B = tan aB— cot ^B 

with their several consequences. 

$ 10. Combining the two scries of formulsB^ Bj and^ Cj by 
simply substituting the roots taken firom^ C^ in the formuls^ 
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of B^ we obtain another series of formulae^ of frequent uae ia 
the application of logarithms to trigonometrical calcnlations, 
and in the integral calculus. 

From what has been observed, and has been already 
shown, it is sufficient to give these for sines, cosines, and tan- * 
gents; for which tlie following values will be successively 
obtained. 

Bj B and the substitnttOD from ^ 

No. 5 C No. 6 sine B = cosB (sec «B- 1) ^ 1 

1 



1 



14 



(1+cot »B)i 
tan B 



cos B 

12 7 = 4 

(cosec*B-l)* 

5 5 and 6 = (1-sin »B) ^ (sec ^B— 1) * ^ 

(sec B-1) * 



14 2 and 6 



12 5 and 6 



(l+tan^B) i 
(l-siD^B)* 



(cosec 3B- 1) t 
By B sabstituting from 

No. 4 C 9 cosine B = sine B (cosec aB—l)i 3 

1 



(l+tanaB)i 

sine B 

10 6 = 10 

(sec^B-l)* 

(cosec afi-l)* 

16 9 = 11 

cosec B 

4 4 and 9 = (1- sin ^B) * (co8CC«J5-l) * |2 
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By B substituting from 

13 (1-cos ajB) i 
le C 4 and 6 /, = 

14 (cosec ^B- 1) « cot B 

16 7 ^nd 9 = = 

(l+cotaB)i {l+cot^B)i 

1 

15 No. 3 No. 9 tan B = 

(cosecafi-l)i 

16 6 8 = sinjB(l+tan B)^ 



17 



ti 

19 

*■ 

20 



£1 



sinB 



8 5 



18 e 



{l-sinaB)5 
(l+tan2B)« 



cosec ^B 
4 and 6 = (1-cos ^B) ^ (1+tan ^B)i 

(1-cos aB)i 



8 4 and 5 



18 6 and 7 



(1— sin3B)J 
(l+tan2fi)i 



(1+cot 2B)i 

It is evident, that the formulae for the sine will give those 
for the cosecant, by merely changing the denominators inta 
numerators, and the numerators into denominators ^ or, in 
other words, by expressing the inverse ratio of the sine* In 
Uke manner, by performing a similar operation, the values 
of the cosine will igive those for the secant^ and those of th^ 
tangent the values of the cotangent. 
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CHAPTER II. 

Bclufwn of right angled plane Triangles ; Values and JUge^ 
hraic signs of certain Trigonometric Functions* 

$ 11. The formulsB of the preceding chapter are evidentlj 
trae whatever be the magnitude of the angle B, and the ratio 
for a giyen angle being given by any one of the functions of the 
series A^ the determination of the value of any one of the 
lines^ h, d, k, will^ it is manifest^ give the value of the two 
others. 

From this it results^ that these formulse contain the solution 
of every possible case of a right angled plane triangle. It 
will suffice for this purpose to make choice of that trigonome- 
tric function^ in the equation of which^ the knowri quantity is 
in the denominator of the fraction expressing it, and the un- 
known quantity in the numerator; and to multiply the trigono- 
metric function of the corresponding angle by liie denomi- 
n^r of the firaction ; to obtain for result the unknown quan- 
tity which is represented by the numerator. For, every ratio 
being a fraction, or quotient, representing the relative value of 
two quantities, in which the denominator points out the value 
of each of the parts ; the multiplication of the quotient by the 
absolute value of all the parts, must present in the result the 
absolute value of the numerator This principle is evident firom 
tiie manner in which the trigonometric functions have been de- 
duced, and is general ; it would therefore be useless to enter 
into any detail. 

$ 12. In correspondence with the general principle just 
stated, the numerical values of these several quotients have 
been calculated, for all angles from, 0% to 90% on the sup- 
position that the value of the denominator is constantly uni- 
ty ; they are therefore directly applicable by means of the 
rale just given. 
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As in a right angled triangle one of the acute angles is 
always fh(d complement of the other^ it follows : that when 
either of them is half a right angle or = 45"", the lines^ k, and^ 
d, becoming equals their trigonometric functions of corres- 
ponding denomination are also equals that is to say : 

sine = cosine 

tangent = cotangent 

secant = cosecant 

A^id asy on liie angle becoming greater Ifaui 45% the compK* 
■Mntary angle takes^ in succession,'^iTery value <rftiie primitiT6 
ttBgle^ in an kiyerted order^ it follows : that in a» angle be- 
tw^een 45** and 90°, the simple change of any one of the aboy6 
denominations of functions into its corresponding one wiU 
give the f«mction sought. For this reason it is only neoessary 
to calculate the value of the sines, cosines, tangents, and 
cetengents, from O"" to 45% in order to obtain every other 
value that is necessary. 

$ 13 Let it now be supposed, that any line, BC^h, (figune 
2) take successively all possible positions around Ae point, B^ 
so as to form in relation to a fi^ed line, BAf successively, all 
the angles from, 0% to, 360% in which last position it will HDp* 
coincide with, 0% and if we conceive a perpendicular to fiwli 
any position of the line froQi a pcnnt, C, taken at any distance 
whatsoever from the pmnt, B, upon the line, BJi, produced 
indefinitely on eithei* side of the point, Bj and if, according 
to the constant supposition in geometry, we assign to this line, 
and to the perpendicular, the proper algebraic signs, to show 
their direction in relation to the point, B, giving the sign> 
+, to tiiose positions of the lines, d, and k, that correspond in 
their direction with their primitive position, and the sign, — *, 
where they are in an opposite direction ; there will result all 
ihe variations of valuer in quantity and in sign, that these 
demwiary fufictions can possibly assume. 

in «rder to show this more clearly : Let^ BC, BC, BC, 
HC"*, (figiure 2) be seviMl succesedve positions oS this lin^ 
in the four right angles, which are contained around the 
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l^iiit, B, the lines^ d, and, k^ will take the signs assigned to 
them in the figure^ and the signs of the fundamental trigono- 
metric functions contained in the series A^ wUl always be 
determined, upon the general and simple principle, that serves 
to determine the signs in algebra ; that is to say, that like 
signs produce, +» md unlike ones, -^. If- therefore we 
compare with the formula, the lines, fc, and, d, of the figure^ 
in regard to their respective positions, it will be found : that^ 
supposing all the functions within the first right angle to be 
positive, we shall have in the 

2d ri^t angle the, sines, and, cosecants, +9 the other functions,-*, 
3d tangent, and, cotangent, +» 9— -t 

4th cosine, and, secant, +> 9— '» 

$ 14 In the passage of. A, 6rom one quadrant to another^ 
as well as in its first position, the lines, d, and, k, become 
altemately equal to, 0, and to, h, itself. In these cases they 
evidently acquire their least and greatest possible values. 

I^ therefore, we suppose^ A=lj and use, f, to represent 
the entire circumference of a circle, the pointy O"", or tiie origin 
of the angles, will be represented by, Oit, the first quadrant 
euight angle^ by, {«*, and so on. Hence the values of the 
t^;oiiometric functions in these four principal positions^ 
irhsn expressed in t^ms of^ «> will assume tlie following 
vtlnes^ viz: £ 

For, CHr, we shaH have, d = ; and, ib = 1 1 

d 
whiqh gives — := — asipOrsO 

h 1 

k 1 
'— = — = costo=sl 

hi 

d 

— = _ = tanOtr =0 
k 1 

k I 

•» sss — =: cot Ovr = infinit 
d 
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h I 

— = — = cosec Oflf = infinit 

a 
h 1 

-^ = — = sec O^* = 1 
k 1 

S For, {nf, we have, d = 1, and;^!; = 0, 

d 1 
giyiDg — = — = sin Jif = 1 
h 1 

k 

— = — = cos i* = 
h 1 

c2 1 

— = — = tan JflT = infinit 
A: 

k 

= = cot JflT = 

d 1 

h 1 

— = — = cosec Jn* == 1 
d 1 

h 1 

— = — = sec i^ = infinit 
k 

S For, Jir, we have, d = ; and, (Aj = — 1,) 

d 
giving — = — •=sine Jat = 
[fe 1 

~& -1 

= — = cos Jflf = — 1 



h 




1 






d 


== 




-1 


:i=tan J«' = 


-0 


d 


= 


-1 




= cot Jflf = 


— infinit 



h 1 

— = — = cosec Jfl* = + infinit 
d 



CHAPTE& II. 25 

h 1 

— = — = sec J * = — 1 

For Jf we have, d = — l, and, k = 0, 4 

-d -1 
giviDg = = sin Sir = — 1 



•* 


1 






lb 









h 


1 


: COS I* = 




-d 


-1 






k 





= tan Jir = — 


infinit 


* 

k 









-d 


-1 


= cot JflT = - 





h 


1 






-d 


—1 


= cosec iit = 


- I 


^ 


1 






A 





sec 1* = infinit 



$ 15. It 18 evident^ from what has heen said in the two sec* 
tkms immediately preceding^ that all the elementary trigono- 
nMtric fonctions may be represented in a circle, whose radius 
iBfh^l$ and that they will always form proper or improper 
fractions of this unit, from 0, to infinity. 

In fig. 3, let, B, be the centre of the circle, whose radius^ 
A = 1, BA, and, Ba, two radii at right angles to each other, 
fliat contain the first quadrant; the points, C,C', &c. thesuc- 
oeHdve intersections of, h, with the circumference in the four 
quadrants; the perpendiculars let fall from fhe points 0,0', 

1 

(**) The expression -— which is here seen to result from the division 



of the different lines giTM the best idea of what is called infinity ; for it appears 
as a ratio (or relative quantity) such as it would exceed the power of any num- 
ber to express. The sign commonly used for it in analysis is, 00, or an 8 
placed horixontany. 

D 
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&c. upon tbe radius B^, produced upon the other side of B, 
will represent^ hoth in magnitude and algeht*aic sign^ in rela- 
tion to^ A s= 1^ the sines of the angles ^BC^JiBC, &c. while 
the parts of the line B^, intercepted between the perpendi- 
culars and the pointy B, will represent the several cosines of 
the same angles. > ' 

Draw from C, a line parallel to dB, until it intersect the 
line Ba, the lines^ CI, and Bl, are equal to Bg, and Cg, 
each to each ; whence it is manifest^ that^ as the angle aBC, 
is the complement of JiBC, we have 

sine ABC = cos aBC 
cos ABC = sin aBC 

In the same manner, if we draw from the points A, and a, 
perpendiculars, upon BA, and Ba, produced in either direc- 
tion from A, and a, the line ^C, BC, &c. produced on either 
side of B, will cut these perpendiculars in points, such as c, 
c', e, e', and Ac, will represent the tangent ; ad th0 cotan- 
gent. Be the secant, B6 the cosecant of the angle ABC; 
and in these functions of the angle, ABC, the same relation 
takes place with respecttojbhe exchange of the denominations 
of these functions, that we have seen to occur in regard to the 
sines and cosines, &c. of this angle and its complement aBC, 

for we have 

tan j3J5C= cot aBC 

cot ABC = tan aBC 

sec ABC = cosec aBC 

cosec ABC = sec aBC 
The figttre shows in what manner the signs of these quanti- 
ties are affected in the four quadrants ; attention being paid to 
the principle, tbat A, and a, are always the points from which 
the tangents are considered to be drawn in either direction, 
in which they can cut the produced radius, or h. We must 
be careful here to avoid falling into the error of supposing a 
change of sign in h; the radius of a circle can never be 
any thing but a positive quantity ; it is only the effect of its 
position upon the perpendiculars, considered in relation to 
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the directions of BA, and Ba, which depend for their sign 
upon the position oth, in the several quadrants, that can be 
affected by different signs ; (or in nature, and consequently 
in mathematics, every efficient cause is positive, while it is 
only its effect, in regacd to a required result, that may be- 
come negative. KV 
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Fundamental Trigonometric Function^ of the Sum, and Differ- 
ence rf two Angles. 

$ 16. Problem* To find the sine and cdsine of the sum and 
difference of two angles,' their respective sines and cosines 
being given. 

Let OBC, and, ABC, (in figures 4, and 5,) be the two 
angles, placed upon the common line, BC, in such a manner 
that the angle, ABD, may rejlresent their sum, (in figure 
4,) or difference, (in figure 5,) when, ABB, represents the 
sum, the two angles will then each ftdl without the other ; when 
it represents their difference, the less will be included in the 
greater ; it is required to fi^d the sine and the cosine of their 
fi^m or difference, or of the angle ABB. 

Construction. Through any point E, in the line BC, that 
is common to the two angles, draw a perpendicular FG, 
cutting the two other lines BA, and BD, in the points F, 
and G. From the point, F where this perpendicular cuts 
tlie line BA, which marks the sum or difference of these an- 
gles, let fall the perpendioular FH, updih the third line, BD. 

Using the same denominations as in the primitive formula 
of series A, we make ; BO=h; BF=h'; BE = kiEG =zd; 
EF^d, and ^calling the angle CBD^a; the angle CBA = h; 
and the perpendicular FHss y; and BII= x. 

The FO=d± d, will follow, with the sign +, for the sum, 
and — , f6r the difference, of the two angles a, and h, and 
we shall have the quotient or rjitio : 
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y a: 

— = sin (a± b)'y and — = cos (a± 6) 

Solution. The triangles FGH, and BGE, are similar^ 
being right angled at H, and E, and having the angle G> 
common to the two triangles ; wherefore 

(By Euclid, B. 6. Prop. 4.) ^ : fc = did*: y 

kd± kd 



1 


' "= k 




y k d :t k d 


Dividing by k, 


__ , 






Ji h h' 


m 


'kd kd 




= ± 




/*' h hh' 




k d k d 




= — .--±— .-^ 




h' h h K 



Substituting the values of these several quotients^ accor£n^ 
F to the principles of the series A, we have 

1 sin (a lb 6) = sin a cos 6 ± cos a sin h 

For the cosine we Lave 

(Euc. B 1. Prop. 47.) y^= (d±dy -(h — xy^{KY-x^ 
or (d±cr)a — A» + 2Aa: — a;a=(^')3- x^ 

and {d± dY -^a + 2 Ao: = (V)» 

therefore 2hx^ Qiy + h^ - (d ± dy 

Substituting for ^3 = Aja ± rfa; and tt')* =A:"+ W>; and divid- 
ing by 2&^', 

X 2ik3 + ((6^ + d2_(d±c0a 

K Zhh' 

2ik3 4- (d')f +d> - (cf) - d» ± Ud 
Squaring {d ±. d) = « — ^ 

2A^' 

A; A; q= d cf 

By compensation = — • 

hh 
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X k k d d 

K h K h' K 

Substituting for these quotients their values^ according to the 
series A, we have 

cos (a ± 6) = cos a cos 6 =p sin a sin h 

It will be here seen, that in the result the algebraic signs of 
the last formulae, are of the contrary nature to that they pos- 
sess in the expression representing the sum or difference of 
the two angles ; while in the case of the sines they have the 
same nature, as in the expression of the compound angle. 
This might also have been anticipated from the simple know- 
ledge of the fact, that the cosine diminishes with the increase 
of the angle ^ for in every greater angle the line fc, will be 
less, than in a less angle ; while the perpendiculars increase 
with the increase of the angle. 

$ 1?. In order to find the tangent, cotangent, secant and 
cosecant, of the sum, or difference, of two angles i we must 
treat these formulae, 1, and 2, in the same way as the simple 
formulse of the series A, when those of the series B, were 
investigated i and then simplify them by means of these same 
formulae, in confounity with what was at first said in relation 
to them, that they constitute the multiplication table of trigo- 
nometry, and thus furnish the means of reduction. We shall 
then have, (analogous to B, No. 8,) 

sin (a d: h) sin a cos h ± cos a sin h 

tan (o± 6) = = 

cos (a ±6) cos a cos b q= sin a sin h 

dividing this last expression in numerator and denominator, 
successively by the four factors contained in it, and substitu- 
ting, for the resulting values, the corresponding tangents and 
cotangents, according to the formulae of the series, B, we ob- 
tain in succession the following formulae, viz. 

1 ± tan 6 cot a 

Dividing by sin a cos 6 ; tan (a± W = 

cot a :f tan h 
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sin b cos a 



C09. a cos b 



sin a sin b 



tan a cot 6 ± 1 

cot 6 q= tan a 
tan a ± tan 6 

1 =F tan a tan & 
cot 6 ± cot a 



cot a cot 6 ::f 1 

For tiie value of the cotangent is obtained^ analagous to B^ 9. 

cos (a ± b) cos a cos & :f sin a sin b 

8 cot(a±W = = . 

sin (airfr) sin a cos 6±cos a sin 6 ^ 

4 « 

A process analogous to the preceding gives in succession the 
following formulsB : 

cot a =F tan 6 

9 Dividing by, sin a cos 6, cot (jOL±b) = 



IQ sin b cos a 



II cos a cos 6 



X2 sin a sin 6 



1 ± tan 6 cot a' 
cot b :^ tan a 

tan a cot 6 ±1 
1 =p tan a tan 6 



tan a li: tan 6 
cot a cot 6 =1= 1 



cot 6 ± cot a 

« 

It may be easily seen that these formulae for the cotangent are 
the inverse of those for the tangent, as might be expected from 
their analogy to A, No. 3, and 4. 
In the same manner as before, we obtain 

1 1 

1^ sec(adb6) = = 

cos (adtb) cos a cos 6q:sin a sin 6 

Dividing stUl in this case by the same four factors, employed 
in the case of the tangent, and substituting the, secants, and, 

cosecants^ for their equals, & — ^, in conformity with 

COS slU 

the expressions of the series, B, we obtain the four follow- 
fng results, viz. 
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sec (a±b) = . 14 



sec (a±b) = ■' 15 



cosec a sec 6 


cot a q: tan b 


sec a cosec b 


cot b If: tan a 


sec a sec 6 


>1 :f tan a tan 6 


cosec a cosec b 



16 



cot a cot 6 :7 1 



17 



Substituting fop the secants their values in terms of the tan- 
gentsy taken from the radical expressions of series C^ as has 
been done for series D^ these formulae undergo the following 
transformations^ which may easily be followed without being 
detailed : 

(l+cot»a)J(l + tanaW* 
sec (o±6) = ' 18 





cot 


, a ::f tan 6 




(1 + 


tan 


«a)J(l+co1 


t«6)* 


■ 


cot 6 qp tan a 






tab 3 


'o)* (1 + tan «4)* 


1 

4 


i =F 


tan a tan 6 




+ 


cot« 


»o)*(l+cot^ 


»6)i 



19 



20 



21 

cot a cot 6 q= 1 

Applying a process exactly analogous to the expressions of the 
value fit the cosecant, we obtain successively the following 
formulsBy whidi are analogous to the preceding ones : 

1 1 

cosec (a ± W tas = 22 

sin (a ± b) sin a cos 6 d: cos a sin b 

cosec a sec b 
1 ± cot a tan 4 



• 32 



£4 



£5 



£6 



27 



28 



29 



30 
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sec a cosec b 






tan a cot 6 ± 1 


■ 


.cosec a cosec 6 


^ 




cot b ± cot a 




sec a sec b 






tan a ± tan & 




(1 +cot3a)^(l +tan 


«i)i 




1 ± cot a tan b 






(1+tan aa)J(l +<^ot 


'b)i 





i^hriM 



tan a cot 6 ± 1 
(1 +cot *o)J(l +cot36)j 

cot 6 i cot a 
(1 + tan 2o)i (1+tan 26)i 

tan a ± tan b 

It is evident) that^ if in these formulse for secant, and cose- 
cant) we should change the numerators into denominators^ 
and the denominators into numerators, we should obtain ex- 
pressions for the sine, and cosine ; in their inverse applica- 
tion all these formulae are naturally reductions of compound 
expressions to the simple expressions of a compound angles 
if therefore we meet with such formulae as the above in the 
course of a calculation, we have the means furnished us of 
rendering them much more simple. 



,.* 



r,' 
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CHAPTER IV. 

Ciminnatums of the FormulaB of 8impU Angles. 

$ 18. Thb use which we have made, in tiie last chapter of 
the formals of the series B, has given an instance of the 
Trifle of tbe research of the combinations of trigonometric 
fuMtton^ as applicabk to the reduction of complicated for- 
IttdnBy as WXL ai^in obtaining expressions appropriate to Iho 
Aatk that may present themselves in calculation. 
' As it is evident, that these combinations ought to be the re« 
suit of the application of one or the other of the four rules of 
arithmetic, the investigation will be here made by this simple 
method. 

It is clear, that these combinations must be very numerous i 
we shall therefore, in this place, rather point out the road^ 
that leads to their discovery, than enter iiito a detail of all 
the possible combinations. 

Oti^ of the frequent uses that is made of these formul»^ 
consists in changing an addition or subtraction into a multi* 
plication, (in order to enable us to make use of logarithms,) 
and conversely. We shall therefore devote ourselves, princi- 
pally, to formulse that have properties of this sort. It will be 
easy, by a slight attention to the general method, to reach sny 
other form that may be desired in any particular case. 

$ 194 The simple addition and subtraction of the formula 
B, No. 8, applied to two angles, a, and ft, assuming, ayhf 
will give O 

fiin a fliD ( sin a cos & ± cos a sin & ^ 

tan a ± tan i ^ — ± =" ■ 

sin h cos h cos a cos & 

sin (a dr V) 
cos a cos ^ 



*.- 



*! 
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1 ± cot a tan 6 



^ Diyiding by, sin a cos & ; tan a ± tan 6 = 



c«s a sin 6 ; 



«in a sin 6 { 



cot a 
tan a cot 6 ± 1 

cot^ 
cot h ±cota 



cot a cot b 
From B^ No. 9^ treated in the sanae manner^ we obtain 

cos 6 cos a sin a cos 6 i: cos a sin & sin(«dr6) 

•8' €0t6±C0ta=: ± - = ^ • i fT- t 

sin & sin a Bin asin 6 sin a sin 4 

1 ± cot a tan & 
^ Diriding by, sin a cos & ; cot & ± cot a = - 



cos a sin h; 



tan h 
tan a cot 6 ± 1 



tan a 

tan « ± tan 1^ 

8 . cos a cos 6 ; s= ■ 

tan a tan & 

From the combination of B^ No. 8 & 9, applied to different 
angles^ we obtain : 

cos a sin 6 cos a cos &± sin a sin 6 cos(a=p6) 

9 cota±tan6=: ± = ■ = 

sin a cos b sin a cos fr sin a cos 6 

1 ± tan a tan 6 

10 Dividing by, cos acos 6; cota ± tani = •— 



11 sin a sin 6 ; 



tan a 
cot a cot 6 ± 1 



cot 6 

cotl^ ± tana 
12 cos a sin ( ; = 



tan u cot b 



and 



C08& sin a cos a cos 6 ± sin a sin & C08(a:p6) 

15 cot t i tan a = -- — ± » = 

sin b COS a sin b cos a sin b cos a 



r 
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1 ± tan a tan 1^ 

Dividing by, an o cos i ; cot ^ ± tan a = __— 14 

tan a 

cot a cot 6 ± 1 

fin a sin 6 ; = 15 

cot a 

cot a ± tan 6 
€08 6 sin a ; = ■ 1© 

cot a tan b 

The formnlsB, No. 2, 3, 4 ^ 6, 7, 8 ; 10, 11, 12 j 14, 15, 16 ; 
might evidently have been obtained, with equal ease, by the 
simple multiplication or division of the sums indicated by 
tanf^t a, tang^rt b, or their products ^ but as they natural- 
ly follow, from the method that has been employed previously, 
and since, in this way, the different values of the sums sought 
are collated, it seems to be more in conformity with systematic 
arrangement, to present them in the way they occur above. 
^ 20. The several combinations of the formulse, 8 & 9, of 
series B, by means of multiplication and division, are, as is 
clear, contsuined in those which precede. In effect we have^ 
by comparing the formulse No. 5 & 8 ; No. 4 & 9 ; No, 9 & 
12 ^ No. 13 & 16, the following : 

tan a sin (a ± b) ji 



tan a tan 6 = 



cot a cot 5 = 



tan a cot 5 = 



cot b sin a sin b (tan a ± tan 5) « 

cot a sin {a ± b) 

tan b cos a cos b (cot 6 ± cot a) ^ 

tan a cos (a :^ b) 



tan b sin a cos b (cot b ± tan a) ^ 

cot a cos (a ^ b) 

cot a tan 5 = = ■ ■' 

cot b sin b cos a (cot a ± tan b) ^ 

§ 21. The formula O, No. 1, 5, 9, & 13, are, as is evi- 
dent, of such a nature as to change an addition or subtrac- 
tion into a multiplication or division j they also serve, inverse- 
ly, in the construction of tables to find the tangents, by 
means of the sines and cosines. In like manner we obtain,. 
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by comparing : G^No. 1^ e, and S, and No. 9, 10^ and llj. 
tlie following formuIsB that will be of use. 

sio (a ± h) cot sin (a d: 6) 



1 ± cot a tan h = 



j2 tan a cot (±1 =: 



1 ± tan a tan & = 



cos a cos 6 sio a cos 6 

siQ (a ± 6) cot 6 sin (a ± fr) 

COS a COS b COS a sin 6 

cos (a :^ 6) tan a cos (a if b) 

sin a COS 6 cos a cos 6 
cos (a :f () cot b cos (a :f 6) 



4 cot a cot i ± 1 =: 

sin a cos b cos a cos 6 

$ ££• By separating the signs in the formula G, No. i, 
and multiplying the separate parts^ we obtain a formula for 
the diflference ai the squares of the tangents, that is very 
simple, and analogous in its nature to the original formula ; 
lb have 

sin {ct-^-b) sin (a— 6) 

5 (tan a-f-tan 6) (tan a — tan 6) = tan *a — tan ^ & = ■ ■ 

cos 'a cos 'b 

And similar formulae are deduced, with equal ease, from the 
other formula of the same character ; they do not however 
appear to require, that their investigation be given here, in 
detail, and they are, besides, easily found in case they are 
needed. 



CHAPTER V. 

Combination of tite Formvlm of the 8vm, and difference of 

two Jingles* 

4 

$ 23. Separating the signs in the formula F, No. 1 and 
d, and combining them, by addition and subtraction, we ob- 
tain a series of simple formula, that are very use&l in their 
practical application to calculation, viz. 



4 

r 
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•III (ii + 6) + tio (• - *) = K 

BIB* cos ^ + GOAaiioi4*^D*c<M ( — iinicot«ssttiii«co«i ^ 

im (a -f 6) «- sin (• — i) M , f 

sin a cos h + cos a sin 6 — * sin a cos ( -{- sin & cos a as t cos a mnh 

cos (• — fc) + cos (a + 6) = S 

cos a cos 6 + AID <> B>n 6 + cos a oos & — sin a sin & =s 2 cos a cos i 

cos (o — 6) — cos (a +i) ■■ 4 

cos a cos & 4" sii^ <^ 8>o ^ "* cos a cos & -{- sin a sin & =s 2 sin a sin & 
sin (a ± &)±cos(a±6)^sina(co8 6:f sin 6) ±cosa (cos b ±sin6) 5 

As this last formula does not present any peculiar interest^ 
it is not deduced in detail j it may be found by a simple cal- 
culation. 

§ d4. The addition of the two values of F, No. 3, wHh 
flieir signs changed, gives the following formula, by means 
of a very simple process of reduction : 

sin (a ± h) sin (a :f h) 

tan (a ± 6) -f tan (a qp i) &= ^ 1 • 

cos (« ± b) cos (a :^ b) 

Beducing to a common denominator 

sin (a ± b) cos (a ^b) + sin (a :f b) cos (a ± b) 
cos (a ± 6) cos (a :f 6) 

The numerator being ^ sin ^(a ± 6) + (a qp &)^ ss gin 3 a, 

and performing the multi^ication in the denominator, we have 

the above. 

sin 2 a 



cos 'a cos '& — sin 'a sin '& 

lAnd because, cos '& ^ 1 — sin '6 ; and, sin 'a = 1 — cos >a ; and 
by compensation, 

sin 2(» 

tan 0» ± W + ten (<» =F *) = 

cos 'a^sin 'b 

The subtraction of these same two expressions, gives a re- 
OTlt «xacay similar, with this exception : that the two terms 
#f the numerator are wparated by the sign •— , inste4id of 
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+• It results from this : that, instead of the sine of the 
sum of the two angles (adr b) and (a qp b) the numerator repre- 
sents the sine of the difference of these angles ; we then have 
:as numeratcH'^ 

sin ((a ± 6) - (a q= 6)) = sio (± 2 6) = ± sin 2 6 

As the denominator does not^iidergo any change, the defini- 
tive formula, which requires tlie same steps for its reduction 
as the preceding, becomes 

± sin 2 6 

7 tan (a ± 6) — tan (a If 6) = ■ ■ 

cos ^a — sin 2 5 

If we now treat in the same manner the formula for the cb- 
^ tangents, F, No. 8, and pay attention to the fact, that the 
cotangents of small angles are greater than those of large 
angles ; and therefore, as has been already remarked, the 
subtraction must be inverted. We have 

cos (a qp b) cos (a db b) 

cot (a q: 6) + cot (a ± b) = 1 — 

sin (a :f 5) sin (a ± b) 

COS (a :f b) sin (a ± 6) + cos (a ± b) sin (a zf. h) 

sin (a zf b) sin (a ±: b) 

The numerator is evidently the same as in formula 6, and 
the denominator is reduced to the difference of the squares of 
the two terms of the formula which gives the sine of the 
sum or difference of two angles ; we then have, again, for the 
angle of the numerator, 

sin ((a ± 6) + (a qp W) = sin 2a 

And the formula will, by applying reductions .to tlie de- 
nominator, as before, ultimately become, 

sin 2 a 
g cot (flZf b) + cot {a ±b)=s 

cos ?6 — cos »a 

Subtracting the same two formula, we obtain, as in the case 
of the tangent, a numerator that represents the difference #f 
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the angks^ and conseqaently, has exactly the same value as 
in farmula 7, except that the signs are inverted, in conse-* 
quence of the inverted^subtraction, that is to say, (a :^ 6) — 
{a±b)= =f2b; and as the denominator remains the same as 
in formula 7, the final formula jnll become K 

• ::p sin 2 6 

cot (cr q: 6) — cot (a ± 6) ea % 

COS «6 — cos *a 

By a process precisely similar to that given above, and whose 

detail is omitted here, for the express purpose of giving the 

student an opportunity of exercise in operations of the sort, 

we may obtain the two following results : 

cos 2 6 

tan(o±6) + cot (aq:6) = 10 

cos a sin a :^ sin. 6 cos h 

— cos 2 a 

tan (a ± 6) — (cot a qp ft) = ■ n 

cos asm a ^ sin b cos b 

It is obvious, Ibat more combinations of this sort may be 
made, firom the corresponding formulae. 

$ 25. It wiU easily be seen, by inspecting the formuln of 
$ £3 and £4, that by dividing any one of them by any ofher 
of the corresponding formul», taking in $ 24 those which 
have either the same numerator or the same denominator, we 
can obtain formulae of the greatest simplicity on the one 
side, corresponding to expressions on the other side of the 
equation, that are apparently complicated. But it would be 
useless to make these combinations here, as they are of the 
greatest facility. 

$ £6. The formulae of the series F, give, by multiplication, 
ihe following results. The signs being separated, as has 
been done in the greater part of the formulae of the preceding 
series K. 

Multiplying F, No. 1, and separating the signs. 

sin (a+b) sio (a— 6) 

= (sin a cos 6 + cos a sin b) (sin a cos 6 — sin i cos a) 

i= sin ^a cds '6 — cos ^a sin 'b 
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L And sidNitituting, according to serias C, No. 4 «id 5« 

1 m(a + h) tin (a — ^ ss tin >a «:. sb 'b 

2 sfas COS i^(— cos >o 

Multiplying IP*, No. £, with oq^aratton of the signs, and an 
analogous process. A 

cos (a 4- b) cos (a — b) 

tarn (cos a COS & — sin a sin &) (cos acos & + sin ^ md b) 

3s COS ^a cos *i — sin *a sin >& 

3 IBB cos^a — 8in>6 

4 a cos>6 — sin'a 

By multiplying together, F, No. 5, sqmrating the signs, and 
ohsenring : that in confonnity with B, No. S, there is a divi- 
sion that always corresponds with a multiplication! because 

1 

tang = 9 we obtain the following results : 

cot 

tan (a + &) sin (« + &) sin (a - fr) 

fao (a + &) tan (a — ft) = — r = ■ ■»■■ ■ 

cot (a — 6) cos (a <4- b) cos ^— t) 

Bxpressing the factors of the numerator and tiie denomina- 
tor, multiplying them actually, and reducing, according to 
series C, No. 4 and 5, tins formula is reduced to 

tan (a -{- b) sin 'a — sin 'b 

5 tan (a + 6) tao (tf — &) = ' == ■ 

cot (a *- 6} cos ^b — sin ^a 

cos '& — cos 'a 



cos ^a — sin *6 

We obtain, in the same manner, the two following formulae, 
which are, besides, already eiddent from tiie four first fontaiulio 
of the preseirt series. 

cot (a 4- ^) cos *b — sin 'a 

^ cot (fl + 6) cot (a — 6) = = ■ 

tan (a — 6) siA 'a — sin >( 

cos >a — sin •fr 



cos «6 — sin »tt 
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tan (a + i) ' i>in a cos a + flin b cot 6 '^ 

tan (a «|. i) cot (a— b) = =« — ^ — ^ 7 

tan (a — &) sin a cos a — sin 6 cos & 

No. 5 and 6 evidently adnut the yariations in their nnmera- 
tor and denomuiator that are pointed oat by the equality of 
the two preceding ones^ No« J^and 2, 3 and 4 ; and which 
arey besides^ evident consequeMB €i series C. 

$ 27. After this explanation^ the manner in which analo- 
gous formulse for the secant and cosecant may be deduced, 
will be readily perceived ; this introduction may, therefore, 
be omsidered as sufficient, particularly as we do not conceive 
it necessary to give every possible formula, but merely to 
point out an easy and systematic mode of obtaining them. 

$ £8. By treating in the same manner those formulss of 
the series F, which express the tangents, cotangents, secants 
and cosecants of the sum or diflTerence of two angles, in terms 
of the tangttit and cotangent of the simple angles, we might 
obtain a series of symetric formulas in terms of the tangent 
andcotangept of the same simple angles. A great number of 
these are simple, and may be useful ^ but for the reason al- 
ready stated, it will be sufficient merely to point out the 
method. 



CHAPTER VI. 

Triganametrie Functions, that express the Ftmctums of Sim- 
ple Jingles, in terms of the Functions of Compound Jingles. 

. $ fi9. As it has always been assumed, in the preceding 
fomnlss, that a\b, it being natural to make such an as- 
smption in announcing any two quantities whose value and 
ratio is indeterminate, it follows from the principles of alge- 
bratthat 

a = i (a + ft) -I- 4 (a — 6)5 6 = i (a + 6) — i (a ~ 6) 
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Applying these denominations to the formul» of the series 
F^ and limiting ilie investigation to the sine» cosine, and tan- 
gent, (which is (Mofflcient to exhibit the principles of this ope- 
ration, and to lead to formulee of general appUcation, in a 
short and easy manner,) we obtain in succession the follow- 
ing trigonometric functions, jk. 

MBj F No. 1 will be obtainecl, 

sin o = sin (* (a+ 6) + *(a- ^)) 

1 = sin I (a + W cos f (a — 6) + cos i (a + 5) sio } (a - 6) 
and also, 

2 siu 6 = sin 1 (a + 5) cos i (a — 6) — cos i(a + b) sin i (a — 6) 

By F No. 2 will be obtained, 
S cos a = cos }(a-|-^) (cos Ha—b) -- sin i(a -{-&) sin ^ (a — by 

and 

4 cos & = cos i(a + b) cos } (a — W + sin Ha + b) sin J (a — ^) 
By F No. 4 will be obtained tan a = tan (i (a + &) + i (a - b)) 

l+tanJ(o — 6)coti(a + ^) 

cot i (a + W — tan J (a - 6) 

1- tan Ha- 6)cot} (a-f- 6) 

cot i (a + 6) + tan 1 (a - 6) 



€f and likewise tan 6 = 



It will be at once seen, that the formula 5, 6, 7, of the same 
series, might be also employed for this purpose, and would 
lead to analogous results. The above formula, 5 and 6, nar 
turally give the cotangent by a simple inversion. 

$ 30. If we now combine these formulae in the same man- 
ner, and by the same rules as the preceding, we shall obtain 
a series of formulae that are much more simple, and are sus- 
ceptible of becoming general for every proportional value of 
the angles. 

By addition, and the simple compensation of the signs 
of the second t^rms of the sines and cosines, we obtain. 
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By adding No. 1 and 2, or Bf 

nlna '{'mnh =^ 2 9in iUn + b)coB ^(fit'-'b) T 

By adding No« 3 and 4, or * 

cos a + COS fr = 2 CQS } (a + b) cos ik (a — 6) 
By adding No. 5 and 6, or tan a -|- tan 6 = 6 

1 +tan i (fl —b) cot i (a +h) 1 - tan i (a ~ 6) cot|(o +6) 

■ -I 

c« J (a + ^) — tan 1 (o - 6) cot 1 (a + &) + tan | (a - *) 

And by reducing this to a common denominator and compen- 
sating : 

2 tan i(a + b) (l -f tan« 4 (a - b)) 
tan €k -f- tan b = ■ o 

1 — tan^ 4 (a - 6) tan^ ii (m + b) 

By subtraction^ and a process exactly analogous to the abore^ 
we obtain ^ ' 

By subtracting No. 2 from No. 1, or 

sin a — sin 6 =3 2 sin i (a — 6} cos 4 (a + ^ 10 

By subtracting No. 3 from No. 4, or 

cos b — cos a £= 2 sin i (a 4* ^) sin i (a — b) n 

By subtracting No. 6 from No. 5, or 

2 cot 4 (a — 6) (I + cota ^^a + b)) ^ 

' tan a — tan 6 sa ' 12 

cot* i{a + b) cota J (a — b)—l 

"We further obtain^ by multiplication^ as follows : 

Multiplying No. 1 and 2, or^ sin a sin b 
= sin* iia + b) cos* i (a — b) — cos* i (a + b) sin* 4 (a — &} 
= sin » J (a + 6) — sin* 4 (a — b) j,3 

=» cos* i (a — b) — cos* h (a+b) 14 

Multiplying No. 3 and 4, or, cos a cos b 
= cos* 4 (a + 6) cos* i (a — 6) — sin* iia +b) sin* I (« — b) 
= cos* i (a + 6) — sin* i (a — b) 15 

= an^ 4 (a — 6) — sin* i (a + 6) 16 
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Multiplying No. 6 and 6, or 

1 — tan* i(a — b) cot» i(a+b) 

17 tan a tan 6 = • — ■ 

>», cot* i (a + 6) — tan* i (a — 5) 

* For since the terms of the numerators and denominators in the 

two fractions are the same ; being in the one a sum^ in the other 

a diflforence, their product is the difference of their squares. 

By the division of the similar functions of the two angles 

we obtain^ as follows : 

Difiding No. 1 by No. 2, or 

sin a sin i (a + ^) cos i (a — 6) +• cos Ha + b) sin j (a — b) 

sin b sin Ha+ b)cosh(a — b) — sin J (o — b) cos t (a + 6) 

And difiding all the terms by the first term, 

sin a 14* ^ot i (a + ^) ^&Q i (^ — h 

18 « » ■ — '• 

sin 6 1 *- cot i (« + W tan a (a — b) 

It is evident that we also have.; 

sin a tan i (o + *) cot J (o -^ 6) + 1 



19 



£0 



21 



sin b tan J (o + W cot | (a — b) — 1 

Dividing No. 3 by No. 4, 

cos a cos i (a + W cos J (a — b) ^ — sin} (a + b) sin j (a — 6) 

cos b cos 4 (o + b) cos i (a — 6) H- sin i(a-{- b) sin 4 (•,— b) 

And dividing by the two terms successively, as l^ore : 
cos a I — taai (a + 5) tan i (a — &) 

cos & 1 + tan i (a + 6) tan } (a — b) 
cot 1 (fl + *) cot 4 (o — 6) — 1 

coti(a + WcotJ(a— 6) + 1 

The division of the sine and cosine of the same angle^ evi- 
dently gives the formulse 5 and 65 and cross divisions give 
analogous formulse^ expressed in terms of tangent ^md cotan- 
gentf which may be readily found when needed. • 



V ■ 



> 



CHAPTER VI. 4^ 

Dividing the tangentSf we have by the formally 5 and 6, 

tan a (l +tan } (a — b) cot i (a-f b)) (cot i (a+W+tan ^ (a— 6)) 

tan 6 ( 1 — tan} (a — focot J(a+W) (cot J (a+fc) — tan i (a-6)) 

coti(a+6)+tanl(a-6)+tanJ(a-6)cot»J(a+6)+coti(a+6)tan«}(a-6) 

c«ti(«-H)-tan 1 (a-6)-tan ^ (a-6)col» l(a+6)+cot ) (a+ft) tan* i (a-b) 

cot } (fl+6) (l + tan* J (a-&))4.tanl(a- b) (l+cot« } (a+b)) 

coti(a+6)(l + tan«i(o-6))-tan}(o-6)(l+cotal(a + 6)) 
And from series €^ No. 6 and T, 

cot h (a + b) sec* 1 (a — b) + tan i (a — 6) cosec* t (a + b) 
cot i (a + b) sec* } (a — 6) — tan } (a — 6) cosec* i {a+ b) 

4 

Taking from series B^ No. 1 and £, squared; that is to 

1. 1 ' 

say, sec* = 5 cosec^ =* -^—5 which values being 

cos* sin* 

introduced in the formula, and the terms reduced to a com- 
mon denominator, that is compensated in the numerator and 
denominator, the formula is reduced to the following, viz : 

cot i(a + b) sin* i (a + 6) + tan J (a — 6) cos* i (a — 6) 

cpC J (a -f b) sin* J (a jh 6) — tan i (a — 6) cos* i (a — &) 

Which by compensation is finally reduced to 

tan a sin } (a + 6) cos h {a + b) + sin i (a — - 6) cos i (a — 6) 
tan b sin i (a + 6) cos i (a + 6) — sin i (a — 6) cos } (a — 6) 

a formula that is rather curious than useful, and analogous to 
L, No. 7. 

$ SI The preceding formulae from No. 7 may be combined 
for diflTerent uses ; but as we may now assume the student to 
possess a sufficient knowledge of this method of deducing 
compound trigonometric functions, we shall only mention a 
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few obtamed by division, that are of such frequent use^ Ihat 
it would be improper to omit them. 

■Kf Dividing No. 7 by No. 8, or 

sin a + sinb 2 sin i (a + b) cos }(« — &) 

1 = = tan i (a + 6) 

cos a + cos 6 2 cos i (a + 6) cos i (a — b) 

Dividing No. 10 by No. 11, or 

sin a — sin & 2 sin i (a — 6) cos J (a + 6) 

2 = = cot I (a + ft) 

cos 6 — cos a 2 sin h (a + b) sin | (a — 6) 

Dividing No. 7 by No. 10, or 
sin a + sin & 2 sin I (a + 6) cos J (a — 6) tan |' (a + 6) 



sin a — sin 6 2 sin i (a — ^) cos i {a + b) tan J (a — 6) 

Dividing No. 8 by No. 1 1 , or 
cos a + cos & 2 cos J (a + ft) cos J (a — ft) cot J (a + ft) 

cos ft — cos a 2sin i (a + ft) sin i (« — ft) tan i (a — 6) 

Dividing No. 7 by No. 1 1 , or 
810 a -(- sin ft 2 sin J (a + ft) cos i (a — ft) 



cos ft — cos a 2 sin i (a + ft) sin i (a — ft) 

Dividing No. 10 by No. 8, or 
sin a — sin ft 2 sin | (a — ft) cos i (a + ft) 



=5 cot i (a — ft) 



cos ft + cos a 2 cos i (a — ft) cos i (a + ft) 



tan 1 (a — . &) 



CHAPTER VII. 

Otneral Formidse for the Multiples of Angles. 

$ 32 The formulae of the preceding chapter, series M, are 
susceptible of the utmost generalization^ and give^ in this way, 
general values of the trigonometric functions of the multiples 
of angles^ expressed in terms of the functions of the simple 
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angle or some inferior multiple. To do this we need only 
assign to a, and b^ a certain relative value, expressed in ge- 
neral' terms ; we maj then transcribe the formulse in the form 
thej assume under this supposition, transpose and reduce 
them by known compensations. 

Let us assume for the two angles, a, and ft, the following 
proportional multiples: of a, make n a^ and of b, make 
(n — 2) a. 

Taking the formula 7, 8, 9, 10, 11, 12; transposing in 
the first place, in order to abridge the operation, all the 

second terms of each equation ; we have as follows : 

• 

From M, 

No. 7 ; sio na = 2 sin (n— 1) a cos a — sin (n » 2) a 1 

8 ; cos na =^ 2 cos (n — I) a cos a — cos (n — 2) a 2 

2 tan (n— l)a(l + tan* a) 

9 ; tan na = ■ — tan (n — 2) a = 

1 — tan* (n — 1) a tan^ a 

2 tan (n .. 1) a sec* a — tan (n _ 2) a (l — tan« (n — l)a tan* a) 

3 

1 — tan* (n — 1 a tan« o 

_ * 

From M, 

No. 10 ; sin na = 2 cos (n — I) a sin a + sin (n — 2) a 4 

11; cos na = — 2 sin (fi — 1) a sin o + cos (n — 2) a 5 

2 cot a (1 + cot« (n -.!)«) 1 

12 ; tan na = ____«_^— == 

cot* (n — 1) a cot* • — 1 cot(n— .2) a 

2 cot a cosec* (n— . 1) a cot (n — 2) a — cot* (n — 1) a cot* a + 1 

II ■ ■ ■■ I II /• 

cot (n — 2) a (cot* (n — 1) a — cot* a — l) 

Notwithstanding the complicated appearance of No. 3 and 
6, they may be reduced to forms comparatively simple in their 
Implication to numbers substituted for n. 

We moreover have, by the formulae 5 and 6 of series 
M, expressions that fulfil (though in^ part only) the same 
object. 
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PART I. 



O By transforiDing 

r M No; 6 ; 



8 



tan na = 



6 ; tan (n — 2) a = 



1 + taD a tan (n .^ 1) a 

cot (n — 1) a — tan a 
1 — tan a cot (n — 1) o 

cot (n — 1) a + tan a 



§ 33 If we gire to 715 the value of the several terms of the 
series of natural numbers in succession^ we may obtain .firom 
the preceding formulae two series of expressions folr multiple 
angles in a regular ascending order. Thus we have, from 
the formulae O^ No. 1 and 4, by successive assumptions of the 
P value of ii, = 1, 2, 3, &c. 







sin a = sin a 


= sm a 


\ 


1 


sin 2a = 2 sin a cos a 


= 2 cos a sin a 

1 




sin 3a = 2 sin 2a cos a — sin a 


= 2 cos 2a sin a + sio a 




« 


sin 4a = 2 sin 3a cos a — sin 2a 


= 2 cos 3a sin a -{' sinZa 




2 


sin 5a = 2 sin 4a cos a — sin 3a 


= 2 cos 4a sin a + md da 




sin 60 = 2 sin 5a cos a •— sin 4a 


= 2 sin 5a sin a + sin 4 a 


, 




.sin 7a = &c. 


, 


\ 




From the formulae 2 and 5, we obtain the following series 


r 




for the cosines; 


ri 






'cos a = cos a 


= cos a 




3 


cos 2a C8 cos' a — 1 


= - 2 sia* a + 1 




cos 3a = 2 cos 2a cos a — cos a 


= ^ 2 sin 2a sin a + cos a 




■ 


cos 4a = 2 cos 3a cos a — cos 2a 


=^ '— 2 sin 3a sin a + cos 2a 


■ 




cos 5a = 2 cos 4a cos a — cos 3a 


= — 2 sin 4a sin a + cos 3a 




4 


cos 6a = 2 cos 5a cos a — cos 4a 
cos la = &c. 


= — 2 sin 5a sin a + cos 4a 



We obtain for the tangents from the formula, 0, No, 3^ 
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tao a = tan a 

t tan a 



tao 2a = 



tan 3a = 



1 — tan^ a 

2 tao 2a +. 2 tan 2a taD^ a — taD a + tan^ 2a tao* a 



1 — tan « 2a tan* a 



2 tan 3a + 2 tid 3a tan' a — tan 2a + tan* 3a tan 2a tan' a 

taa 4a =» ■■ ; ■ , , » ■ ■ — h5 

1 — tan' 3atan' a 

2 tan 4a + 2 tan 441 tan' a— tan 3a + tan' 4a tan 3a tan* a 

tan 5a = .■■ . ■ 

1 — tan' 4a tan' a 

2 tan 5a + 2 tan 5a tan'a — tan 4a + tan' 5a tan 4a tan' a 



tan 6a 



1 «- tan^ da tan* a 
tan 7a = &c. 

From the formula O^ No» 6^ we have 
1 



tan a = 



1 



tan 2a^ 



cot a 
2 cot a 



cot* a — 1 

2 cot' a + cot' a cot' 2a + 1 



tan 3a; 



•m'mimrtmm^t^ 



tan 4a 



cot' a cot' 2a — cot a 
2 cot a cot 2a +2 cot a cot 2a cot* 3a«»%[>t* acot*3a+ 1 f^ 



ifciii I 



cot 2o cot* 3a cot* a — cot 2a 

2 cot a cot So+2 cot a cot 3a cot* 4a — cot * a cot' 4a + 1 

tan oa ^ h' \ , ■ > > * ' , — ' 

cot 3a cot* 4a cot* a. — cot 3a 

2cotacot4a4'2cotacot4acot' 5a— cot* acot' 5a + 1 

tap 6a. ^5 " ' ■ " ' . ■ ■ " » 

cot 4a cot* 5a cot' a — cot 4a 

tan 7a 3^ &c» 

All these Jformuli^ miy be changed into^ such aft have no other 
fnnctiona^invohFedy. than those of the simple ang^e ; by sub- 



50 PART I, 

^tituting successively in the formnlse of the multiple angles^ 
the values found for theil* different factors, in the expressions 
that precede them. There will result, as may Il6 foreseen, 
A double series of formulae, which will follow regular laws. 
"From these may be deduced, finally, a general law for the 
^combination of the trigonometric functions of multiple an- 
.gles, in terms of the simple angle. It may readily be con- 
'ceived, that, in consequence of the multiplicity of formub^ 
furnished by the trigonometric functions, many similar series 
may be made, varied in a high degree, and adapted to every 
varying purpose. Jt will be also readily seen, that sucli se- 
ries must finally lead to a general law, in the same way that 
the binomial theorem furnishes the law that governs the com- 
Obination of the different powers of two quantities. 



CHAPTER VIII. 

TonnuldB for Double AngleSf expressed in terms of the Func- 
tions of the Simple Angles, and for Half Angles, eoepressed 
in terms of the Functions of the Whole Angle. 

§ 34. Among the formulae that express the functions of mul- 
tiple angles, in terms of the functions of the simple angle ; 
those which giini. the functions of the double angle, in terms 
of the functions of the simple angle ; and the functions of the 
half angle, in terms of the whole angle; are of such frequent 
use, that it is proper to treat of them separately, and to col* 
lect the results for future Use. 

In order to obtain them, it is sufficient to assume, in the 
foriiulsB of the series F, with the sign +, the value of o = 6, 
whence o-t-6 = 2o;to transcribe them here with the re- 
ductions produced by the calculation itself, and the formulae 
of the series B and C. In order to abridge the work, and 
present at one jiew these formulae in a short table, by which. 
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the frequent use that will be made o£ tiiem may be facilitated,. / 
we shall suppose tliat recoufse is had to these series for tlie / 
explanation of the requisite operations, and that it is not ne* 
cessary to refer to them in every particular instance. q 



I, IS obta 


med ; sin za 


= S: sin a cos a 




L 


«, 


cos 2a 


= cos^ a -— sin* 
— 1 — 2 sina a 
= 2 cos3 a — 1 


« 


4 


4^ 


tan 2a 


2 




5L 





6, 



7r 



8, eot 2a = 



11^ 



cot a — tan a. 
2 tana 


1 _ tan^ a 

2 cQt a 

1 


cot« a — i 
cot a — tan a 


2 
1 — tan« a 


2 tan a 
cot* a — 1 



ia» = 10 

Scot a 

The three last formula being evid^itly a mere inversioaof 
the three foregoing, as might be expected. 

1 
By F^ No. 13, is obtained ; sec 2a = 11 



and hence, = ■ i^ 



cos* 


a — sin* 


a 




1 






2 cos* a — 


1 






1 






I — 


2 sin* 


Ok 





lui*^. 



IS. 



^ 



]>AKT tm 



sec' a 



14 By F, No. 16, 



15 



16 



ir 



19 



19 



26 



Si 



22 



17, 



20, 



21, 



«2, 



26, 



^, 



29, 



30, 



sec 2a = 



cosec 2a = 



1 — tao« a 


cosec* a 


cot* a — 1 


1 + tan* a 


1 _ tan* a 


1 + cot* a 


cot* a — 1 


1 


2 siD a cos a 


cosec* a 


2 cot a 


sec* a 


2 tan a 


1 + cot? a 


2 cot a 


1 + tan* a 



2 tan a 



The formulae for the secaMt give new formulse for the cosine, 
by changing the numerator into denominator, and inversely. 
The formulae for the cosecant give new formulae for the sine, 
by the same process. 

The formulae F, No. 5, and 6 ; 18, and 19 ; 2r, and 28, 
have not been employed, because they fomish less simple for- 
mulae, and it has not been considered necessary to swell this 
table by using them. 

§ 35. For the expression of the sine of half the angle, in 
terms of the functions of the whole angle, we first obtain, by 
the transposition of the formula Q, No. 3, writing i a, in- 
stead of a ; i^id Of instead of 2 a. 
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2 sin' I a = 1 — cos a whence R 

(1 - cos a)i 
sin ^ a = ■■ 1 

Substituting, in the first of these formulse, the values ta^ysii 
from C^ No. 5, we have, 

2 sin« J a = 1 «. (l -. sin« a)* 

The part under the radicals, may be considered as the differ* 
encud ef two squares, aiid expressed hj the product of the sum 
and difference of its roots. This transforms it into . 

2 8in« la == i L (i 4. sin a) i (1 — sin a)i 

Adding, on the right hand side of the equation, 

sin u sin a 

—— = Of which does not change 

3 2 

its vahiey and making 1 »" i 4- f > it becomes 

sin a sin a 
2 sin» i a sss J H + j (1 + sin a)}(l - sina)* 

2 2 

1 — sin a 1 — sin a 

z^ 1 (I + sin a)i (1 — sin a)4 

2 2 

As this forms a complete square, we may extract the root, 
which gives us 

(1 4. sin a)* (1-iina)* 
stn i a ^2 ss — — 

and dividing by ^2, 

mia « J (1 + sin a)« — i (1 — sin «)5 ^ 

We obtain for the expression of the cosine, by taking the 
fotmula F, No* 4, and treating it in exactiy the same man^ 
ner that we have done for the sine, the following results, iti 
successioa; viz. 

2 cos* i a s= 1 + cos a 
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^ whence 

^ (^ + cos a)i 

3 cos i a C9 

And for the formula analogous to No. £» of this series, 

3 COS* i a cs 1 -f. (1 — sin* a^i 

= 1 + (I + sin a) i (1 - siD a)4 

1 + sin a 1 — sin a | 

= 1. H (1 + sin a)* (I — sina): 

2 2 

(! + sin a)^ (1 — sin a)^ 
cos i a -|/2 = + 

4 cos J a = J (1 + sin a)^ + i (1 — sin a)4 

We obtain an expression for the tangent, in a very simple 
way, by dividing the expression for the sine by that for tbo 
cosine, thus : 

sin 4 a . (I — cos a)^ 

5 tan I a = •= 

cos i a (1 + ^^^ a)^ 

Multiplying both numerator and denominator by (1 — cos a)^ 
we obtain 

1 — cos a 1 — cos a 1 — cos a 

6 tan i a = 



(1 +COS a)i (1 — cos o)4 (1 — cos' d)i sin a 

Or, multiplying in the same way by (I + cos of 

(1 — cos a)* (1 + cos ay (1 — cos' a)i sin a 



7 tania = 



1 + cos a 1 + cos a 1 + coa a 

By the division of No. 2 of this series by No. 4, we obtain r 

(1 + sin a)* — (1 — sin ay ] -|. sin a — cos a 



8 tan i o = 



(1 + sin o)J + (1 — sis a)J 1 + sin a + cos a 
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CHAPTER IX- 



4« 



Trigonometric Functions of Compofund Mgles, of whidi one 

Part has a J)eterminaU Value. ^ 

§ 36. If the formulK of the series F^ whence we have 
deduced the elementary formula for angles in a determinate 
ratio to each otiier, we maj also assume: that one of the 
angles has a determinate value; and deduce useful formule. 

In this case it will be proper to make nse of angles of 
which the trigonometric functions that are to be employed 
are simple quantities. Taking then, as in series ID, & = 1, 
and comparing the values of d and k, for the sereral ralues 
of the angles ; keeping also in mind the principles that haye 
been already explained, namely, that 

sin 45*^ = COS 46"*, and tan 46*=* = cot 46® ; sec 46*^ = cosec 45» •, 

it will be found, by the application of the formula, 

A« = il« + fc% 

1 s 

that sin 46© = cos 46** =• 1 

tan 46° = cot 46° = 1 2 

sec 45® = cosfic 46° = y/2 5 

It being a property of the circle, that the chord of the sixth 
part of the circumference is equal to radius ; and that the 
perpendicular drawn from the centre upon this chord divides 
it into two equal parts, which represent the d, of the half of 
this sixth part of the circumference ; that is to say, that as 
the sixth part of tihe circle is 60"*, these parts represent each 
the valHB of d, for an angle of 30°; we have in addition to the 
above, 

sin 30° = cos 60° =» i 4 

And because sin'a taa 1 — cos^ a 



s 



COS 30^ = sin 60** = (^ - (*)*)* ^ — ' 

2 



1 

6 tao 30? = cot 60^ = 

^S 

7 cot 30*^ = tan 60^ = ^S 

2 

8 sec 30<* = cosec 60® = -— 

9 cosec 30** = sec 60® = 2 

There are a number of other similar values, ta be: foim^ iti 
the trigonometric fiinctions, the res<^u*ch of which is oalleii 
Batioiial Trigonometry* But we have no. room tft inquin^ 
into these, in this treatise. 

$ 37. The formula that employ these determUmite Wg^^c 
are easily deduced from tbos^ of the series F. 

Assuming, in the first place, that a = 45% we have 

cos .b±9inb 

10 By F, No. t ; sin (45* ± 6) = cos (46®^ T W = 

V2 

cos 6 qp sin 6 

11 2 ; C08'(45o ± h) = sin (45<> :?: 6) = ^ 

v/2 

cos & ± sin 6 

12 3 ; tan (45<> zfc 6) = cot (46® qp W « 



13 '^ ; 



14 5; 



cos 6 :f sin fr 
1 :k tan 6 

1 If tan 6 
cotfr± 1 



cotA)=Fl 
T-hese formulae al$a give tiiose of the other tP%onogMtric 

ftlBCtions, by their inv^^raion, which therefore ara not pepeated 

here. 

Substituting thesei^vdnes in succession, in the formula of 

the series K, dividing by <v^2 in the two first> and reduciBg 
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the two last) as indicated in the fermule Q, No. 3 and 4, we 
have: 

By K, No. 1 and 3 ; 

sin (450 + 6) + sin (46o -*) cos (46° + h)+cm (46^*- h) 

■ = cos b = ■ ■ 1^ 

By K, No. 2 and 4 ; 

sin(46° + &)-sm(46V^) cos(45«>- ft)-co8 (46«+6) 

■ : — " == sin '6 = '■' 16 

^2 V^2 

By K, No. 6 and 8; 

. 2 
tan (45°+ft)+tan (46°-6) = = cot (45o-6)+cot (46^+6) \7 

C08 2& 

By K, No. 7 and 9 ; 

.2 sin 26 

tan(46*'+ft)— tan(45<'-.6) s=r .- =cot(46o-6)-.cot(46®+fc) 1« 

COS 25 

If we substitute^ in thecre svnie fernuhB^ the values of the 
sines, cosines, tangents, and cotangents^ of the angles of 60% 
and 30% ascribing these values to the angle a, we obtain the 
following formulae : 

cos h-±: %\Tkh y/3 
By F, No. 1 ; Vm (30° ± M = = sin (60« ± 6) 19 



cos h v^3 q: sin 6 

8 ; cos (30© ± 6) = = sin (60^* dr h) 20 

2 

cos 5 ± sin 6 -/d 

3 ; tan C50« ± 6) = ^ = cot (60° ± 5) 21 

cos 6 1/3 :p sin 6 

1 ± tan 6 v^3 

4 • =r - 22 

^3 :f tan 5 

cot fret -/S 

5 ; = ■■'■ ^3 

cot 6 \/3 If 1 

H 



JS4 By K, N«. I ; cos t = sin (30*^ + h) + «in (SO'^-*) 

= cos (60^ + b) + cos (60*^ - b) 
©5 «; sin fc v^3 = sin (30*^ + &) - sin (30*^ - 6) 

= cos (60® — 6) - cos (6Qo + ^) 
&6 3 ; cosh y/S=^ cos (30<» + *) + cos (30** - i) 

= sin (60° + b) + sin (60® - 6) j 
^ 4 ; sin ^ = cos (30o — &) — cos (30© + b) 

= sin (60® + *) — sin (60o — b) 



M 



M 



41 



^S 



.3.5 



2 ^3 

6 ; = tan (30® ±b) + tan (30® =F *> 

3 — 4 sin* b 



4 sin 26 

og 7 J = tan (SOo + i) — tan (SO® — *) 

■ 3-4 sin« 6 



o */3 

18 ', = cot (30® T ^) + cot (30® ± b) 

4C083 6— 3 

4 sin 26 

9 ; — = cot (30® — 6) — cot (30® + b) 

4 cos> b 3 

I • «^ a; = tan (60® ± 6) + tan (60O qp 6) 

cos 26 



4 sin 26 

7; = tan (60® ± 6) — tan (60® op b) 

1 — 4 sin^ 6 



2 -/3 

34 ;8 J = cot (60«» T ^) + cot (60<> ± 6) 

4 cos« 6 — 1 

4 sin 26 

S ; = cot (60® Tb)— cot (60® db 6) 

4 cosa 6 — 1 



Jtliese formulsB will be more than sufficient to show the man- 
ner in which this investigation is performed. They are, be- 
sides, of little use at present, although they were employed, 
at least in part, in the first construction of trigonometric 
tables^ before they were expressed in an analytic form. 



chapteh X. ^9 



CHAPTER X. 

« 

Elementary Considerations in relafim to tlie JtpplicatUm of 
Trigonometric Functions to Analysis, and to Caieyiations in 
general, 

§ 38. It has been seen, by the series E, that the sereral 
trigbnometric functions assume, in succession, every value 
between 0, and Infinity, both with the positive and negative 
sign. They are, in consequence, capable of representing 
every possible quantity that can occur in calculation, and 
the different combinations of the trigonometric functions give 
the same combinations of these quantities, that they do of the 
trigonometric functions themselves. 

The inspection of several of these formulse has already 
shown, that they may, for instance, serve to change an addi- 
tion or subtraction into a multiplication or division; and 
thus transform a calculation by natural numbers, into one by 
logarithms; and in like manner to produce other changes of 
the form of calculations. Tables have even been made to 
facilitate such calculations. In the course of the solutions of 
triangles, whether plane or spheric, a frequent use will be 
made of them, by means of what are called auxiliat'y angles; 
and since the method is the same for all other quantities, it 
will be sufficitfjtiy illustrated by this application of it. 

§ 39. ThercTs another case where these functions are of 
great and general use in analysis. It deserves particular 
consideration, in consequence of the nature of the changes it 
demands in the trigonometric formulae, and of its great ifti- 
lity. We sp6ak of its application to those quantities ^Mlt 
are called transcendental, which are reducible to circular 
arcs, and occur frequently in the integral calculus. 

In order to prepare the way for this application of our 
formulse, it must be, in the first place, observed : that if 
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.t? = sine a, we have a = arc whose sine is ,t. This is com- 
nionlj expressed thus : 

a s= arc : sin (x) 

And so in all other cases; this expression is nothing more 
than the algebraic mode of expressing the idea 5 as in the 
case of sine, cosine, &c.^ If, then, we assume : 

x = sin a 
y = 008 a 
^ = tan a 

we obtain for the elementary expressions of this mode of 
notation the following formulse, which are analogous to those 
T of series A in the beginning, viz : 

1 a = arc : 9in (x) 

S = arc : cos (y) 

S = arc : tan (z) 

4 = arc : cot 



arc : sec l — 



(7) 

(7) 



= arc ; cosec 



(7) 



= arc : tan 



(7) 



# 



8 



= arc : cot I — 



(7) 



# ^ 40. We have also, by analogy with series C, the follow- 
ing properties of these same quantities, with all their possible 
algebraic variations ; viz : 



I 

1 1 

1 +- = - 

Whence may be deduced, as in Dr^ preceding section^ the 
following formute : 

a = arc : sin (v'Cl — y*)) 9 

= arc : cos (V(l — «*)) ^^ 

= arc : tan (^^^-y'A = arc i tan ( ^ A a 

= arc : cot /\/(^ -^0\ -= arc : cot /" t^ \ 12 

\ X ) VV(i-y«)/ 



= arc : sec 



{-t^yI^) = '"" ^ '•^ ^^^' + '"^ 



13 



= arc : cosec I — , 1 = arc : cosec I v v » ^ A 14 

By means of these formulse, therefore, we may express, by 
one or more arcs, any quantity that is given in the form 
of one of the trigonometric formutse. Considering this 
quantity as representing the corresponding trigonometric 
function, the arc (here called a) will be tliat which is denoted 
by the trigonometric function, to which this quantity has 
been assumed to be equal, in conformity with the fundamental 
denominations fkumed. 

It must be also observed ; that the simple function that is 
to be represented, must be that which corresponds to the 
function involved in the complex formula; since the object 
of this kind of transformation is always that of disengaging 
this quantity from its complications, by means of the relations 
of the several trigonometric functions ; as in this example : 

41 = arc : flin (a;) = arc : cot I ^ 1 
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o = arc : cos (v^C* — ^')) 
5= arc : tan | —-7; — 1 

= arc : sec | -771 rr | 

tod in lik6 manner tn tjpF^ other case. 

$ 41. To attain the object of this chapter, it will he suffi* 
cient to apply this mode of transforming functions to the 
fiindamental formuls of the series F and Q. Thes<; occQr 
most frequently, and will show the manner of applying this^ 
method to every other form furnished by Analytic Trigo- 
nometry. 

For the series F, we must also assume another arc = 6 ; of 
which the functions, corresponding to those of the arc a, are 
hest distinguished merely by an accent; so that we have for 
the two arcs a, and b, 

X = sin « a>' = sin h 

y = GO8 a y* = cos h 

2r = tan a 2' = tan 6 

with all their consequences, as above explained. 

Substituting these values, the formula F, No. 1, will be 
represented in the following manner. 

sin (a ± *) = ap y' ± «' 2/ = xy/{i -- x^) ± x' y/{\ — xa) 

= yWi^-y) ± y^(i -y') 

4. 

Which will give, according to the principled that have been 
laid down, values such as : 

sin (arc : sin (a;)±arc : sin (x)) = » ^(1 — {xy)±x ^(1 — x*) 

and all the similar . ones, that may be drawn from the 
preceding expressions. 

If we take, on both sides of the equations, the arcs whose 
trigonometric functions are represented by thcvse quantities, 
we obtain the result that is sought, viz : 
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.arc : sin (») ± arc : sin (x) ^ 

= arc : sin (x y/{\ — ««) ± x' y/(l - xs)) j 

arc : cos (y) ± arc : cos (y ) 

= arc : sin (y ^/(l - y •) ± y ^(1 - y'a)) ^ 

* 

From the formula for the cosine, F, No. ^, we obtain by 
a similar process : . .. 

cos (o ± t) = yy if xx = yy' :f ^(1 - y») v' (1 - y'«) 

= V'CI - *") \/(l - «'') T XX 

Whence 

cos (arc : sin (x) ± arc : sin (x')) = y/(\ — x«) ^(1 — ar«) if: xx'* 
cos (arc : cos (y) ±arc : cos (y')) = yy'=F \/(l - y") -v/Cl - y'") 
And as final results : 

arc : sin (x)±arc : sin (x') 

= arc : cos (^(1 - x«) ^(l - x'«) ±xx') fl 

arc : cos (y) ± arc : cos (y') 

= arc : cos (yy' T y/i^ - y»)%/(l ~y'")) ^ 

The formula F, No. 4, gives : 

1 ± -zr' — z ± ^ 

z 



tan (a ± 6) = — r 



T / 1 IP Z2^ 

(The three next formulae give forms that are identical.) 
We obtain from this last expression : 

tan (arc : tan U) ± arc : tan Qui) = 

^ 1 :F ^^' 

And finally : 

arc : tan (z) ± arc : tan (r') = arc : tan ( ■; ; I 

\lopzzJ 

It will be readily conceiyed, that the use of these expres-* 



•.«■'• 



• .-■''■ ■ - i J 

^^'•: A' 



/ sions, combined in every possible manner^ii^ even tbe intro- 
duction of the values of the tangents, instead of the values of 
the sines and cosines, and conversely, would furnish a multipli- 
city of formula ; but they would become either complicated 

/Ji, or identical; for it must be considered, that we do not 
treat of the quantities tliemselves, baat of the form of their 
combinations. 

It will be se^i, that in this point of view, the formule U, 
1 and 2, are already identical ; for each of them shows, in 
each of its terms, a simple quantity, and the square root of 
Unity diminished by a square. 

This is not the case in the formulas deduced from the cosine; 
for in them the different products have different signs. The 
cotangents will evidently give the inverse of the tangents ; 
and the same is the case with the secant and ooslscaat^ in re- 
lation to the cosines and the sines. 

$ 42. Applying this process to the series Q, we obtain : 

By Q, No. 1 ; sin 2a = 2xy = 2x \/(l — a;*) = 2y ^(1 — y^) 
. which gives 

8in (2 arc : sin (x)) = 2x v^(l — x^) 
whence 
r arc : sin (x) €=a | arc : sin (2x y^(l - a:^)) 

Qjmd 

[ arc : cos (y) = J arc : sin (2y ^(\ — y^^y 

By Q, No. 3 & 4; 

cos 2a 5= 1-2x2 = 1-2 ^(\ ~ yn) 

=* 2V(l^a;«)-l = 2ya-l 
cos (2 arc : sin (x)) = 1 - 2x« = 2 ^(1 ~ x^) - 1 

cos (2 arc : cos (y)) = 1-2 v^(l - y^) = 2^a — 1 

and from these we obtain 

7 arc : sin (x) = i arc' : cos (1 — 2x3) 

= iarc : cos (2 ^(l — x^) - l) 






Vi 



arcceoti^) «. |ape : cot (1 ^2 y^(l ^3f«)) 

» |arc :cos (2y«— 1) S 

By Q* No. 6; tm^a = = 



m 



1 

a: • 1 - ^» 

z 



whence 



taD ^2 arc : tan (2)) = 



tz 



arc : ton 2r =s: ^ arc : tan 



^„c:«ffl. (r^) 



These formulse^ which may besides be useful, will suffice to 
give an idea of this application of Trigonometry in the analy- 
sis of infinitesimals. 



CHAPTER XI. 

General FormulsB far the Trig^mmetric FuncHom ofMM^ 
Angles, in Terms of the Functions of the Simple Jhit^ 
only. 

'$43. Ijf chapter Yll. we have exhibited genenU and 
simple formulae for the sine, cosine, ai^d tangent, of a nu4jtip||» 
angle, in terms of the functions of its aliquot parts ; and like- 
wise their aj^ication tovvccessive Bfli^iples, in the series P. 

By successive substitotions and <reducttons, we might de- 
duce from these, expressions in terms of the functions of ^ 
simple an^le only. 

For the sake of greater simplicity, we shall here deduce 

these formuls from those of series F, No. 1 and 2, alone. 

After a small number ;of iwdti^eo have beea ennuned, 

a general law will be discovered, by which the determinatior 
I 
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of the numerical coefficients, and the order in which the 
powers of the several functions succeed each other, is pre* 
scribed. This law will thus be established by induction ; and 
in the succeeding chapter we shall apply it, in order to give 
an idea of the manner in which trigonometric tables may hid 
constructed ; a subject whose principles must be understood, 
although it cannot be here treated of in all its details. 

It may easily be seen, that a variety of formulae might be 
obtained, but we shall treat of those only which are the most 
simple. 

$ 44. If, in the formulae F, No. 1 and 2, we assume a = b, 
we have seen in section 34, by the formula Q, No. 1 and £, 
that: 

sin 2a csa 2 sin a cos a 
cos 2a = cos* a — sin* a 

Continuing this process, by means of successive assump- 
tions, such as 

6 = 2a ; whence a + 6 = 3a 

we obtain for this case in the first place, by F, No. 1 : 

# sin 3a = sin 2a cos a -}- cos 2a' sin a 

and 

cos 3a = cos 2a cos a — * sin 2a sin a 

Substituting the values of sine 2a, and cosine 2a, in con- 
formity to the value just preceding, we obtain : 

sin 3a = 2 sin aeos* a -|- sin a cos* a — sin* a 
B3S 3 sin a cos* a — sin* a 
and 

cos 3a = cos* a — cos a sin* a — 2 sin* a cos a 
= cos* a — 3 sin* a cos a 

For a quadruple angle we shall have : 
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sin 4a = sin 3a cos a -f- cos Sam a 
cos 4a = cos 3a cos a — sin 3a sio a 

And substituting from the last : 

sin 4a = 3 sina cos^ a — sin^ a cos a + cos^ a sin a — 3 sin^ a cos a ' 

Reducing: 

sin 4a = 4 sin a cos^ a ^ 4 sin^ a cos a 

in like numner : 

cos 4a = cos* a — 3 sin» a cos* a — 3 cosa a sin* a + sin* a 
= cos* a — 6 sin* a cos* a + sin* a 

We obtain fop a quintuple angle the following results ixk * 
succession : 

sin 5a e=s sin 4a cos a + cos 4a sin a 

= 4 sin a cos* a — 4 sin ^ a cos* a +sin a cos* a -^6 sin^a cos*a+sin*ai 

c= 5 sin a cos* a — IQ sin^ a cos* a + sin' a 

and 

COS 5a = cos 4a cos a — sin 4a sin a 

=rcos'a— '6sin*acos3a'f-sin*acosa*-4sin*acos9 a^48iA*4'C|S#: 

= cos' a — 10 sin* a cos^ a + 5 sin* a cos a ■-' 

It is easy to extend this calculation to the subsequent muU 
tiplesy for which reason we shall only give the results. 

sin 6a = 6 sin a cos' a — 20 sin* a cos* a + 6 sin'a cos a 
cos 6a = cos* a — 15 sin* a cos* a + 15 sin* a cos* a — sin* a 
sin 7a = 7 sin a cos* a — 35 sin* acos*a + 21 sin'acos* a — sin^fit 
cos 7a = cos'' a— 21 cos' asin^ a + 35 cos*asin*a— 7cosasin*ft 

The simplest, and therefore the best, mode of considering 
the tangent, is, by dividing the sine by the cosine, and re* 
ducing. By this process we have : 
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tan 2a 



cos 2o coa* a — sin* a ! — tan* a 
3 sin a cos* a -* sib'a 3 tan a ^ tan' a 



tan 3a = 



cas^ a *^ 3 sin a cod a 1 -*^ 3 tan* a 



To obtain the second result, we divide constantly hf thttt 
power of the cosine which constitutes the first term of the 
denominator. 

It fDiay be proper, before proceeding farth(»r, f» tm^ $31 
these results in a table; by which their use may be facilitated^ 
in obtaining conclusions from them for the general formulae 
that are the object of this investigation. 

W 

'sin a =: sin a 

sin 2a SB 2 sin a cos^ a 

sin 3a =s 3 sin a cos* a — sin' a 

sin 4a OS 4 sin a cos' a — 4 sin' a cos a 

sin 6a ss 6 sin a cob* a -^ 10 sin' a cos ' a + sin^ a 

sin 6a OS 6 sin a cos' a — 20 sin^ a cos* a + 6 sin' a cos a 

sin 7a«= 7 sin a cos< a— 35 sin' a cos* a + 21 sin* aco8*a— sin^ a 



col a = cos a 

cos 2a = cos' a -~ sin' a 

cos 3a = cos' a — 3 sin' a cos a 

m 

cos 4a s^ cos* a — 6 sin* a cos* a + sin* a 

COS 6a = cos* a — 10 sin* a cos' a + 6 sin* a cos a 

cofs 6a =s cos* a — 16 sin* a cos* a + 16 sin* a cos* a — sin* a 

c<M 7a s cos'^a— 21sin*aco8' a + 36sin*acos'a — 7sin*aco9 a 

cos ^ ss kc. 



21 



--> • 



te II 9= tana 

£ tana 
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tan 3a 



tan 4a 



tan 5a = 



tan 6a = 



tan 7a == 



1— tan*a 

3 tan a — tan* a 

1 — 3 tan» a 

4 tan a — 4 tan* a 

1 — 6 tan* a + tan« a 

6 tan a — 10 tan* a -|- tan* a 

1 — 10 tan* a + 6 tan« a 

6 tan a — 20 tan* a ^- ^ tan* a 

1 — 16 tan* a -j- 15 tan'* a — tan* a 

7 tan a _ 35 tan* a + 21 tan* a — tan'' a 
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1 — 21 tan* a + 35 tan« a — 7 tan* a 
tan 8a = j^c. 

$ 45. If we consider the foregoing fontiid» for the sine 
and cosine of the multiple angles expressed wholly in terms 
of the sines and cosines of the simple angles^ and their suc- 
cessive powers^ both in relation to the order in which these 
jiowerSy and to that in which their coefficients^ occur, we 
fdiall ^eroeire, liist : -for eT«ry corresponding nwlii]^ c^ the 
sine and cosine, beginning at the first term of the oosincv 
thence passing to the first tenn of the sine, then firom the 
second term of the cosine to the second of the sine, and so on 
to the end ; we have all the tenns of tbe binoittMd m regular 
order, as well for the powers of cosine a, and sine a, as for 
their numeric coefficients ; wilb this difliarenoe only, that a 
regular change of the signs^' +9 and — , takes place sepa- 
ately, in each of the series* 

The same law holds good in the case of the tangents, as 
far as regards the coefficients ; and the powers of the tangents 
follow in a regular order, from the numerator to the denomi* 
nator, alternately. 
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$ 46. We may^ therefore, substitute the terms of the bino« 
mial theorem in the formulse, which will express at one view 
the general law. Calling, then, the number that expresses 
the multiple of the angle, n, we shall have the following gene- 
ral formula, viz : -"^ 

fi(n — 1) (n — 2) 

4 sin fia S3 n sin a cos'" * a sin* a cos' "" * « ; 

1.2.8 

n(n-. 1) (fi--2)(n — 3) (n— 4) 

-f. ■ ' sin* . a cos" ~ * a 

^ 1.2. 3.4.6 

n (n — 1) . . . . (n — 6) 

'♦^ ' — '-" sin^ a cos' -''a 

1 . 2 7 

n (n— 1) 

5 cos n fl «= cos" a ^ cos" - * a sin* a 

1.2 

fi(tt-l) C«-2) (11-3) 

+ — . '- cos" - * « sin* a 

1.2.3.4 

n (n — 1) . . . . (tt -f- 6) 

— ■ ' cos" - • a sin* a 

1 . 2 6 

n (n — 1) . . . . (n — 7) 

+ ' cos" - • a sin^ a — &c. + &c. 

1 . 2 8 

Making, in these two series, cosine^ a, a common factor to 
the whole series, they present series with the powers of the 
tangent of the simple arc in regular succession ^ thus : ; 

; / •«(n-l)(n-2) 

6 sin n a = cos* a I n tan a — ■ tan^ • 

V 2.3 

« (n - 1) (fi - 2) (» - 3) (n - 4) 

+ ' . tan* « 

2.3.4.6 -'h 

n (n — 1) (» — 2) (n — 6) 

— tan'' a 

2.3.4.6.6.7 

n(n— l)(fi— 2) (n — 8) v 

+ _^ tan* a — &c. + &c. 1 

2.3.4.5.6.7.8.9 ^ 



•. 



COS 



(n ^11 — i; 
1 — . tan* a 
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n(n-.l) 



r 



^ n'(n-.l)(»-2)(n-.3) 

1^ + tan* a 



2.3.4 
n (n - 1) (n - 2) (n-S) (n - 4) (11 — 6) 

2 .3 .4 .5.6 



tan* a 



n (n - 1) (n — 2) (n - 3) . . . . (n- 7) 
4- ■■ ■ ■ tan» a » 

2.3.4.6.6.7.8 * 

n (n — 1) .... (n — 9) v 

— tan* • o + &c. — &c. I 

2 10 / 

B7 the diyision of 6 by 7, the series for the tangent 
becomes : 

n (n — 1) (n — 2) n. .......(n — 4) 

n tan a — » tan* a -\ tan* a 

2 . 3 1 5 

tannass ; — _ 3 

n(n — 1) n (n — 3) n (n — 6) 

1 tan* a + ■ ■ tan* a — tan* a 

n(n— 1) (n— fi) 

— tanT a + &c. 

2 7 



n(n— 1) (» — 7) 

-|- »— tan' a — &c. 

2. 8 



Performing the division which is here indicated, (which 
may be done most easily by the method of indeterminate co- 
ffficients, iliat will be explained hereafter ,] it is immediately 
discovered, that every subsequent term of the resulting series 
depends on all the preceding ones, by a combination of the 
binomial coefficients; the law of which is easy and simple, al- 
though the series itself, when developed, becomes long and 
complicated;^ though regular. It shall be represented here in 
the first shape. For this purpose, let the series be represented 
by the following, with undetermined coefficients^ which, it 
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will be seen, may all be deteiteined from each otiter when the 
ifanrt is deteroiinatey as is the caw. 

tukna =Kj9tana-f fi tan* a + ^tan^ a+«l>tan^ a.. 

+ iJtan" a + Ftan»» a 




iy 



Onie deta*Baiiiati6n t>f tiiese coefficietits gives J ss « f and ' 
therefore, for the convenience of writing the result^ denote 
the successive binomial coefficients thus j call : 



* n-l 



2 



H 



I > 



n^t 



3 



fli-d 



n 



4 



•8 > 



n-*- 4 



n — 5 



= 11 



4 ' 



»fi ; ^c. 



5 6 

i ■ 

Then will the series be represented in tiie following fagm i 



'taniia 
+ C 



•a tan a + (n n, .4 -^ n », n,) tau^ a 



a «>s -atan a ^ (n n, •« -^ n a, n,j tau^ a 
(n n, B — 11 «! fig O3 •/! -f* ft a, Aq n, n^) tan^ a 
, (a n| C — h a, ft, a, B -)- a n,....a^ j9 w a n^.. .a,) tam^ a 
4- (n ai D — a a, n^ ag C + n,...ag B— n....fi7 -fl 
+ n„.M^) tan* o + (a a, £ — a n, n, 113 D 
+ n....ng C— a....n,y B + a.. ..fig A — fi....fig) tan** a 4* &c. 

which may evidently be continued with ease, as the law is 
apparent. The developement of the &ctor remaimng some- 
what complicated, it may be omitted here, particularly as in 
all calculations of series, the terms are calculated in success 
fiion^ the first term being always made the largest* 
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Momentary Ideas rdating to the Construction of Trigonometric 

Tables. 

§ 4T. We have already Men, that the circumference of the 
circle and the trigonometric functions are incommensurable ; 
the latter cannot^ therefore, be expressed in parts of the first, 
and conversely, except by approximation, or by the trans- 
cendental or infinitessimal analysis* The first of these me- 
thods was employed at first, before the latter had cleared an 
easy way to results of this nature. 

In order, then, to give an idea of the methods that may be 
employed to determine the trigonometric functions, by the 
methods of the infinitesimal calculus, it is necessary that we 
previously give an idea of the form of this calculus. 

In the series of formulae E, we have already seen the ex- 
pression ^ = Infinity. By it we are to understand, that the 
quantity it expresses is greater than can be expressed by 
numbers, in the same way that represents the absence of all 
quantity. An attentive observation of the values given by the 
series E, shows the complete circle of all possible quantities ^ 
for in it tiie ratios between the several lines are seen to in* 
crease from to oo, both positive and negative^ and under- 
going changes of sign in both transitions, through these ex- 
treme values. This shows, at the same time, that all conside- 
ration of quantity is wholly relative, for it is from a ratio 
tiiat this result is obtained ; a result, as simple as it is valua- 
ble^ in mathematical researches. 

We ground upon the foregoing, a principle of constant use 
in the infinitesimal calculus ; it consists in repelling or re- 
jecting in this calculus every quantity which is not multiplied 
^y COf as nfit appertaining to the hypothesis on which this 

calculus is founded. 

K 
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Admitting then oc into the series of symbols, that express 
•' 1 
qoiitityy we shall have equal to what is called : infinite- 

00 

ly smally and as in every species of calculus we must employ 
the conventional signs in conformity with their conventiQiii) 
signification^ and the value attributed to them, we have 

1 a 00 
QO = 1 ; or = o ; 

00 00 

that is to say, a quantity divided by oo* and multiplied by oo, 
is equal to the quantity itself, as is the case with any ofbe^ 
nun^ber ; all this is no more tiian a form of calculus, by wlilcK 
the properties of oo are determined, or agreed upon, as is the 
case with all other symbols that represent quantity* We must 
never lose sight of the principle, that in analysis in general 
we only consider the form of the combinations of quantities, 
without regard to the quantities themselves ; except so far as 
regards their ratios to certain other quantities, that are com- 
pared or placed in relation with them. 

When what has been said above, is once understood, it will 
be easy to comprehend |he use that is made of these princi- 
ples, in this chapter ^ in which we show the manner of deter- 
mining, by means of the general formula already given, the 
trignometric functions of a given angle or arc, upon the as- 
sumption, that the value of at is known ; which supposition is 
then justified by the inversion of these results, so as to de- 
termine the value of ^, by means of the preceding formuls^ 
expressed in parts of the radius taken equal to Unity. 

$ 48. In conformity with the principlies just laid down, it 

will be sufficient to assume, in the series W, No. 4, 5, 6, and T^ 

1 
the arc a = ; that is to say, infinitely small ; and the 

number by which it is multiplied, n . = oo, and investigate 
tihe GOiififeqii^u^es of this hypothesis, in confor||iity with tfaje 
principles and formula already explained. 
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it will be ascertained^ by means of the values found in tiie 
n - - 1 ' •^' ■ 

se^iis £» that when a = ; the value of cos a = 1 ff|ie 

sine or the tangent is equal to the arc itself, being all perpen- 

ttcular^ at the end of the radius = 1, and indefinitely 

pnall. 

. This supposition will transform the fonnulie quoted, into 

such as contain only the powers of the quantity, {no,) and 

the numbers that are found in Ibe denominators ef the several 

{«rauu (To make this more cfear, as well as fi>r the sake of: 

^writy, we iihall here suppose nu = x.) 

; By this method of piiOwOeduigy the formula W, No. 4, is 

traosfiMrmed thus : 



2.3 2.3.4.5 2.3.4.^677 2.4.6.6.7.8.9 



2.3 10.11 

ail4 the fonnila W, No. 5, into the following : 

CM Y =s 1 + 



2 2.3.4 2.3.4.&6 2.3.4«5.6.7.a 



rr'o a:>^ 



+ " + &c. 



2 



2.3 9.10 2.3....^„11.12 

The formula for the tangent W> No. 9, becomes 

x» 2x* 17a;'' 2.31 «» 2.691.a;** 

tox ^x + - + — +• + — + 



3 3.5 3».5.7 8».5.7-9 3*.5«.7.9.!1 

2.8447.a;» ^ 



3^5a.7.9.11.13 



+ &c. 



^ 49. These series then give, by approximation,- the sine, 
(iefiine, nhd tangent of an arc {na =a;) which is suppoi^ed to 
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■ 1 

b0j;iven under the hypothesis, that n = QO, and a = — -; 

Ihis arc being expressed in the same terms as ir^ or in terms 
of the radius. 

The inspection of the formula that present increaring 
powers of this arc^ shows, that in order to obtain a seriM 
whose following terms shall each be less than that wMch 
precedes it, (x,) must be a fraction, the powers of which con«' 
stantly decrease ; this will always be the case here* as the 
arc equid to the radius, which is the unity in which «* Is gtven, 
is more than 57''A7'A4"j 8, and we have seen, (in chapter 9^) 
that the trigonometric functions need at farthest be calculated 
to 45°. A multiplicity of formulae give the values of thetri-< 
gonometric functions of compound and multiple arcs, firom 
the functions of thoi^ parts ; it is therefore sufficient to ealdi^ 
late the latter, by th^ series, in a proper manner, to obtain 
all those which may be necessary* 

The smaller the arc x, the fewer terms of the series will 
be needed, in order to obtain the value accurately to a given 
number of decimal places : but in this respect it is obvh>u8ly 
necessary : that, as the result of the first calculation is to be 
multiplied, to obtain functions of the greater arcs, we must 
give to the first calculation or value, a proportionally greater 
number of decimals. 

These explanations will suffice to give an idea of the man- 
ner in which trigonometric tables may be calculated, which 
iudl that we need illustrate in ibis treatise. 

$ 50. The last condition that remains, is, to determine 
the value of f, in terms of the diameter, or rather^ of i^t, 
in terms of the radius, which is evidently the same thing. 
The series which have been pointed out, perform this office 
also, by means of the process in calculation, called the 
inversion of series. This process has in itself no difficulty ; 
it willJlie explained by the application which shall here be 
made of it, in relation to the last of the above series, whidi 
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Ib dioBel here, on account of its leading \j the most canveig* 
ing series^ to the end here proposed. 

To^do. this» a series is supposec^ven in the form in irUi^i 
it may "be always easily foreseen l^at it will assume, in which 
the coefficients are indeterminate, and become determined in 
the course of the process. 

For this purpose we shall assume, in the present case, 

4V s j9tanar + B tan' x+ C tan's + ^tan'^x + ^ tan* c + te. 

We shall next, express the ^veral yalues of tangent x, 
tangent 'a^ &c. by the preceding series, X, No. 3, audits cor-i 
responding powers, using no more terms than are necessary 
to determine the law of the progression of the coefficients. 
The sum of all the terms, will evidently give a new value of 
OP, and subtracting x from both sides of the equation, the va- 
lue of the resulting series becomes ^ ^ from this it neces- 
sarily follows, that each sum of the terms of the various pow* 
crs of tangent a; will itself be aa o, since the equation must be 
true whatever be the value of tangent x. From this conse- 
quence are deduced as many equations as there are undetermin- 
ed coeficieiits ; these coefficients therefore become determina- 
ble in succession ; the value of the entire series will, in conse<» 
quence, be determined by the insertion of those values in their 
piroper places. 

The following is the process : 

Expressing the several values of the powers of tangent x^ 
by the multiplication of series No. S, itself, we obtain^ >flfr! 
lOuItiplying each by its appropriate coefficient, w. 

A 2j9 ma S2A 

Aiaxkx = Ax'\ x^ -\ x* -| x^ H x^ + 

3 3.5 3«.6.7 3^.6.7.9 

UB UBB 



BUai^x = 


Bx^ 


+ 


i?a?» + 


X' + 

3.5 


3».7 






- 




6C 


16 C 



€tan«a: = ^ C«« + ^ tf"^ + — «• + 

3 3« 



** , •#*• 
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Dlaai X = D s^ + — «• .+ 

The series ^v«ii aWte for ^ becoiMS thus eqald to ikt^ Mttn 
of all these termsi^ and subtsracting x. from both aides of t^e ^ 
equation . .^ 



(J - 1) s +/^ + B J «* + ^ — + fl + c J«*: 



ttti ^ 

/ 17 J 113 6C \ 

+ /. ^ + - + — + B|«^- 

\3».5-7 3.6 3 / 

(6«J! eSB 16C 7D" \ 
+ — + H h i; J «• + frc. 
S« .6.7.9 3*.7 3a 3 / 

'i . * 

We thiisobtai% for tiie determinatkm of these €oeffidmt8r: 
theMlowiog successive equationa and results : 

^^1^0 whence J ss 1 



A 
3 



i"'^ 



3 



ft A 1 

— +^ + C^0 C « :<^ — 

is 5 

. - - ^ • ■ ■ ^^ -^ 

^7j1 IIB. «C li4 

+ + — + D == D = - '— 

3«.6.7 3i.6 3 7 

62 J! 88 B 16C 7D 1 

+ — + — H + JE=0 E =H 



3«.6.7.» 33.7 32 3 9 

Sic. kc. 

Substitatliig these Yakies of the coefficients, in the series as- 
fi{»lnMlbrthe ^de of a;, we finally dbtain 



*♦ 



- %' m i%tkm -. 4 tei* n + j t»a* aj ^ 4 tin' « + ^ tw*" « 

— •,\. tttri>> ar + Itc, 

$ 51. To make use of this series for the purpose of d^ter- 
nulling the value of ^r^ we may make use of several methods, 
drawn from the combination of different arcs, whose tangents 
are rational, or expressed in simple fractions. As an sam- 
ple we shall only choose Ihe following : 

Assuming the arc of 45% whose tangent s= 1, to be 
compounded of two other arcs, the tangent of one of which 
tan a = i ; we have by formula F> No. 6, 

} + tea & 

tan(o + *) = 1 = 

1 - it9n& 

wbkk (^yes the value of 

tan 6 s= I 

We therefore have two tangents, expressed in simple fractions, 
^Qiatmay be introduced into the series X, No« 4, and whose 
mvfk will give the value of the arc of 45*". Four times this 
value is the half circumference, or the value of v', which is 
the quantity sought, expressed in terms of the radius = 1. 
This substitution in the series gives 

Performing these calculations to a sufficient number of terms, 
we obtain, in whole numbers and decimals, 

* = 3,1415926535897932384626433832795, &c. 

This being the value of an arc of 180% in terms of the ra- 
diuji, it may be seen how the value of any arc whatsoever, 
may be expressed in parts of the same radius, by taking a 
projiortional part of this value of 180*". This value of an 
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arc =: ov maj then be inserted in fhe series Xt No. 1» 0, 3, to 
calculate from it the sine, coiinef or tangmt, in conformity to 
tiie assumptions that have been made in spedung of these 
series. 

$ 52. We have thus completed the circle of our analytic 
inYestigation, in relation to the trigonometric functions; ben 
ginning with the elementary definitions, or functions, dedu- 
ced from the ratios existing between the sides of .a right-an- 
gled plane triangle, and proceeding until we reach the deter- 
mination of the value of the circumference of the circle in 
terms of the radius ; which last value serves as a foundation 
for the calculation of trigonometric functions in actual 
numbers. 

By means of series more advantageous than those which 
have been given, but whose investigation here would lead us 
too far, the number «*, has been calculated to 148. places of 
decimals ; an accuracy far beyond what is ever necessary in 
any calculation whatever ; and which, even more than ever^ 
renders it useless to search for the quadrature of the circle. 

It cannot belong to this treatise to treat of logarithmic 
series for the trigonometric functions ; logarithms in general, 
forming no part of our plan, would introduce a complication 
that is not intended. In the 4th part of this treatise, their 
knowledge is, however, necessarily supposed, at least so 
far as all trigonometric tables usually teach, in their intro-* 
duction. 
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Fl^JSTE TBIGOJ>rOMETRY. 



CHAPTER I. 

Solution of all the Cases of Oblique Angled Plane Trigonometry » 

$ 53. Pbotided with the analysis, the results, and formulse 
of the foregoing chapters, Ohlique Angled Plane Trigonome- 
try becomes an easy application of the formulae we have ob- 
tained to the solution of all its several problems. We shall 
here treat of it in this point of view. 

In order to determine a lineal dimension, it is necessary that 
one of the given quantities should be also a lineal dimension. 

To determine the absolute value of a triangle, we naust 
therefore have, among the data, one of its sides, for it is 
well known, by the elementary principles of geometry, that 
liie determination of the angles only, determines nothing more 
than the similarity of the triangles. 

We now give the various problems with their solutions. , 

$ 54. Problem 1. To j&nd the relation between the sides 
and one of the trignometric functions of the angles of an 
oblique angled plane triangle. 

Let ^BC, (figure 6, and 7,) be an oblique angled plane tri- 
angle, whose sides are a, b, c, respectively opposite the an- 
gles of the same name. From the point d let fall the per- 
pendicular AD = d upon the opposite side BC = a, or upon 
that side produced, if the angle B, or C, be obtuse, (as in fig« 
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7f) the triangle ABC will fiiraish two right angled triangles^ 
ABB9 and ACBf having the side^ AB = dy common. 

Solution. By the formula No. 1, of the series A^ or first 
definition^ we have in the two triangles^ and in both cases^ 
(since the sine of an angle is equal to the sine of its supple- 
ment.) 

d d 

— = sin C ; and — = sin B 

h c 

Therefore : 

d = 6 . sin C = c . sin B 

Or^ expressed in a proportion : 

Y ' ' 

b I c = sin J5 : sin C 



li 



And this being general for any side^ we have also : 

& : a = sin B : sin j9 
a : c = sin .^ : sin C 

This is generally expressed thus : 

In any plane triangle^ the sides are to each other as the 
sines of their opposite angles.It gives therefore the solution of 
all the cases^ where two of the parts given are opposite to 
each other^ and the part to be found opposite to its corres- 
ponding given part. 

CoroUary. If from the three angular points of a triangle^ 
perpendiculars be let fall upon the opposite sides^ these .per- 
pendiculars are to each other in the inverse ratio of the sides 
on which they fall. 

In the triangle ABC, (fig. 8,) let d, d', be the perpendicu- 
lars falling upon the sides a, and h, respectively ; we have 
by A9 No. I9 as befoi'e, 

' d d 

sin C =. — = — ; or d : d =^ b : a 
b a 

§ 55. Problem 2. In an oblique angled plane triangle^ given 
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Ifce.tlni sides and flie included angle, to find liie two remain- 
ing angles. 

The sum of the three angles of a plane triangle is always 
equal to two right angles; (elementary geometry ;) in this case 
then we fiave given not only the two sides, and the angle in- 

chi4<^'.^^ ^I^ tb® Bu™ ^f ^® ^^ angles sought ; all then 
^lat.if necessary to determine each angle separately, is to. 
find fheir . diflferaice ; for the largest is equal to half the sum 
increased by half the difference, and the least to half the sum 
diininu9hod hj half the diffiorence. 

In the same triai^gle that has been used in the first problem^ 
having given «d, ft, and c, we have, as has been demonstrated, 

h : c = sin B : sia C 

And by composition of this proportion, 

4 -)- c : fr — c = sin B -)- 8^1^ ^ : s^°^ ^ "" sin C 

Substituting from series N, No. 3, 

,6+c:*-.c = tani(B H-.C) :tan J(B -- C) 

whence : 

6- c 



tan i (5 - C) = tan i (B + C) 



h + c 
And since the three angles, A + B + C = 180^, 

«?- - : * -^ th i (J^ + ^) = 90^ 

^e^ha^ve : 90<» - i Jl = i (^ + C) 

and tan J (5 + C) = tan (90* - h A) = cot J j3 

The formula bccom^^ : 

b - c 

, to J (£ - C) « cot J ^ 2 

b + c 

: And calling -^ = — - — ; we have the two angles, avoid- 
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lug all unnecessary subtraction^ (mi. B being considerMi 
the greater angle.) 

B = 90° - Jja + id 

This formula requires in its use, an addition and a sii||4i9i> 
tion. It may, when desired, be adapted to the calcidlmim 
of quantities given in logarithms, a case that occurs in astro- 
nomy, by the following transformations. 

For this purpose, we divide the numerator and denominatcn* 
of the fractional part of the formula by 6 ^ and we have : 

c 

1 

b 

tan i (B - C) « cot i ^ 

c 

1 + — 
b 

Comparing this form of the fractional part Virith the for- 
mula S, No. Id, using the lower signs, it will be found : that^ 

c 

3 if we call — = tangent «, we have : 



1 — tan 2r 

tan (460 — z) = 

1 -|- tan 2r 

Taking, then, for the calculation of the data given in loga* 

c 
rithms, tangent % = — , we obtain for the solution of this 

b 

case the formula : 

4 tan i\B ^ C) = cot i J3 tan (45° - z) 

This is an instance of the application of the preceding 
analytic formula for trigonometric functions, to the trans- 
formation of an expression containing addition and subtrac-, 
tion into one that can be calculated by logaritibms alone $ and 
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6 
We shall always hare — jl l, accordiag fo liie original sap- 

b 

position ot B ^ C. 

$ 5& Froblem 3. Given two sides and tiie included angle^ 
to li|i the third side. 

Given, a, c, and B, to find ft; in tiie same triangle, let d 
denote the poppendicular upon a, as in the first problem. 

By the elementary formulie 6{ series A, we have : 





BD 

c 


COB 


B; 


thence 


BD 


=s 


e.eo» 


B 


ana 


d 

c 


sin 


B; 




t 

d 


1= 


e. m 


B 


and 


CD = 


a - 


■ BD 




C. CM 


B 






By Gteometry : 












t 





b' =z d^ + CD' « c«. 8in» i? + (a - c. cos J3)* 

= c« sin* B +a' +e» cos» B - 2a.c. cos B 
. = c> (sina B + COS* B) + a» — 2«.e cosB 

And because sine* + eosine* = 1: 

4* ss c^ 4- d' — 2a.c. cos B 

This formula, which would be very inconvenient to calcu- 
late, may be reduced to an easy form for logarithmic calcula- 
tion, in two diflferent ways. These will be obvious, when 
we consider that the formula Q^ No. 4 and S, give two diflRsr- 
ent values for cosine B, the one in the sine, the other in the 
cosine, of the half angle. 

Taking, then, in the first place : 

cos B = 1 - 2 sin* i B 

Aad substituting this value in the equation for cosine JK, we 
have : 
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ha =• c^ + a> •* 2ac + 4x.a.8m* i B 
= (o GO c)* + 4.a.e.8i!ia i B \ 

And using (a c/} c) as a factor common to both the 

terms: 

(..■■-.,. . ■ . '.-I ■- 

Extracting the root r ' -'^ 

L r . \ f.i 4.e.a.8in* | BV* ' ' - 

It may be seen : that^ by th^ method used in the preceding 
Problem^ this formula- may be adapted to the use of loga- 
rithms, employing the consideration: {tha<^ according to Cf 
No. 8, we have : 

see* = 1 + tan« = 

COS' -. T; . " 

If, them we ma^e _ , 

4.a.c,8in» | B 
tan^ re = '^^ 



2AmJB 

or tan x = — " ^' ' - JiJ{a.c) - - .. ,x - 



■- -.? '-. 



tjie^fipal formula will become : 



,'\ - »ni 



. - . J .< I . . y 



8 , ^ = 



.. i 



\, »', «» 



COS a "^ - '- 

• w . , ■■ " • • • 

' . fi^GI^ T^oipsforvM^ Takin|(^: 

cos B = 2 cos « i * -».:1 

and substituting this value in !Nt>. 5, th^ {(xtixixA^ B^KiMite': 

5a = a* + c« + 2tfc - 4.cr.c.C08> i B 

Md V procedMs exftelly nttihrtu timer igteft S» JSbs^ 'M 
mula 6, it will finally become : 



10 
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Here we have, bjr the same mean^ as in the foregoing transr 
formatioiiy representing the second term under the radical as 
the square of a sine or cosine, according to C, No. 4 or 5, 
and by an analogous process : 

4.c^a. cos' i B 

€03' X = . 

(« + «)» 

or 

2co8iB 
cos* » — — — (a.e)l 
a + c 

And finality t ' 

6 =? (c -|- a) sin x 11 

If the distances, a and e, were given in logarithms, (as 
may ooe«' ili astronomy,) it wiB be observed, that m aj^plying 
to the part (a ± c), in the two formula 8 and 1 1, the same mode 
of transformation for the application of an auxiliary angle, by 

writing {a ±: c) =i a ( 1 ± — ) in both the places where it 

occurs, these formulae will be transformed, and fitted for that 
use, upon the same principles, every thing else remaining as 
above. 

$ 57. Problem 4. Given, the three sides of a plane trian- 
gle, to determine one of the angles, (suppose the angle B.) 

Solution. The formula No. 5 gives this solution by simple 
transposition ; for, from 

b^ =r a' + c2 - 2ac COS B 

it follows, that 

a* + <;«-. 62 
cos B = :__ j2 

This formula would also be inconvenient to calculate; it has 
the same two modes of transformation as the preceding, by 
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the insertion of tiie sine or cosine of fhe half angle ; and a 
third is obtained by fhe division of these two. 

Fir$t Transformation. From llie preparation for formula 
6^ is first obtained by transposition and diyidon : 

6« - (a O!) c)* 



8in> i B = 



4.a.e 



The two terms of the numerator being the difference of 
two squares^ the product of fhe sum and difference of flieir 
roots can be substituted for tiiem ; then, dividing the numerical 
coefficient of the denominator into two factors, and applying 
them to the two factors of the numerator, we obtain : 

( a + b - e \ / 6 + c -- • \ 
2 )\ ^ ) 

a.c 

a + ft + c 
If we assume p s , the expression becomes still 

sUnider, for this assumption gives : 

a ^h ^ c fc + c — a . 
14 ^ ^^ c =- ' ; and p -^ a =• 

2 2 

Inserting this in the formula, it becomes : 

(P - «) (P - 



ax 
And extracting the root : 



i 



8tcmd Transjormatum. From the preparation for formula 
9^ we obtain, by transposition and division : 

(a + cY — h^ 



cos^ i B = 

4.a.c 



And by stepa exactly analogoas to the foregoingf and the 

a + h + c 
suppositioii that jp ^ , as aboTe^ we obtain here-c 



(a + c 4. 6\ / g + c -- t\ 
2 / V 2 / 



ac 



p{p-h) 



ac 



When these formulse are employed, we must choose that 
which gives the greatest degree of exactness in the giyen 
case. The principle which will determine this choice, is ur 
follows : when the angle is small, the sine raries rapidly^ 
while the cosine varies but little. In this case we should use 
the formula that employs sine i JB ; if the angle that is sought 
is obtuse, we must use the formula that gives the value of 
cosine h B, because it is the cosine that varies most in this 
case. 
k It will be observed, that, in general, the formul» that de- 
termine the half angles have the advantage of avoiding all 
ambiguity between obtuse or acute angles ; because they can 
never be obtuse, as in that case JB A 1 80", which is impossible. 
We may deduce from these two formule a third, giving 
die tangent i J9, that is applicable with equal advantage to 
all cases. For it is evident, that : 



€06^ B 



_ / (p^a)(p- c)\ 
"^ - [ p(p-b) ) 



This requires two more preliminary steps to prepare the 

data for calculation ; but they are short. 

§ 58. Problem 5. Given, two sides, and an angle oppp* 

site to one of the sides ; to find the third side. 

M 
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C, c and 6, being given, to find a. - 

We find already, from inspection of Fig. 6 and 7, that the 
result may, in this case, be doubtful ; as with these data, liie 
angle at B may be either acute or obtuse, with c of equal 
magnitude, since this line is always greater than the perpen- 
dicular d, and, being drawn from the same point Jif may cut 
CB on Mther side of this perpendicular; which will give 
two values of CJB, that are equally possible, and both given 
by the formula. Circumstances, other than those of the mere 
magnitude of the parts given, will determine which of flie two 
results is the true one. 

Solution. In the formula Y, No. 4, Problem 3, we mig^t 
suppose b given, and a to be determined, the other diata 
remaining the same, and obtain this solution ; this would lead 
to an equation of the second order. By the following pro- 
cess we reach the same result more easily. 

By Y, No. 1, problem 1, we have: 

c : 6 CB sin C : sin B 
h sin C 



whence sin B = 



From series A, No. 2, we have, by application of this case: 

CD = 6 cos C 
and BD = c cos B 

And according as J9 is acute or obtuse, we find : 

BC =: CD ± BD = a 

Expressing this in terms of the above two values, we haver 

18 a = 6 cos C ± c cos B 

And substituting for cosine B its value deduced from the firat 
enunciation above, expressing it, in conformity with seriea 
C^ No. 5, the final result is : 

19 a = ft cos C ± c I 1 5 1 
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A ftnrak tronblesoiBe to calmlate* though it mar be rediicrd 
to logarithmic calculatioD. by the use of two auxiliary arcs : 
&r we mmf take : 

h 9in C 
sin X = sin B = — ^— ^— 

<* 

and fliereby obtain : 

a = 6 cos C 3: €* cos B 






where we are evidently again to assume, according to the 
case: 



tan i /c ens i?\i 

or sin 



i /ccn« l?\ J 

and would ultimately obtain : 



h CO? C 

a = 9\ 

cos' 2^ 

or a = 6 cos C cos^ y 

- But such a calculation would evidently be tiMliouSy and if 
is &r preferable to calculate sine B by problem \, and tftcn 
a by the two parts of the formula No. 18, above, unless it 
happen, that only the logai*ithms of h and c be given ; when 
this mutation will be necessary and applicable. 

$ 59. We have thus obtained the solutions of every possible 
case of Oblique Angled Plane Trigonometry, for data directly 
given, by means of formulae affording the greatest facilities 
for calculation. It will be readily conceived : that what is 
said of an angle B, or of any side ft, &c. is always to bo 
uiderstood, in a general sense, of every other angle or* side. 
It is proper here, again to direct the attention to one gene- 
ral character of all the formula, namely : that they always 
present the linear dimensions in an even number of far- 
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iwBf and flie trigonometric functions in an odd naml»er of 
flfiictorB, when the part to be determined is a trigonometric 
fnnction; and, converse! j, tbe trigonometric functions in an 
even number of factors, and the linear dimensions in an odd 
number of factors, when a linear dimension is to be deter- 
mined. This is the general and well known character of all 
proportions ; from which, also, "imalytical formula cannot 
deviate, whatever be the complication of the data contained 
in them. The trigonometric functions being mere ratios, 
(that is, generally speaking, numbers,) as has been observed 
in section 11, they here, form as such, objects of a determined 
nature. 



CHAPTER II. 

CIdleidation of the Surfaces of Plane Triangles from different 

Data. 

/ f 60. Ws think proper to add to the solutions of Trigo- 
nometry that give the unknown parts of triangles from those 
which are known, the solution of the problem : to find the 
surface of the triangle in every case of the before-mentioned 
data. This is evidently possible; for if we have the data 
necessary to determine the unknown parts of a triangle, the 
same data must also give its contents or surface. We shall 
take the cases in the same order as in the preceding solutions. 
It must, in the first place, be recollected, that the surface of 
the triangle is half the product of one of the sides, assumed 
as a base, into the perpendicular let fall upon it from tbe op- 
posite angular point, as is taught in the elements of Geome- 
try. It is, therefore, the principal object of these problems, 
to express the value of this perpendicular in terms of the parts 
given. Its product into the given base, divided by two, 
witty then, always give the surface, or contents of the 
triangle. 
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4 61. PrdUeni 1. Oiyen, two angles and the Indaded tide; 
to find the Surface of the triangle. 

In the triangle ABCj as before, let BC and a be giren, to 
find the sur&ce. 

We have by Y, No. 1 : 

a SID B a sin B 



SID A 810 (B + C) 

For the sine of an angle is equal to the sine of its supplement, 
not only in magnitude, but also in sign ; and because the 
sum of all the three angles of a plane triangle is equal to two 
right angles, the sine of any one of the angles is equal to the 
sine of the sum of the two others. 

Calling i the perpendicular let fall upon the side o^ we 
have, as the ralue of this perpendicular : 

a SID B fin C 
d = 6 sin C = — — — 

sin (J5 + C) 

Multiplying this by half the base on which the perpendicu- 

a 
faur i falls, that is, — , and calling the surface of the 

triangle = 8^ we have : 

o» sin B sin C ' ^ 

5 = \ 

2 sin {B'\'C) 

And supposing the value of sine (B -|- C) to be expressed in 
conformity to F, No. 1, and dividing both numerator and de- 
nominator by Ant B Arvt C, we have also : 

S = 2 

2 (cot B + cot C) 

But the formula No. 1, is more convenient for logarithmic 
caleulatioQ. 
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$ 6d. FrMtm S. Giveiiy two sides and the included angle; 
to find the Surface of the triangle. 

Given, a, h, and C. 

We have by the elementary definitions of series A^ the 
■value of the perpendicular : 

d == 6 . sin C 

Multiplying this perpendicular by — , we hare for the 

sur&ce : 

ab sin C 



3 S = 



$ 63. Problem 3. Given, the three sides; to find the Sur- 
face of the triangle. 

By the theorem of geometry, so often employed : that the 
square of the hypothenuse is equal to the sum of the squares 
of the two sides, and expressing the parts by trigonometry, 
as in section 56, we find : 

BD = c • co8 B 

We have thence ; 

ja = c3 — c» cos3 B 

Then, expressing the value of c^ cosine^ B by tiie formula of 
section 57, and observing: that c', being found both in the 
numerator and denominator, compensates itself; we have : 

^' = "-(-^ — ) 

And tiience : 

4aa cs- (c« +03 -* b^y 

4 a' 
The two terms of the numerator, being the difference of the 
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two squares, miiy be expressed by fhe prodact of the sum and 
dSfkrence €it their roots ; whence : 

(2 cA -I- c> + a^ - &*) (2 cfl - c« - a« + 6») 

^ ((c+a)« - b») (b» - (e 05 a)«) 

4as 

Apj^ying the same principle again to the two &ctor8 of the 
nunerator, we obtain : 

_ (c + a + 6) (i: + a - 6) (c + 6 - «) (6 + a - c) 

4a» 
Then extracting the root : 

_ 1 /(c + a + i) (c + o - 6) (c + fc - «) (* + a -c)\4 

This value of the perpendicular, being multiplied by half the 

_ a 

oase^ •— , gives the Surface : 

da 
2 

— ) 

Bringing the i under the radical, by squaring it, and distri- 
buting the fourth power of 2, which is produced by this 
insertion, among the four factors of the numerator, the final 
formula becomes : 

<a + & + c c + fl — 6 C + & — « a + h ^ ch 
2 2 2 2 / 
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a + h + € 
'Whichf by the introdaction of ji =s , asinaectiott 

2 
57} becomes: 

5 5 = (p{p-a){p^b)ip^c))l 

§ 64. Problem 4. Given, two sides, and flie angle oppo- 
site to one of them ;* to find the Surface. 

GiTen, b, e, and C; to find S. 

In/gure 8, we have the perpendicular BD' = a sine C a= d'f 
andy according to general principles^ 

bd ba siD C 



2 2 



Substituting for a the value given by section 58^ formula 
19^ we obtain : 



i" 



6* cos C sin C e . 6 . sin C / b' sin* Cv | 

S .= db 



(o' Bin* c\ , 



2 2 ^ c 

This formula evidently labours under the same disadvan- 
tages for calculation as T, No. 19; therefore the ren^arks 
made there, equally apply here ; that is, determining first B 
by Y, No. 1, and then 8 by Z, No. 1, will be preferable to 
this formula, even with the reductions that might be made in it. 

§ 65. The four preceding solutions resolve the problem for 
eyery possible case of data; they complete the full series of 
s^utions that may be required for a triangle with simple 
data. 

It may be conceived, that it is possible, that, instead of the 
quantities themselves, it may happen that the sum and differ- 
ence of some of them may be given, or some other relation 
between the parts. But it does not belong to an elementary 
system of Trigonometry to enter into these details. The 
principles here laid down show what parts must be deter- 
minable from the data^ in order that a solution may be 



obtained; tiiey also show, conversely, what data will serve 
to determine a triangle in complicated cases. 

What remains to be sadd upon this subject, thereforc|i^ 
belongs properly to a further extension of the application of 
Trigonometry to the solutions of the problems that relate to 
triangles ; and, consequently to all rectilineal figures, since 
Geometry teaches the means of decomposing them all into^ 
triangles. 

It may, perhaps, be proper in this place to call the attention 
of the reader to the general character of the formulae of series 
Zy analogous to what is said in section 59 ; namely : that they 
all present two lineal dimensions, with certain trigonometric 
functions as factors, which represent, as stated in sectioiL 
11, mere numbers; that is, relations of quantities. This evi- 
dently characterizes them as giving in result a quia/itity of 
two dimensions, that is, a surface. It will easily be ob- 
served, that formula 4, having four lineal dimensions under 
flie radical, presents also in its final result only two dimen- 
nons^ by the extraction of the root. 
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PART III. 



SPHERICAL TRIOOJ^OMRTEY. 



CHAPTER I. 

Introduction. — Lemmataf and Definitions of Spherical Trigo- 
nometry. 

§ 66. We know from the elements of Geometry : that the 
circle is generated by the resolution of a finite straight line 
around one of its extremities ; and that the sphere is gene-* 
rated by the revolution of the circle around one of its 
diameters. 

Then, because all the radii of the circle are equals all tiie 
radii of the sphere are equal also, and all the circles that 
pass through the centre of the sphere, may be considered as 
generating circles; they are alao the largest circles that can 
be described in a sphere^ for which reason^ they are called 
Oteat Circles. 

§ 67. All the other circles of the sphere, that do not pass 
through its centre, are Less Circles^ and are so called ; they 
gre also called FaraUelSf because tliey are necessarily parallel 
to some one great circle of the sphere; thc^t^nisideration 
of their properties forms no part of elementary Spherical 
Trigonometry. It is only great circles, then, that are ob- 
jects of Spherical Trigonometry. 

$ 68. Proposition. Three straight lines that meet in one 
point, and do not lie in the same plane, determine a spherical 
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triangle^ the angle formed by any two of tlicse lines, at 
the point of intersection, is the measure of the corresponding 
ttde of the spherical triangle^ and the inclination of any two 
of the planes, that pass through each pair of the lines, is the 
measure of the corresponding angle of the spherical triangle; 
^ and the intersections of these planes with the surface of the 
sphere, describe upon it three arcs of great circles, forming 
a spherical triangle. ^ 

Demanstmtion. In figure 9, JiB, ^B\ AB" being three 
Sfraight lines, in different planes, and A their common point 
of intersection ; if the centre of a sphere be placed at Aj the 
lines «tfJ9, AB'j AB"^ or their prolongations, will determine 
three points on the surface of the sphere, as C, C, C", for we 
have AC^AC = AC" ; and the arcs CC, C'C", CC"j are 
paHsof the circumferences of the great circles passing tlurough 
fhe planes CAC^ C'AC", and CAC", respectively, and deter- 
mined by the lines AC, AC ; AC, AC"; and AC, AC" ; a sjdie- 
Tieal triangle, CCC", will therefore be determined upon the 
surface of the'sphere, by the intersection of this surface with 
the sides of the triangular pyramid whose summit is at the 
centre of the sphere. The inclination of the planes that pass 
through each pair of these lines, just mentioned, are (Euclid, 
Book xi. Dtf. 6) measured by the angles made by the per- 
]|endiculars ereeted in each plane from some point in their 
common intersection. The arcs CC, CC", CC, as well as 
their respective tangents, are perpendicular to this common 
intersection, each in its plane respectively; therefoi^e the 
jnclihations of these planes are the measure of the correspond- 
ing angles of the spherical triangle. 

We therefore have> in Miy spherical triangle, CCC", the 
foITowing taijiilln, viz : 

artJ lOC' « ^xtg\e BAB 
apcCC" a angle FjJF 
IffcCe' ^ angle 1?^^' 
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spheric angle CC'C = angle of inclination of BAB, aod BAB" ; 

CCC = " '^ BAB, " BAB'; 

CC'C = » " BAB, " F'jIB. 

From what has been stated, we learn : 

IsL That all the parts of a spherical triangle^ whether 
angles or sides, may be expressed by the trigonometric func- 
tions, that have constituted^e object of the investigations of 
the First Part of this tp^tise ; for they are all angles, or 
arcs, the measures of aiigles. 

dd. That the principles of Solid Geometry, that are appll- 
cable to the sphere and triangular pyramid, are also the 
first principles of Spherical Trigonometry. 

$ 69. Pursuing the application of Solid Geometry, we ob- 
tsun a series of lemmata, to be used as fundamental principles 
of Spherical Trigonometry. 

Lemma 1. Two great circles of a sphere cannot cut 
one another, except in one of their diameters | because their 
line of intersection must pass through the centre of the 
sphere, which is a point common to them all. The arcs 
described upon the surface of the sphere, between these inter- 
sections, will therefore be equal to two right angles, or 180'. 

Lemmu £. If a line be drawn through the centre of the 
sphere perpendicular to any two of the lines, as AB" and 
JiB', this line will be a perpendicular {or normal) to the plane 
passing through these lines ; and consequently to the great 
circle of which C'C" is a portion; and all the arcs on the 
surface of the sphere, intercepted between this perpendicular 
and the great circle passing through C'C", will be = 90**; 
or represented by a right angle at tlie centre of the sphere 
Ji. (Euclid, B. xi. Prop. 18.) . , 

As this is the case on both sides of the greitiFfefrcle passing 
through C'C", two points are thus determined by it on the 
surface of the sphere, that are called the poles, P, p, figure 
10, of the great circle passing through C'C". 

We have tlience : 
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PC = PC'' = PD =z pC =^ pCr ^ pD — L/l = 90* 

And the same is true of any arc whatever, drawn from P, or 
y, to the great circle, DCC". 

Lemma 3. Every plane that passes through the line Pdfji, 
is perpendicular to this circle; and hence, every great circle 
of the sphere passing through the poles, Pp, is perpendicular 
to the circle, DC'C", since these circles are intersections of 
the planes passing through Pp, and the surface of the sphere ; 
and, conversely, every great circle perpendicular to the cir- 
cle through DC'C", passes through the poles, P, p. (Euclid, 
B. xi. Prop. 18.) 

Lemma 4. The plane that passes through the tangents, 

of two great circles, that cut each other in the point P, or y, 

figure 10, is parallel to the great circle of which these points 

are the poles; for the diameter TAf, is perpendicular to 

both these planes. (Euclid, B. xi. Prop. 14.) 

Lemma 5. The angles which two arcs, such as PC* and 
PC"f figure 10, make at the pole of a great circle, is equal 
to 'the arc, C'C", of the great circle intercepted by these 
arcs ; for it is the measure of the angle of inclination of their 
planes ; and the angles at the two poles are equal ; since they 
are measured by the same arc, the same circumstances taking 
place at both poles. (Euclid, B. xi. Prop. 10.) 

Lemma 6. The angle subtended by the poles of two great cir- 
cles is equal to the angle of inclination of the planes of the two 
circles of which they are the poles; for these two circles are 
perpendicular to their axes that pass through the poles. Or, 
in figure 11, the arc Pp is equal to the arc BC, which mea- 
sures the inclination of these planes, and lies in the same 
plane with Pp; because AP, Jlp, AB, AC, are all perpendi- 
cular to the Qimmon intersection, Dd, of the two circles, 
(Euclid, B. xi. Prop. 5) and PAB, and pAC, are both right 
angles, having the part pAB common ; therefore, their com- 
plements are equal, or Pp = BC. 

Lemma 7. If an arc of a great circle fall upon another 
arc of a great circle, the sum of the two angles, wliich it 



makes with this arc, on the two sides, are equal to two right 
aisles; for they are measured by the angles of the tangents 
to these arcs. And the sum <tf all the angles made hy any 
Bumb^ o! arcs of great circles, cutting one another at the 
same point, is always equal to four right angles ; and also, 
flie vertical angles made by two arcs, intersecting each ottier, 
are always equal ; for they are all measured by the tangents to 
these arcs, and these tangents lie in one plane, being all per- 
pendicular to die radius of the sphere ; and thus the Proposi- 
tions, Euclid, B. i. Prop. 13 and 15, become applicable. 

Ltmma 8. The perpendicular arc. Pod, Jigure 10, drawn 
through one of the angular points of the spherical triangle 
to the i^posite side, is a part of a great circle, passing 
through this angular point, and the poles oi the great circle, 
of which the opposite side is a portion; for no otiier plane, 
than one passing through its poles, can be perpendicular to a 
great circle. 

Lemma 9. Two great circles that cut each other, enclose 
between them a portion of the spherical suriSM^e, that has the 
same ratio to the surface of the sphere, that liie angle of Ump 
inclination has to four right angles; for the surface of this 
section is measured by (or proportional to) the angle of the 
indinatiion of the planes of these great circles ; and the whole 
circumference is measured by four right angles; that is to 
say : as we have the circumference of the great circle c= s r tr, 
the whole surface of the sphere is represented, according to 
these considerations, by 

S = 2.r« .IT. 4. L/2 

,And any section of the surface, measured by the angle a, is 

whence S : s = 4 L,R : a, 

$ ro. All the propositions of elementary geometry, that 
determine the data that are necessary to infer the eqi 
and proportionality between the parts or surfaces ol 
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Mangles, are true of spherical triangles; exc^t, ihat the 
exterior angle of a spherical triangle is not equal to the sail? 
of the two intmor and o^orite angles, because the three aii|^ 
of the spherical triangle do not lie in the same plane; for liiis 
ireason, the knowledge (rf two angles of a spherical triangleikmi 
not imply the determination of the magnitude ct the thirds fi 
in plane trigonometry ; while, on the other hand, if any three 
parts ot a spherical triangle be given, the remaining three 
may be determined, even although no one of the parts giyea"^ 
be a side. This last follows from the circumstance, that aD 
the quantities concerned in a spherical triangle are of tiie same 
nature. All these are evident consequences of the preceding 
sections, which show that the spheric triangle is thelntravec- 
tion of the triangular pyramid with the surface of the sphere ; 
all that would apply to the plane triangular base oi the 
pyramid must therefore also be true for the spheric base, wifli 
the exception that has been stated, which is evidently a conse- 
quence of what has been already said. 

$ 71. 'N^em'em. The sum of all the sides of a spherical 
triangle is always less than four right angles ; and any (me 
side is always less than the sum of the other two sides. 

Demonstration. The three planes that intersect each other 
in the lines dC, dC, AC", figure 9, form at the point 
Jtf or the centre of the sphere, a solid angle ; tiie sum of all 
the plane angles forming a solid angle around a point , is 
always less than four right angles. (Euclid, B. xi. Prop. 
^1.) As the three sides of the triangle formed upon the 
surface of the sphere, by the intersection of these planes, are 
the measures of the angles at the centre, (section 68,) their 
sum is also less than four right angles. For the same reason 
it follows (from Euclid, B. xi. Prop. 20) that the sum of any 
two of the sides is greater than the third side. 

§ 72. Theorem. The sum of the three angles of a spherical 
triangle is always less than six, and more than four right 
angles. 

Denwnstratwn. The sum of the angles forming the three 
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solid ifagles, at the three angular points of tSe spherical tri« 
angle enclosed by the planes passing through its sides and the 
plane through the tangents at the sphere^ (or the ^erical 
tarfacey as these angles are the same,) is less than three times 
iMir right angles, (or twelve right angles,) for eadi of fliem 
IB lees than four right angles. (Euc. B. xi. Pr. 21 ») But the 
angles formed by the tangents and the intersections of the 
flanesy are right angles, and their sum is three times two, or 
w, right angles. The sum of the remaining three angles, 
formed by the tangents, which are the same with the spherical 
angles, is therefore less than six right angles. 

Or, more briefly and algebraically : 

Calling 8 ^ sum of the angles forming the 3 solid angles $ 
** 8' ^ sum of-the angles of the triangle, or of the 
tangents; we have : 

S t= S' +SI.R 
S Z 12. l/? 
therefore S' + S [^R Z 12l/2 

Subtracting 6\^R from both sides : 

S' jL 6L.JR 

If tlie three angles were equal together to two right augles^ 
the three sides would be in the same plane; the lines, of 
intersection of the planes perpendicular to the tangents would 
be parallel to each other, and would no longer meet in the 
centre of the sphere, which is contrary to the supposition ; 
therefore, the sum of the spherical angles must be mort than 
four right angles. 

$ 73. T^heorem. If, from the three angular points of a 
triangle, arcs be drawn on the surface of the sphere, whose 
distances from the angular points are each = 90^, the inter- 
sections of these arcs will form a new triangle, that is called 
supplementary 5 that is to say : the sides of this new triangle 
O 
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will be th^ supplements of thosc^ angles of the original triangle^ 
that Art opposite to them ; and the angles of the new trtiingte 
will be the supftlements of the sides of the origiinal tHatfgI(^# 
wUidh ar^ op|}6site to them. Moreover, the angular points 
df the origihal triangle ilill be the poles of the sides of the 
ne^ triangle ; and the angular points of this, will be the p6le(^ 
of tiie i^ideis of the oHglhal triangle. They, therefoi'e, are Hm 
calted ^I^ triangles, in respect to eaeh ether. 

CdMtr^thhi. In figure IS, let ABC be the spheraeAl tri- 
angle tWini "^hc^e ahgtilkr peinto Die arcs DE, EF^ FD^ ttre 
drawn, at the distlince of 90** ; the points A, B, C, will be 
respectively, the poles of the arc^i that cut each other ih the 
points D, Ef F; mi form the supjiileniehtary triangle BJkF. 

Pi^diice the sides of the original triangle, ABC, until 
they intersect the arcs DE, FE, FD, in the points €1-, M, 
L, M, J, K. 

Denumstration. Because the point E is 90** distant from 
each of the two points A, and B, this point E, is the pole of 
the circle LABG, that passes through the points A and B; 
for the same reason, the point F is the pole of the arc 
KBCM; and the point D, the pole of the arc JACH; whence 
we have : 

DH + EG ^ DE + GH = 2 l. R = 180° 

But, because GH is an arc of a circle distant 90° from the 
point A, it is the measure of the spherical angle at A, formed 
by the two arcs .^6?, AH; and BE is the side of the supple- 
mentary ti'iangle that is opposite to the angle BAC; for 
which reasons we have : 

DE = 180° - GH = 180° - A. 

In like manner we obtain : 

i:f =-. 180° - LAI = 18Q° - B. 
and DF =■ lij0«> - JAT = 180° - C. 

Morcovor, since the arc EL = EG = 90°^ and E is the 
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pole of the arc G&iL^ or ^B^ produced until it inters^ts 
the otber arcs SF, and ED; the arc GL is the measure of 
the angle at E, of the supplementary triangle; whence we 
have: 

LB + AG = LG + ^n — i I, R =: 180o. 
therefore LG = 180'' - AB, 

JiBy then, is the supplement of LG; or of the angle E^ which 
It measnres, or is equal to. For the same reason^ we have 
for all the angles of the supplementary triangle, expressed 
by the sides of the original triangle : 

LG — R = 180° - AB, 
HG =^ D = 180O - AC, 
KM ^ F ^ 180° - BC. 

Therefore, generally, the sides and angles of tlie supple- 
mentary triangle are the supplements of the angles and sides 
of the original triangle, 

§ 74. Theorem. The surface of a spherical triangle is 
proportional to the spherical excess of its three angles above 
two right angles. 

Construction. Let ahc^ figure 13, he a spherical triangle. 
Produce aCf until theentirecircumferenr^ of the great circle 
acedf be completed. Produce also ab, and &c. until they cut 
this great circle, in the points (2, and e, and also to their 
common intersection, in /, on the opposite ^ide of the great 
circle cadef which point /, will be the opposite pole to the 
point b. {Lemma 1.) 

Demonstration. By construction, af = ftc, as they are 
eadh of ^^m a supplement of the arc db ; for 

ofce = 2 L jR = iaf; 

for the same reason, the arc cf = hd; and the angles at f, 
and ft, ai*e equal ; for they are at the opposite poles, ai|d be- 
tween the same arcs ; wherefoi*e the triangles bde, and fac. 
are equal. 
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The hemiisphere whose base is the great circle cade, is, by 
lemma 9, equal or proportional to (catling H = hemisphere) 

The section of the sphere between the two semicircles bftf, 
hcf, is equal, or proportional to : 

' ahc + acf = ahc -|- deb = 2 r^ ^r 6 

because the angle b is the measure of the inclination of the 
planes of these two circles* 
For the same reason we have : 

The spheric sectioD ; dhcad = ahc + a6(2 r= 2ir r^ .c 
'* *' ebaee = ahc -i- che = 2 ^r r* . o 

Subtracting from the sum of all these, twice the value of the 
triangle ahe^ which is contained in each of them, and of course 
three times in their sum, the whole hemisphere is represented 
thus: 

H = daeed = 2. r^^ntl^R 

= 2.ra«'64-2.raflrc + 2r2flrfl — 2a6c 

whence 

2.r»flr2.LjR «= 2.r» * {h + c + d) -^ 2 .ahc 

or r^ * . 2 L JR = r« ir (6 + c + o) — afec 

And tr^sposing : 

ahc 8= irr« (« + 6 -f c) — 2 * r^ l jR 
= ^r^ (a + h + c -' 2ljR) 

The surface of the spherical triangle is equal to the product 
of the square of the radius of the sphere into the excess of 
the three spherical angles above two right angles^ and as we 
always assume the radius => 1, (until applied to a determin- 
ate sphere,) we have : 

abe = o + 6 + « — 2lJR 
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CHAPTER II. 

InroesHgoHon of the Fundamental FormulsB of Spherical Tri- 
gonometrgp^ and Solutions of Right Jngled Spherical Tri- 
angles* 

$ 75. General Problem. To determine the relations be^ 
tween the sides and angles of a right angled sjdierical 
triangle. 

Let BJif BB, DCf fgure 14, be three liniesy that are not in the 
same plane, and which, by their intersection at the point 
D; detennine the spherical triangle JiBC; and let the plane 
BDA9 be perpendicular to the plane JlJW; tbuca^hj the 
preceding chapter, are the elements of a ^herical triangle, 
JIBC9 right angled at A. 

Construction. In the line DB, take any point, Bf and from 
it draw EOf perpendicular to DC; and from G, where EG 
intersects the DC, draw, in the plane JWC, GF, perpen- 
dicular to DC; join EF; the angle EGF will be the angle 
of inclination of the planes BDC, and JiDC, and the^ore 
equal to the spherical angle BC^S. 

SohUion. By construction, CD is perpendicular to the 
plane passing through EGF; for a like reason, the plane of 
DGPf tiiat passes through this perpendicular, is perpendicular 
to the plane EGF; and by supposition, the plane BDJ, is per- 
pmdicular to the plane CD J; therefore the two planes BDJl, 
ind EGF9 are perpendicular upon CJDJ, and their com- 
mon intersection, EF, is also perpendicular to CDJt ; and th^ 
angles EFD, and EFG, are right aiigles; and the four 
triangles, DGE, DGF^ DFE^mA 6FF£, are all right aagledb 
It the points G, and F. (Euc. B. xi. Prop. 4, 18, 19.) 

Each pair of these triangles has one side common, and one 
angle (a right angle) equal in each ; wherefore, if two sides, 
in any one of the triangles, be given, two sides in an oilier, may 



be detennined ; and also : the determination of two of tlie 
triangles will aflTord the means of determining a third. 

Determining, then, upon the principles of section 7, the 
various relations of the ports 6f fhcise triangles ; keeping it 
constantly in m|nd : tliat the ratios of the sides of a right 
an|^ed triangle, and not ihcjir absolute values, determine 
the trigonometric functions ; if we adopt, for the sake of bre- 
vity, the following notation : , 

£F = c' • JEG = a'; OF = 6' ; 

/)£ = g; DF = e; DG =^ /; 

A^d f<v- the arcs ; BC == a ; AB =^ c ; AC =^ b ; ' 

w^ 4iai*6 «as follows : 

1^' Belermfaiing ttietrlaagie tSfi^F, bjr means of the trian- 
gles iPBF^ and DS6: 

EF c' 

= — =r sin BDA = sin BA =• sin r 

ED g 

EO a' 

and --*— a •*^ CO mm BDC = 9in<BC e sin a 
£D g 

And by division, (using only the denominations adopted 
above :) 



c' a! c' sin c 



g g a Bin a 

In the triangle EFO we have also (according to section 68 :) 

.EF c' 

-^ — s= — = sin EGF = sin C 
EG a' 

PMfn ^beoe two retttHsvwe^obtain tbe .following equation : 



c sin c 



= sinC 



a' mn^ 



a 

1 or tin c = stn C sin a 



2. Determining DGF, by m^ans of DEP, and DEO, we 
have : 

OF t 

== — = COS BDA = cos BA tsiij^c 

DE g 

DG f 

and = — = cos BDC ^' cbs BC = cos a 

DE s 

Dividing the seojQpd by ti^ilrst: >* 

ft f cos a 

g g e cos c 

And by the triangle DGF: 

DG f 

= — = cos ADC = cos AC = cos b 

DF e '■ •-■. ■• ^'^ ■'■■'■ ' 

And by equality from these two results : 

f cos o 

— = = COS 6 

e COS c . r ' . . 

or cos a =: cos b cos c S 

S. Determining DQF, by J^GF, and EGD, we obtain: 

£G a' * 

= _ = tan BDC = tan £C = tan a 

DG f 

FG b' 

and = — = tanjflDC » tan j9C = tan I 

DG f 

And by division of tlie second by the iBa*sn 

b' u' V tmU 

/ / a' tano 

By the ti-iangle DGF: 
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4 " 






m 


a' 


« cotJ^F = 


cos C 






Hence by equalit j : 












*' 

H ^ 


tanft 

' = eoe C 

tana 






or 




tan 6 = tao «co« C 






4. Determining 


J56F, by J9GF, 


and HJBF r 






EF 
DF 


e 


• 


taoBjl =s 


tan 


c 


OF 

and — — 
DF 




« ainADC = 


• 

sin^C SB 


sin 


^ 


And by division : 














* 

^^^m «mS ^w"* SSm 

* e V 


tan c 
sin ( 







By the triangle EQF: 



c' 

— = tan EGF = tao C 



IJThence by equality : 

c' tan c 



s=s tanC 



b' sin 6 

^ or tan c = tan C sin fr 

$ 76* If we 6n»titute for the angle C, in such of the pre- 
ceding formulsB as contun it, the angle B, and for the sides 
of the triangle, those which have the same position in rela- 
tion to the angle B, as the sides named in the preceding 
fbrmutoy have in relation to the angle C; the formulse No« 1, 
S, and 4, will give also the following : 



From No. 1, is obtaiQed ; sia a sin B ss ski 6 5 

3, COS B tan a =s tad c .6 

4» sit) c tab B ^^ tao 6 7 

The formula No. 2 cannot be changed, because it always ex- 
presses the relation of equality that exists between the cosine 
of the hypothenuse, and the product of the cosines of the 
sides that contain the right angle. 

The comparisoii of the fbrmulflB already obtained in this 
chapter, gives, by means of the equalities that are found in 
them, the following formulse, which complete all the cases of 
right angled spherical trigonometry. 

Comparing No, 4 with Now 6 : ^ 

tan c as 810 tan C = cos B tao a 

Substituting from No. 5 : sin ft = sin a sin H 
sin a sih B tan C =^ cos B tan a 

Dividing by : sin B tan a: 

cos a tan C = cot B 8 

By substituting, in the same equation, from No. 3 , 

tan b 

tan a = , the equation becomes : 

cos G 

cos B tan b 

sin 6 tan C s= ■ 

cos C 

Multiplying by cos C cot b .- 

cos 6 sin C s=5 cos B ^* ^ 

$ 77 The nine formulse of the two preceding sections may be 

reduced to six, by remarking : that No* 5, 6, and r, are mere 

repetitioiig of No. 1, 3, and 4 ; for they differ only in having 

relation to the other oblique angle of the triangle. They 

give all the cases of right angled spherical trigonometry. 

It may be of use to repeat these principal foi*mul£e, and to 
P 
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transform them into other similar ones, applicable t» a trian- 
gle that has one side = 90% by means of the supplementary 
triangle, whose properties have been explained in section 7S* 
|j We have then : 

1 . 8in € = sin a sin C 

£ cos a = cos i cos c 

3 tan 6 =s tao a cos C 

4 tan c a« sin b tan C 

5 cot B = cos a tan C 

6 cos B =s cos ( sin C 

Transforming these equations to a triangle, one of whose 
sides is = 90", by means of the supplementary triangle, and 
using the same characteristic characters, merely accentuated, 
we have : 

7 sin C s= sin jI* sine' 

8 cos •i9' = cos B cos C 

9 tan F = tan jI' cos c' 
HH tan C = sin jB* tan c' 

1 1 cot b' = cos ^ tan c' 

12 cos b' = cos B sin c 

\ The signs of the trigonometric functions have no influence 

in these mutations. 
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CHAPTER III. 

IfVoesHgatian of the Oeneral FormvlsB of Oblique Angled Sphe- 
rical Trigonometry. 

$ 78* Oenercl Problem* To find the relations between tlie 
parts of an oblique angled spherical triangle. 

Construction* Let ABC, figures 15 and 16, be a spherical 

triangle, that has either three acute angles, or the angle at 

Af obtuse. 
From Cf draw the arc CD^ perpendicular to BA ; it will in 

the first case, be opposite to the two interior angles Af and B^ 
and in the second, to the interior angle at B, and the exterior 
at A9 or to the supplement of the interior angle A; the func- 
tions of which exterior angle are the same with those of the 
interior angle A^ of the triangle. 

SobiHon. The two right angled triangles, CBB, and CAD, 
formed by the perpendicular CD, hare this perpendicular 
common to both* If, then, we express any one of the func- 
tions of this side by the functions of the other parts of each 
of the triangles, we shall obtain equations between the func- 
tions of these parts, which may be ti*ansformed into propor* 
tions, and which will furnish all the solutions of the oblique 
angled spherical triangle ABCf by means of its parts. 

Performing this process for the sine, the cosine, and the 
tangent of CD, we obtain the following table; which follows 
as the direct consequence of the formulae b. No. 1 to 6, of 
section 77. We have tlierefore : 

By the triaogle BCD : By the triangle ACD : c 

sin CD = sm a • sin JB = sin 6 . sin j) \ 

» tan BZ> : tan BCD s tan AD : tan ACD £ 

C03 CD = cos a : cos BD = cos 6 : cos AD 

= cos B : sin BCD = cos A : sin ACD 

tan CD = tan a . cos BCD = tan ^ -- ^CD 

= sin BD . tan J5 =1 
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As the first forniQla contains no other terms than the parts 
of an oblique angled triangle, it is evident that its result is 
general ; for an analogous result would be obtained, if the 
perpeildicular were let fall from one of the other angles of 
the triangle, upon its opposite side ; we therefore have like- 
wise: 

7 sin c sin B = sin C sin 6 

^ sin C sin a = sin .^ sin c 

These formula, (1, r, and 8,) transformed into propor^ 
tions, give : 

9 sin a : sin h = sin A iwa B 

.10 sip c : sin 6 = sin C : sin B 

11 sin a : sin c = sin j9 : sin C 

By which it appears that we have, in Spherical Trigonometry, 
a general principle analogous X^ that found in Plane Trlgo^ 
nometry ; viis : that %lit Ant^ of the sides are proportional to 
the sines cf the opposite angles. 

The forfnuldB 5 and 6, transfbrmed into proportions, give , 
th^ following results, viz^ : 

12.From No. 5 ; tan a : tan 6 = cos ACD : cos BCD 

13 " 6; XfOkAiUinB = sinBD imuAD 

Corollary. The sines of the perpendiculars let fall froth 
the different angular points upon the opposite sides in a sphe- 
rical triangle, are to one another inversely as the sin^ of 
those sides. 

Denumstratum. We had by c, No. 1, {Jigure 17 i) 

sin CD = sin a sin B 

Drawing from the point A, an arc perpendicular to BC, 
we have from the same principles : 

sin AD = tin « sin B 

therefore 

14 sin CD : sin AD = sin o ; sin c 
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$ 79. Considering the formulsB c, No. 2, 3, 4, 9, IS, and' 
13, as proportions; and combining them by addition and 
subtraction^ as allowed by the principles of proportion ; we 
deduce a series of fomnulsBy useful in the transformations 
of trigonometric formulsB^ to adapt them for calcuhtion. 
They also form, iii conjunction with the original proportions 
firom which they are deduced, a series of solutions of a sphe- 
rical triangle, by meaiis of its parts^ formed by a perpendi- 
cular drawn from one of its angles oU'^the opposite side. 
When the angle is obtuse, it is kiif^ by the algebraic sign 
of the trigonometric functions. 

By this operation we obtain the following results in succes- 
sion, in which we adopt for the statement of proportions, the 
mode of writing them as equations 4»f'> fractions ; (as more 
convenient;) and, to render the process more easy, we 
assume the following notations, in addition to those already 
mentioned; viz: \ > ^' - • 

AD = < ; BD = c^ : 

ACD 5= C. 4 BCD =* G,, 

whence j9D + ^f> = c, + c^^ = c 

ACD 4- BCD = C + C = C 

We have by c, No. 9 : • • 

sin a sin ^ 



; sio 6 %\9kB 

Addlag and subtracting this proportion by the well known 
Method, 'w« have ; 

sin a + sin ^ **>" -^ + *'" ^ 

sin a'Oi Bid b aiwjf W sin Br 

And substituting from series Mj.No. 7 and 10 : 

* •' • • ' " ■ 

aio J (« + 6) cos |(a OQ h) sin 1{A + B) cos ^(Ati^B) 

cot r(a 4-h)Ai i (a CC b) cps > {A + B) sin h (A a^ B) 



^'- 
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d or 

. tan 4 (a + &) tan J (^ + B) 

tan 1 (a OQ b) tan i (^ CO B) 

From C9 No. S, is obtained b^ the same means : 

tan c^^ + tan c^ tan C^, + tan C, 

tan c^ c/} tan c^ tan C^, OQ tan C, 

Sabstituting from O, No. 1 : 

sin (c^ + e) ^ sin (C^, + Q 

sin(c„aQO sin (C^(»C) 

or 

SID 9 . sin c 



S( 



sin (c,, OQ c3 sin {C„ C/i C) 

From c, No. 3^ is obtained b^ this method : 
cos a + cos b cos c^ + cos c^ 

cos a OQ cos 6 cos c ^ CO cos c^^ 

Substituting from series M, No. 8 and 11 : 

cos i (a + 6) coa i (a CO 6) cos | c cos } (c^^ CO c^) 

sin i (a + 6) sin 4 (a CO 6) sin i c sin } (c ^ CO c) 

or 

cot 1 (a + 6) cot i c 



tan J (a CO *) *an | (c,^ COf) 

Fi*om c^ No. 4, is obtained by tliis method : 
cos B + cos A sin C^ + sin c, 

cos B (j:t cos j) sin C,^ CI3 sin C'^ 

And substituting from M^ No. T, S, 10, and 11 : 

cos § (j| + B) cos J (-^ CO B) sin J C cos | (C, OJ C^ 

sin 4 {A + B) sin i (^ CO 5) cos * Csin * (C, CO C) 
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or 



^ot ^{4 + B) Ui i C 



or 



tao } (^ CO B) tan J C^ QQ C,) 

From c. No. 12, is obtained : 

tan a -|- tan & cos C + cos C,, 

tan a CO tan 6 cos C, CO cos C« 

Snbstituting from 6, No. 1^ and M, No. 8 and 1 1 : 
sin {a +b) cot i C 

sin (a CO 6) tan i (C^ a> Cj 

From c, No. 13^ is obtained in a rfMUar manner : 
sin c^ + sin c' tanA-i-tmiB 

sin c,, (X2 sin c, tan .^ CO tan B 

Substituting from M, No. 7 and 10, and G, No. 1 : 
sin i c cos } (c^^ CO 8'° C*^ + ^) 

cos i c sin i (c^ CO cj ^^'^ (-^ ^ ^) 

tan I c sin (^ + ^) 



tan I (c^, CO e) sin (j3 CO B) 



6 



$ BO. The section 78 has already given one of the general 
jprinciples for the solution of Spheric Trigonometry, applica- 
ble to the cases, where two sides and one angle, or two an- 
gles and one side are given ; so that one of the given angles 
and sides are opposite to each othw, and the part sought 
<ipposite to the remaining part given. 

To obtain other such formulae, in which the three parts 
given are two sides and the included angle, and the part 

* In tbete ibrmuls and their combinationi lie nil Ibose called Napier^s ana< 
Io{iea, which it is not here uecessarf to treat in full. 
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sought one of the other ang^les; or when two angles and the 
included side are givoRy and one of the cither sides sought; 
we have not here giyeii^ a^ in Plane Trigononietryy the sum 
of the remaining angles. A formula that is applicable to 
this case, and to those derived Dram it, may hie obtaiiieA-in 
the following n^anner : ■ , 

We have from a. No. d» by transforming thedenominationi 
into those here employed : ' 

tao r £ae tan o tos B > 



• •. 



By F, No. 1: 

SID c^ zz sia {t W c)) ^ sin c cos c,, in ces c sin c^ 



nnence . ^'M^ 


a / » . » t 


sin c. 


sin c 






«ra c,, 


t80 C,^ 


By c. No. 13 : 




■ \ A , , ; . ■■'■■8iri»c; 


tan fi 


sin c,. 


tab ./I 



' ; ■> : 



Therefore, by equality : 

tan B SID c 



tan A tan c 



OD cos c 



«/ 



Substituting for tangent c,, the fii^t^qf the abov^ forqnul^e : 






tan ^ tan a cos B 

Reducing to a common denominator givesy after c6mpenv>: 
sating this common denominator on both sides : 

tan a sin B = sin ctsnAiJi cos c tan a cos B Xzn A 

Q Multiplying by : cotangent a cotangent A : 
\ cot ^ sin B «= sin c cot a CO cos c cos B 



^ ■ 
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As this formula contailis the functions of two sides and 
two angles^ of which one is opposite and an other included> 
alternately ; if any three of these parts be given^ the fourth 
inay be founds it is, therefore, general in all cases, as has 
keen shown to be true of formula c, Nd. 1, for those cases 
where the sides and angles are mutually opposite. 

^ 81. In order to complete all the possible modes of com- 
piling the six parts of a spherical triangle, there only re- 
mains to be investigated, an analytic expression that shall con- 
tain three parts of the same kind, and one of a different kind; 
that is, three sides and one angle, or three angles and one 
side. A formula of this kind may be obtained by means of 
a process similar to that of section 80, with merely an appro- 
priate variation in .the parts substituted. 

By a No. 3, we have: 

tan c ^ = tan b cos A 
By F, No. 2 : 

cos c^ t= COS (c c/) cj = COS c COS c^, + sia c sin c^^ 

Whence 

cos c, 

33 cos c 4- sin c tan c^ 

cos c^^ 

By c. No. 3, we hare also, (substituting the notation here 
used :) 

cos c. cos a 



« cos c,, cos b 

Thence by equality : 

cos a 



cos e 4- s^i^ ^ tan c^^ 



cos b 

And substituting for tangent^,,, the first formula above : 

cos a 



cos b 

Q 



= cos c -(- sin c tan b cos'jS 



4^ 






l!2^ PABT HI. 



Of finally^ (multiplying by cosine b :) 

2 coa a sa cojs c cos fr -|- sio c sin b cos ^ 

$ 8S, The general formulae c^ No. 1, and e, No. 1^ are^ 
an identical nature ; the sides and angles appearing in them 
in an even number, or symmetric. It remains for us to 
show, that the formula e. No. S, just preceding, has the same 
propeiiy of generality, as relates to its application to sides 
or angles, when proper attention is paid to the consequence 
of the change in the assumption ; this may be most easily 
shown by a reference to the supplementary triangle. 

Transforming, therefore, e. No. 2, in conformity with the 
principles of the supplementary triangle, we shall have aU 
the sides changed into angles, and the angle will become a 
side } the formula will thus be adapted to three angles and 
ene side ; but it must be observed : that the cosines of the 
supplementary angle are negative; and that the algebraic 
signs of the different terms undergo the change consequent to 
this change of sign. If the transformation be performed with 
regard to this circumstance, and the single term on flie left 

hand rendered positive, as is always usual for the part sought 

I 

in an equation ; we shall obtain the result : 

3 cos A = sin C sin B cos a — cos C cos B 

§ 83. As the three general formulae, series c, No. 1, and 
series e. No. 1 and 2, include the analytical expressions of 
all the cases of oblique angled spherical trigonometry; it 
will be proper, on account of the frequent use we shall make 
of them, in deducing from them others, better adapted for 
calculation in each individual case, to collect them here, so 
as to be seen at a single glance. It is evident from the 
above : that, taking them in the full extent of their import^ 
they contain, in the shape of m more than three formulae, all 
the solutions of oblique angled splierical trigonometry ; that 
they, therefore, are the fundamental elements of all future 
investigations of the individual cases. 



■> 

^^#*.- ^ 
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^ese three formulse are as follows : 

siD a sin B = sin 6 sin j9 1 

cot ^ sin B es sin c cot a C/) cos c cos B 2 

cos a = sin c sin h cos Ji + coBcos h S 

$ 84* We shall not, therefore, here make any mutations of 
tkese formulae, to adapt them to individual cases, which are, 
dT course, contained in them analytically ; hut keep them in 
the fall generality of their value and import, all their muta- 
tions according to the data of a given case being of course 
supposed ; and proceed in the next chapter to give, for each 
particular case, a variety of formulae, adapted to logarithmic 
calculation, presenting a proper choice, according to the 
Bature of the data of any individual calculation. 



CHAPTER IV. 

IkiudRMi of Formvlde adapted to the Logarithmic Caleidatioik 
of aUthe cases of Obliqiie Angled Spherical Tmgonometry. 

$ 85. This part will here be treated of by means of a com- 
plete series of Problems, for each different supposition of parts 
given and parts sought; applying the appropriate reductions, 
and using, in case of need, the auxiliary angles ; with the 
modifications of the formulae whence they are derived ; and 
having reference, for convenience of notation, to a spherical 
triangle JiBd figure 15 or 15, whose sides a, b, c, are 
respectively opposite to the angles •/^, J9, 0. 

$ 86. Problem 1. Given, two sides and the angle opposite 
to one of them, to find the angle opposite to the other side. 

bf e, and the angle B, being given, to find the angle 0. 

By c, No, r, we have given : 

sin J3 sin c =s sin C sin b 



§• ^ii 



'• 



* 
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Therefore 

*1 sinBtiQc 

g sin C = 

•in b 

«. ton.„U is H^ t. .ogaHth^c Cc.l.«on. .i^ 
change^ as is evident from inspection. 

$ 87. Problem 2. Given, two angles and a side opposite to 
one of them, to find the side opposite to the other. 

e, B, and C, being given, to find b. 

By the same formula we have : 

sin B . sin c =: sin C sin b 

Therefore 

sin B sin c 

h sin 6 = 

sin C 

$ 88. Problem 3. Given, the three sides, to find one of the 
angles. 

a, b, c, being given, to find w9. 

By f, N6. ^ we have : 

CGI a = sin 6 sin c cos A -|- cos b cos c 

By transposition and division : 

cos a — cos c cos 6 



cos .^ = 



sin b sin c 



Is^ Transformation. To transform this formula for the 
purpose of adapting it to logarithmic calculation ; we have 
by Q, No. 3 : cos .5 = 1 — 2 sin" i A 

By which : 

cos a — cos c cos 6 
1 - 2 sin2 J j3 = 

sin c sin 6 
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Transposing and reducing to a conuoson denominator, with 
the consequent change of signs : |^ * 

sin c sin 6 + cos c cos b — cos a 
ft sin' i il = 



_ __ •ifc 

• 



sin ^^P^ 
And by the two first terms of the numei^tor : 

cos (c CO 6) — cos a 



2sin' iA ^ 



sin c sin 6 



Snbstituiing from M, No. ll, and dividing both sides if 
the equation by £ : 

sin i (a + (c O) ^)) sin | (o — (e CO 6)) 



sin« M = 



sin c sin fr 



* M-<. 




a + h 4- c. 
Calling p = , as in section 5T : 

sin (p — c) sin (/> — b) 

sina I .^ = — 

sin c sin b 

Whence : * j 

/sin (p - c) sin (|rST|)v I 
SIB ) .a = I ■ I 

\ sin c sin 6 / 

2d Transfofmaium. We have also by (^ No 4 : 

cos j9 = 2cosa iA — \ 

Substituting this, transposing the 1, and reducing to a c<Mni- 
mon denominator, we have by the same process as above : 

cos « — (cos c cos 6 — sin & sin c) 

£ C08« J ^ = ' — __— 

sin h sin c 

COS a — cos (i + 
sin b sin c 



';^^ ■:■'. 



*i* 
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f sin i (o + * + c) iiii J (6 + c - a) 

2 COS* i j3 =• ■■ 

^ sin 6 shi c 

'sinp sin (p — o)\l 



•sin p sin (p — o;\ 1 
cos } A =n I 

^^ sin 6 sio c / 



\ • 



These formulsB are affected in the same way as the corres- 
ponding formulsB of Plane Trigonometry, T, No. 14 and IS. 
3d Transformation. We also derive from them, in the way 
that was there described, the following formula^ which is in 
all cases the most exact in its results. 

sin i A /"sin (p — c) sin (p — fc)\ J 
5 tan i .« = « I 1 

cos i A \ sin p sin (p — a) / 

$ 89. Problem 4. Given, the three angles^ to find one of 
fhe sides. 
««f, B9 C, being given, to find a. 
/^^"aipy formula e^ No. 3 : 

cos B cos C + cos .^ 

• cos a = — — — 

./• ' siu Bsin C 

^ :^^ WTran8forv$i0on. ByQ. No.3: cosa=l — Ssin'ia 
Substituting this value, transposing, and reducing to a com- 
mon denominator : 

sin B sin C — cos B cos C — cos A 
2 sin* i a = ' 



sin B sin C 

— cos (B + C) - cos A 

I 

sin B sin C 



By a substitution analogous to M^ No. 8^ and dividing both 
sides by 2 : 

cos J (B + C + A) cos i (B + C- A) 



sin* I a 



sin B sin C 
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4 + B + C 

ABSumuig P = , and extracting the root : ^ 

2 



( cos P cos (f - jj)\i 
.^ 1 
sin B sin C / 

We get rid of the sign -^ from the consideration : that P 
18 necessarily an obtuse angle, since the sum of the three 
angles of a spherical triangle is always greater thar^ two 
right angles, (by section 72 ;) hence its half is greater than 
one right angle, the cosine of which being negative^ renders 
the result positive j we hare, therefore, finally : 

(cos P COS (P — A)\i ^ 
1 1 
sId B sin C / 

2d TransformaMon. By substituting in the above formula 
cos a = 2 cos* i a — 1, we have : . , 

sin B sio C + cos B cos C -|- cos A 

i co8« } a = ■ ^ 

SID B sin C 

cos C + COS (B en C) 
sin B sin C 

By a substitution analogous to M, No. 8^ it becomes : 

2 cos i (^ + (B CO C)) cos i (^ O} (B 05 C)) 

2 COS* ia = 

sin B siD C 

ycos J (^ + B - C) cos h (A + C- B)v 4 
V sin B sin C / 



cos ia 



sin B sin C 
rcos [P-C) cos (P - B\ h 

sin B sin C 



yrcos (P - C) cos (P - B)v i 
cos J a = I 1 a 

V «n B sin C / 




i 
j^ Sd IVtnu/brfitaftofi. We ha1(» dso in this case M ia V(i» 

^ preceding^ from the division af the two formute : "'^y 

(• C0iPc08(P-jJ) vi "^ 
J 
COS [P " C) COS (P - By 

$ 90. Problem 5. Given, two sides and the included angle^ 
to find the third side. y 

h, c, and A9 being given, to find a. 
We have found by section 885 problem 3 : 

cos (fiU^h) — cos a 

2 8in« i j9 » 

sin 6 sin e 

Or 

2 sin 6 sin 6 sin* i .^ = cos (c CO &) — • cos a 

Ut Transformation. Substituting for the two cosines on 
the right, their tilaes firom the analogy of Q, No. 3, we have : 

2 sin 6 sin c sin* i j3 = 2 sih* 1 a — 2 sin* i(fi Wb) 
Whence 

sin' J a = sin* J (c CO 6) + sin b sin c sin* i A 

Making the first term on the right a oommon factor for 
both terms, and extracting the square root : 

(sin b sin c sin* i .^v i 
1 + 1 
sin* iicuih) / 

Assuming 

sin i A 
2 tan Z eat ' (sin b sin c)i 

SID i (c CO 6) 

We have for the part under the radical : 

1 
(1 + tan^ Z)* = sec Z = 



cos Z 
And the formula becomes : 



fi 






• * 
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R:'^ .^ sinja = : 3 

cos Z 

^ ^!tmn8formaHon. It is eyident that it may als^ be 
'^ reduced by a substitution analogous to Q, No. 4. 

i sin Mn « sin' | ^ = 2 cos' i (^ OQ ^) "^ ^ ^^' ^ * 
Wbence may be deduced by the same process : 

(sin b sin c sin* i A^ ) 
1 ; " I 4 

Assuming 

sin ^ j9 

sin Z' = ' (sin b Sin c)J 5 

cos i (c CO &) 

The formula becomes : * 

cos i a = cos } (c en &) cos Z' § 

3d 2Vans/brma/ion. Taking from problem 3^ the formula 

for the value of cos' J A^ instead of the value of sin' i A, 

we obtain : > 

"Sir 

2 sin b sin c cos' i .^ = cos a — cos (& + 

f 

We have, consequently, the means to transfoion the equa- 
tion again in two ways, by means of the two values of cosine 
a, ftnd cosine {b + c). 

In the first place, by a substitution analogous to Q, No. 3, 
and the transformation made in No. 1 : 

(sin b sin c cos' ^ A^i 
1 — ■ ■■ -1 7 

sin' iic + b) / 

In which, by assuming 

cos I A 
sin Z" = (sin b sin c)J S 

sin h {c + 6) 

R 



V- 
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9^ The formula becomes : 

'. ^ sin ^ a = sin i (c + h) cos zT 

r ^^ 3|pij /brma<ioii, By s^ substitution analogous to that 
1^ in the £d transformatioo^ we also obtain here : . 

2 sin b sin c cos' i .^ = 2 cos' i a — 2 cos' 1 (c + ^) 

Whence in like manner : 

(sin b sin c cos' i A^ 
I -I I 
cot*i(c + 6) / 

(sin b sin c cos' ^ ^v ^ 
1 + . I 
cos' J (c + 6) / 

Assuming again 

cos I A 

11 tan 2r == (sin b sin c)i 

cosS (c + 6) 

the formula becomes : 

cos } (c + 5) 

12 cos i a = —_ 

cosZ" 

The four preceding formulae evidently furnish the meaaa 
of forming two others for the tangents, as h, No. 3, and i, 
No. 3, in problems 3, and 4, in the following manner. 

5th Tran^armation. Dividing No. 3, by No. 6 : 

sin I a sin i (c c/^ b) tan i (cznb) 

13 ■ = tan I a = ' = — 

cos i a C04 i (c c/} 6) cos Z cos Z' cos Z cos 2j 

In which we have, as before, the auxiliary angles determined 
by No. 2 and 5. 

6th Transformation. Dividing No. 9, above, by No. 

12: 

sin i a sin i (c + b) cos Z" cos Z" 

■ = tan i a = — 

cos i a cos i (c + b) 

X4 = tan } (c + 6) cos Z" cos Z'" 
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V 

/ 

The values of cosine Z'[f and cosine Z'", being determined 
by No. 8 and 11. 

As these two formulse have the same factors in the aiudliary 
arcs as the four preceding ones^ and represent no npyi^ than 
two different functions, of which the same function is used 
finally, the calculation of them is not attended with much 
more labour ; and this is fully compensated by their greater 
exactness and applicability to every case. The nature of 
the data must in this case, as in every other, determine the 
choice of the fommla; if, for instance^ (c CT) () were small, 
the formulae which employ its cosine would not afford 
exact results ; it is, in general, better to employ those using 
(c + b) ; And those giving the tangent, will in all cases be 
preferable. It will be readily perceived, that it is a matter 
of indifference whether we take the sine, or cosine, for thi^ 
auxiliary arc, as well ad, tvhether the tangent or cotangent 
is used, in the respective cases where their tse occurs, pro^ 
vided the proper corresponding functions are also used in the 
final formiiii. 

7th Trmi^oTiaaiiion. We may also transform the original 
fornaala f> No. 5, of the preceding chapter. This gives a 
functten of the whole angle, as follows j viz : 

^ cos a == cos c cos 6 -|- sin 5 siu c cos A 

by substituting for sine ft, or jane c, l}ie value of one or the 
other, in conformity with the principles whence we deduce 
series B. 

In this manner, writing instead of sine i, its eqttal, 
tangent b cosine 6, we have : 

cos (I a=i: cos ft COS C 4" tfttl i COS ft SID C COS J? 

And assuming : tan y = cos A tan ft, we obtain : , 15 

COS a =^ cos ft cos c + cos ft sio c tan y 

Multiplying the two terms on the right hand by cosine y, 
-we havfj : 
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«0B h COS c COS y + COS 6 SID fin y 

cos a = ■' " ■■*;■■ 

cos y 

. |k cos i 

AoAf wB is a common factor : 

cosy 

cos h 
cos a = -—— r (cos c cos y + sin c sin y) 
cos y 

cos & . cos (c c/) y) 
cos y 

tth TVansJ&rniation^ Making, as before, 

17 cot y* = cos A tan ( 

we inally obtain : 

cos h sin (« + y') 
is cos a =^ ■ 



f 1 ■ 



sm y 



It will be seen that these two formulse are Mentical) fS»r 
the|M8sage from the tangent to the cosine is evidently the 
same as that from the cotangent to the sine. In the first 
case, we have the cosine of the difference between the auxi- 
liary angle and the other side ; and in the second case, the 
sine of the sum of the two angles ; which produce again the 
identical trigonometric ftinctldtt. 

$ 91 . Problem 6. Given, two angles and the included side^ 
to find the third angle. 

J9, C, and a, being given, to find .A. 

This case is exactly analogous to the preceding, as might, 
in fact, have been anticipated from the properties of the sup- 
plementary triangle ; it, notwithstanding, requires a separate 
investigation, in consequence of tlie diversity that occurs in 
the algebraic signs, and in the combination of the simple arcs 
and their values ; which occasions a change of sine into co- 
sine. We therefore give these successive changes. 

In preparing the formula k. No. 1 , problem 4, we obtained : 




■* ■>■ •>•■■■* * -m 
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* -C06(B-|-0)^C08^ 

t sin* J a = I 

fan BmnC 

I* - 

Whence '^ 

itm'BmnCmn* ia = — co6(B + C) — cmjI 

m 

l$t TransformaiMn. Introducing tlie sines and cosines of 
Hm half angles instead of the cosines of the whole angles, 
by substitutions analogous to Q, No. 3 and 4 : 

S sin' iA ^ Jt coa^ i (B + C) + 2Bin B sin Csin* i a 

Dividing the wlude by 2, making cos' i{B + C) a com- 
mon factor, and extracting the root, the formula becomes : 

(sio Bsio Csio' |a\i 
1 + I I 

co8M(B + C) / 

Assuming again 

tin i a (sin B sin C)' 
tan Z = __w_____ <g 

/^' co8i(B + C) 

The formula becomes : « 

co8 } (B + C) 



sin i^ =3 



I 



COS Z 



Sil Trans/brmafion. Substy|Bting sine, and cosine of dp 
and {B + C), in a manner the inverse of that employed 
above, we have, as may easily be seen : 

(sin B 9in C sin' i Av i 
1 1 
sin* i{B + C) f 

Assuming 

. sin I a (sin B sin C)^ 

sin 2:' = 

sin I (B + C) 
The formula becomes : 

cos i ^ = sin J (J9 + C) cos ^' 



■4 • •* 



(«in JD sin <^ COS' ? Ov 
1 1 
co«« * rj9 r/5 c^ / 
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3il Tran^/brmofjof^ Taking from the 4th problem the 
preparation for the second transformation : 

&eoi* I a sin 5 sin C = cos A + cos {B CD C) 

And substituting the functions of the half angles, exactly 
as in the preceding transformation, we hare : 

sin B sin C cos' I a^ 
cos* f (i9 CI3 C) 

(sin B iin C cos* ia^i 
1 I 
co§« I (5 CT} C) / 

In ^ich, assuming 

cos I a (sin B sin C)i 

S sin Z^ = 

cos i (JB 05 C) 

The formula becomes : 

9 sin i .^ = cos J (B CO C) cos ^" 

4th Transformation, By substituting the functions of the 
half \1ngleS9 in a manner the inverse of that used in the pre- 
ceding transformation, we obtain, from the same formula as 
the preceding one, the following results in succession : 

2 COS* § o sin B sin C = 2 cos* 1^-2 sin* J (B CD C) 
Whence 

cos* § ^ = sin* i (B CZl C) + cos* § a sin B sin C 

sin B sin C cos* i av i 

sin* ^B GO C) 

And assuming 

cos } a (sin B sin cy 

tan^'" = 

*^ sin i (Ben CO 

The formula becomes : 

sin i (B CO C) 
cos i .4 = ' 
^ ^ cos Z'" 



(8IQ xj siu ^ cus- a f*v 
ains J rR rr> O / 



* 
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5tt Tranifdrmalim. The four preceding transfonnatkniSy 
also evidently give two for the tangents; viz. 
By dividing formula 3, by formula 6, we obtain t 

sinjJ! co8i(B+C) cot'4(B + C) 

— =3 tan i .^ = :?= ■ ' 13^ 

C08 i .^ sin i (JB + C) cos Z cos Z' cos z cos Z' 

for which Z^ and Z'^ are determined by No. 2 and 8. 

6tft Transformation. By division of the formula No. 9,- 
by the formula No. 12, is obtained : 

sin J jj / cos J (B C» C) 

= tan i j3 = cos z" cos z"' 

cos i j! sin J (JB OJ C) 

= cot 1 (B CO C) coe zr cos Z"' 14 

where Z", and Z'''^ are determined by No. 8 and 11^ above. 
7th Transformation. Taking the original formula^ as in 
problem 4, we obtain, by transformations analogous to those 
for No. 16 ind 18, in the 5th problem, the following results 
in succession, for two analogous transformations ; vis : 

cos A B cos a sin B sin C -*- cos B cos C 

^ By a substitution, according to B, No. 8, using for sine B, 

\ its equal, tangent B cosine B:^ 

W 

cos A = cos a tan B 00s B sin C — cos B cos C 

And assuming 

cot y = cos a tan B 15 

cos A =■ cA B (cot y sin C — cos C) 

cos B 
= ■■ (cos y sin C — cos C sin y) 

siny 

cos B 
cos A = ■ sin (C — y) 16 

sin y 
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. Bth Tralu/ormation. 
and is thus obtained. If, ins 
we asBume : 



we obtain : 

cot A 



cos B (tao y 



It is necessary to pay strict atteii 
braic signs of {y' + C) that deteru, 
which 19 ohtuse when {y' -f ^) 4 
(y' + C) A 90° ; and also to the algt-i 
tions of y' itself, aa determined by a 

$ 98. ProbUm 7. Given, two sides 
to find the remaining angles 

a, b, and C, being given, 

By d, No. 4, we have ; 




and J, H 






cot } (fi + 



By d. No. 5, we have 




Therefore, by equality 
cot i(JI + B) cot 

tan i U Wa £) gb C 

Which gives the two following equations : 
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tely omitting the accentuation* we have as a final 



„ J (a + 6) = tan J 



^ i (« a, 6) = taa i c 



cos i (.a + B) 
a i (-^ » ^ 
a i ( J + B) 



> here, are evidently fuutid as the two angles 
IMF instance. 
+ J (tt CD 6) J b = i{a + b)-i{awh) 

*"r 'x^ ith the two angles opposite to them are given, 
^ nd o* determine with eqn^ ease the third 
= ' .rd aide. 

). Gtmn, two sides and an angle <^p08ite 
, flad tin third aide, 
o find e. 



yfaeen trantfonaed, ia problem i 

, intp ttie two foUowiag. 




I 
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sin J (a C/} b) 



tan i {A- UiB) mm cot \ C 



sin I (a + ^) 

These forfnulse, which are easy to calculate, and advanta* 
geous, enable us to dispense with the research of others, that 
might be easily constructed, in which no more than a single 
angle is determined. They give, of course, directly : 

jj = i (^ + B) + i (j! CO 5) 
and B = i (Jl + JB) - 4 (jj C/2 5) 

$ 93. Problem 8. Given, two angles and the contained 
side, to find the two remaining sides. 

d, B, and c, being given, to find a, and h. 

The consideration of the formulse of the same series 
whence the preceding have been derived, shows that formultt 
similar to them may be obtained for this case. But in order 
to shorten the operation, we shall here proceed by means of 
the supplementary triangle ; writing each of the angles and 
sides in expressions taken from the supplementary triangle; 
distinguishing them by accentuation until reduced. When 
reduced by this method, the formulse n. No. 1 and 2, become ; 

180° - o' + 180«> — 6' 

tan ' 

2 

COS i ((180° - A') Cn (180° - F)) 

= cot (90^ - J c') • 

COS i ((180° - A') + (180° - B)) 

tan i ((180° - a') CC (180° - b')) 

sin i ((180° - A') C» (180° - B')) 



— cot (90«> — 4 c') 



sin i ((180° - jT) + (180° - F)) 



Making the compensations which evidiently result through-* 
out, considering that cos (180* — a?) = — cos a:; that 
cot (90* — i c') = tan i c', and tliat tan (180* — a:) = — tan x. 
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and ultimatety omitting the Acceatuatioa^ we bave as afinal 

i*esult : 

o 

cos i (^ CO ^) 

tan i(a + b) = tan } e 1 

cos i(A + B) 

sin } (^ CD B) 

tan i (a j:/) 6) = tan ^ c 2 

Mi{A+ B) 

The two sides here, Hre evidently found as the two angles 
were in the former instance. 

a, = i(a +b) + i(aCnb); b = J (a + 6) - i (a CO 6) 

. if imo m&^ miik the two angles opposite to them are giv^aiy 
the imniilB n, ami o^ 4etermine wi;tii equal ease the tfiird 
angle «mi ±lie tiii8*d side. 

§ gk» FraUem 9« Giiren, two sides' and an angle <ipposit8 
t» one <«f them, to find tbe third side. 

^iy «9 'Hiid «l!^ heing given, to ftnd e» 
, By f, Na. 8, we haVa: 

• cos a = cos c cos b + sin 5 sin c cos A ' 

. T^ijuai fd^iwulfi Ma» ;{iljready tiaQn tran$fii»ed, i* piniblem 5^ 
formulsB 1, No. 15 to 18, intp tba two foUewittg. 

1st Trmif^nfatimn M^kMns p 

t^n y ^^=- tan h cos .^ 1 

we there obtained : 

cos h 

cos a = cos (c Gf5 y) 

cosy 

■cos ft 
Whence, dividiQghy -*-rni we obtain forthepnesentpvoblMH: 

cosy 

cos a cos y 

cos {c^ y) = ^ , 

COS ^ 
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%d Transformation. Making 
3 cot yf = cos Aian b 

we there obtained : 

cos b 

cos a «BB sin (c + y) 

siny 

Whence we deduce^ as before : 

cos a sin y 



sin (c + y') = 



cos & 



These two formul» give, each, one of the two posaibllF 
angles. Only oiie^ however, need be calculated, because tiite 
double result is also obtained \^j taking both the sum, and Ae 
difference between the two angles, c, and c ± y; with flUi 
understanding, therefore, the two formulsB are identical. 

3d TransformaMon . By a direct analytical treatment of the 
formula f. No. 3, we may obtain a mutation giving the side 
c, in a formula analogous to F, No. 1, or S; that is to say^ 
in two parts ; the sum or difference of which will be the side c, 
sought^ this process leads through a quadratic equation, 
which may be avoided by proceeding as has been done in 
Plane Trigonometry, problem 5. 

Making, therefore, according to Jignre 15, or 16 : 

5 c==BD±AD==x±y 
We have by series b. No. 3 : 

6 . tan AD == tan 6 cos ji := tan x 

7 and tan BD = tan a cos B = tan ^ 

The angle J9, is not given directly; but is determinable 
from the data of the problem ; we have by them : 

sin A sin b 

$ sin B = 

^•- sin a 



7 



<: 
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This angle, B^ therefore, forms an auxiliary arc in the de- 
termination of tangent y^ by which means both parts of c 
are, therefore, determined by their tangents* 

Ath Transformation* If we express, by means of the value 
of the tangents obtained in the preceding, the values of the 
cosines of x and y, according to the formula D, No. 9, we 
obtain the following simple expressions, which are extremely 
iHUsy to calculate. We have^ in that case : 



t 




/*f\a M» 


1 




'f 1 


■ ir 

•ad in this. 


by 6: 

tan X 


(I + tan» a:)i 
SID b COS A 






Thence:'- 


cos b 








#*na ^ ^~* 


1 




1 


• 


UUb * **— 


/ siDs6co8j9\ 

(l + ^ 

\ cos> b J 
cos b 


»' 






. • 


(cos^ b + sin* b cos* 


A)i 








cos b 





(1 - sin* b sin* j3)i 

And by changing the exjpression for the value of tangent y, 
in like manner, we obtain: by first substituting in 7, the 

^ value of cos ^ = (i — sin* B)i 

% 

sin a / sin* A sin^ 6<v \ 
tany 



sin a £ Bin* Ji sin* Ov 

= — (i_ ) 

cos a ^ sin* a ^ 



Substituting this value in the same formula, D, No. 9, we 
Obtain : 



^ 



I4d VJLW^ tVLp 

I 

C08 y = ' 

(l.+ taD« y)i 



(SID* a «in^ A sina K\^ 
1+^.^ fl . .)) 
cos* o \ sip* a // 



(I + : r- (sin* a - fiiik9 A sin* 6) \ 
cos* a / 



h 



cos a 



(cos* a + sin* a — sin* 4 sin* 6)1 
cos a 



10 c®« y 



(1 - sin* A sin* 6)i 



These two formul» liave the same denominator; they furnish, 
consequently, tbe same muxiliarj arc for both; making, 
thei*efore : 

11 sin Z = sin ^ sin h 

we finally obtain, for tbe t]Mro formulae 9. and 10, the defini- 
tive values : 

cos h 

12 cos X = 



cos Z 

and 

cos a 



cos y 



^•^ cos Z 

the calculation of which JS evidently of the 'grea4;es]k simplicity. 
By using D, No. 3, instead of No. 9, somewhat similar 
expressions are obtained for the sines; but, as they are not 
so simple as either of the preceding ones, they are not here 
deduced. 
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$ 95. Problem 10. Given, two angles aivd a sMe opposite 
to one of them ;• to find the third aii|;)e. 
GivenyJi, J7, a| to find C# 
The general formula for this ca^e is again : 

cos C = sin B sin A cos c — cos B cos jf 

l8t Transformation. It is evident that, making use of 

the 7th transformation of problem 6, we obtain by simple 

division of m. No. 16 : 
Assuming q 

cot y = cos a tan B | 

cos A SID y 

sinCCCOy) = e 

cos B 

£if Transformation. By the same process^ we obtain from 
m. No. 18, upon the supposition that : 

tan y' = cos a tan B ' $ 

cos A cos y' 



cos (C + 2^') = - 



cos B 



These two formula are evidently under the same predicament 
as the two corresponding ones in the preceding problem. 

Sd Transformation. To this, what has been said in the Sd 
transform^ition of problem 9, again applies exactly ; for we 
have here again, by figure 15 and 16 : 

C = BCD ± ACD « a: ± y 5 

By series b, No. 5, we obtain for this case : 

cot X =^ cos a tan B 5 

cot y «a cos b tan A 7 

The unknown side b, employed here, is determined according 
to problem 1, as an auxiliary arc for No. 7, thus : 

sin a sin B 

sin b = 

sin A 



-A 



"^mx 



r 






144 PART lit. 



4t& TSiinsformatim. The results of the preceding formulli 
being used^ in the same manner as in the 4th transformation 
of the preceding problem^ but applied to D^ No* 2, will give 
for this problem the following transformation, exactly anaio^ 
gous in point of form. We have there : 



sm z = 



(1 + cot* x)\ 
From No. 65 above : 

V 8iD B 



cot X = cos a 



cos B 
Whence 



sin X 


/ COS* a sin* Bv | 

(1+. ) 

> cos* B / 




cos B 

s 




(cos* B + sin* B cos* a)i 




cos B 




(cos* B + sin* B - sin* B sin* a)i 


sin X 


cos B 



(1 — sin* B sin* a)* 

And in like manner, after having inserted the auxiliary angle 
No. 8, we have : 



cot y 


sin A X sin* a sin* JBv i 


cos A V sin* A / 
(sin* A - sin* a sin* jB)* 



cos .^ 

Whence is obtained, by analogy to D, No. 2 : 



■ I 



-i-- 



" i?r 
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1 



siQ y = 



.1 ^. \ 

^ cos* A / 

cos ^ 

(cos2 j3 + sin^ ^ — sin» a gin* iB)i 

cos A 
sin y = : 10 

(1 - 8in> a sin a JB)J 
Here, again, the denominators are equal ; and the auxiliary arc 

sin Z = sin a sin B 11 

Which gives the final formulae : 

cos B 

12 



and 



13 

cos Z 

I 

§ 96. Froblem 11« .Given, two angles, and a side oppo- 
site to one of them ^ to find the side contained between these 
angles. 

Given, B, a. A; to find c. 

The solutiqin of this case depends iipon the original formula, 
f. No. 2. 

9m e cot a -(- cos c cos £ = sin B cot A 

1st Transformation* By making r 

tan X = cos JB tan a i 

which gives : 

cos B cos X 

cot a = ■• — *" 



sm X 




cos Z 


sin y 




cos A 







T 



sin X '' •,; J"'' 



a 
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And substituting it in the equation^ it becomes : 
sin c cos B cos x 



+ cos c cos B = sin B cot A 



sm X 

cos B 

Reducing to a common denominator^ and making ~^— 

sin X 
a common factor : 

cos B 

(sin c cos X + cos c sin x) = sin B cot A 

sin X 

cos B sin (c + sp) 

■ = sin B cot .^ 

sin X 

And finally : 

■ 

2 sin (c + ^) -= tan B cot .^ sin re 

£d Transformation. This is obtained in a manner similar 
to the foregoing, by making: 

S cot :c' = cos B tan a 

Which gives: 

cos B sin x' 



cot a =5 



cos X 

Which, being substituted in the formula, gives : 

sin c cos B sio x' ^^ 

■ + cos c cos B = sin B cmrA 

cos x' 

Treating this as in the previous case, we obtain successively 

cos B 



cos x' 



(sin c sin x' + cos c cos x') = sin B cot jf 

cos JB cos (c CO x') 

■ = sin £ cot .^ 

cos af 

cos (c CD » ) = tan B cot j5 cos x' 
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that are two formulse^ in the same predicament as q. No. Q 
and 4. 

Sd Transformation. This is made in a manner analogous 
to that in problem 9^ and equally avoids the quadratic equa* 
tion, by which it could be obtained from f. No. S, or e, No. 
3 1 taking, according in figure 15 and 16^ the segments of 
the side : 

And taking, in b, No. 4^ the value of these parts, we obtain : 

tan X = tan a cos B % 

tan y =^ tan h cos A 7 

The side &, which is here supposed to be given, and must 
therefore be determined as an auxiliary angle from the data 
of the problem, is : 

sin B sin a 

sin h ess 8 

sin A 

By which, again, all parts are solved, and the result calcu- 
lable by logarithms. 

Ath Transformation. From tliis last formula can be de- 
duced another, in the same way as in the two preceding 
problems, for the same two sections or, and y, of the side 
c; thus: 

Expressing the cosine by D, No. 9, we have : 

1 

cos X = 

(1 + tau3 ar)« 

Which gives here, by substituting the value of tangent x, 
that we have just obtained : 

1 



cos X 



(1 4- tan2 a cos^ B)h 
cos a 

(ces^ a + cos« B sin^ o)i 
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C09 a 

cos X = 



(1 - sina a sin" B)^ 

And taking D, No. 3, to express sine y in terms of 
tangent y, we have : 

tan y 



sm y = 



(1 4- tana y)i 
And expressing tangent b by the auxiliary arc^ we ha^e ; 



sin a sin B 

tan b = ' 



(• sin* a sin' 5 v i 
I I 
sin» A f 



sin a sin B 



L 



Whence 



tan y == 



aiid 



sin y = 



(sin^ A — sin* a sin* -B)» 



cos ^ sin a sin^B 
(sin« A — sin« o sin* J5)J 



cos ^ sin a sin B 
(sin* A — sin* a sin* B^h 

(sin* a sin» B cos^ -^ \ i 
1 + \ 
sin* A — sin* a sin* B^ 



Bringing the denominator to a common denominator, and 
compensating, in numerator and denominator : 

cos A sin a sin B 

sin y = . 

(sin* A — sin* o sin* B + sin* a sin* jB cos* j3)i 
cos A sin a sin B 



(sin* ^ - sin* a sin* i? (l - cos* ^))i 
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emy = 



sin j9 (1 — sin* a sin' B)i 
cot A sin a sin jB 



10 



(1 — 8in3 o 8in> B)^ 

Here we have again, for the determination of x and y, the 
,same denominator, and therefore the same auxiliary arc. 
Therefore, making 

sin Z = sin a sin B 11 

we obtain finally the two following formute for calculation : 

cos a 

COjB X = 12 

cos Z 

»nd 

cot A sin a sin B 

sin y = ■ = cot .4 tan Z 13 

cos Z 

Of these two expressions for sine y, the first will be ibund 
shorter in the actual calculation, because it is easier to 
write sine a sine JB, twice, and use the same auxiliary arc, 
&an to take two difierent auxiliary angles. 

$ 97. Froblem 19. Given, two sides and an angle opposite 
to one of them ; to find the ccmtained angle. 

Given, ^, b, a; to find C 

By f. No. 2, we have : 

sm C cot A + cos b cos C = sin 6 cot a 1 

1st Transformation is obtained as in the preceding problem, 
by mi^^ing 

tan X ==■ cosbtwa A 

Which gives: 

cos 6 cos X 

cot A = 

sin X 
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The equation becomes, by this substitution : 
cos C cos b cos ^ 



-f- cos 6 cos C =^ sin 6 cot a 



sin X 

cos 6 

Reducing to a common denominator, and making 

sin X 

a common factor, giyes : 

cos b 

—- (sin C cos * + cos C sin «) = sin 6 cot « 

sin ' 

or 

cos b sio (C + *) 



= sin & cot A 



sin a? 
Whence, finally : 
£ sin (C 4* ^) B^ cot a tan 6 sin x 

£d TVaiM/brma^ion. A formula corresponding to the pre- 
ceding is obtained, by making 

g cot «^ = cos 6 tan A 

And following the same process in the reduction of this as in 
the preceding, the final formula will become : 

4 cos (C CO X*) 3= tan & cot a cos x' 

These two formulse are again to be considered and treated as 
the two, q. No. 2 and 4. 

Sd Transformation. Here, as in problem 10, expressing 
the two segments of the angle C, we obtain by means of b. 
No. 5, for each of them, simple formulse for logarithmic cal- 
culation | thus: 

5 C = BCD ± ACD = « ± y 

We have by b. No. 5 : 

g cot a? = cos a tan B 

and 
7 cot y = cos b tan A 
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Where J9 is to be determined from the data of the problem, 
and used as an auxiliary angle ; thus : 

sin 6 sin .4 
sin B = - g 

sin a 

4th Transformation. We may here again apply with ad- 
vantage, the transformations given in formule 6, and 7, by the 
aidof D, No. 14 and 21. 

We have from 8^ the value : 

sin ( sin .^ 
tan B = ■ 



sId* b sin' jI^ | 
sm a ^ ^ 

sin' a 



(SID* 6 SlD* JIv ; 
flin^ a f 



sin h sin A 



(sin* a — sin' h sin* j9)t 



Whence 



cos a sin 1^ sin A 
cot as = coi a tan B = ' 



(sin* a — sin* h sin* jJ)l 

/By D, No. 14, we have : 

cos a sin & sin J 



€ 



cot a? (sin* a — sin* h sin* .^)i 

cos « «= _— _— . = ■ ■ 



(SID* 6 COS* a sin* A v 
1 + ) 
sin* a — sin* h sin* ji-' 



(1 +cot* %)\ / sin* & cos* a sin* j3 v i 

■fr 

cos a sin & sin A 

(sin* a — sin* 6 sin* j9 -}- sin' ^ cos* a sin* £)l 
cos a sin 6 sin jH 



(sin* a — sin* 6 sin* .^ (1 — cos* a))i 
cos a sin 6 sin j1 



sin a (1 — sin* h sin* J3)i 






9 





cot a 810^ 'fin JJ 




(l-sin-Asin* J3)i 


rom D, No. 2, we have for 


sin y ms 


1 1 


(1 + cot* t/)i / cos* b sin* ^v i 

(l+ j 




cos A 




(co8« j3 + cos* & sin* j3)* 




cos A 




(cos* Jf + sin* A — sin* .^ sin* b)i 


■in 1 =^ 


cos .iS 



10 

(1 - sib* ^ sin* 6)4 

* 

The two formulsB 9 and 10, thus obtained, have again the 
property of having the same d^ioiniiiator ; therefore, making 
use of the same 'auxiliary angle, namely : 

^^ sin Z = sini^ ftin^ 

the final formulae for calculation become : 

cot a sin h sin A 

12 cos X = = cot a tan Z 

cos Z 

and 

cos A 

13 sin y = 

cos Z 

, What has been said in relation to r. No. 13, also applies 
here to No. 1£. 

§ 98. We havelhws obtained for eaehof the cases of ob- 
lique angled spherical trigonometry, a variety of formulae, of 
easy calculation by logarithms ; as it may be useful in prac- 



^ 
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ikt to kive complete formulse for every case, we have consi- 
dered it proper to enter into these details in this part of the 
treatise in order that a choice may be made among the for- 
iiul» of such as may best suit in any individual case^ and 
afford the greatest accuracy. A skilfid calculator will also 
Cud in them a check upon his own numeric operations ; for 
he may at tiie same time calculate by means of two different 
fimnule ; for which pQt|iose he will choose such as are most 
easily used simultaneoodyy in consequence of their only 
differing from each othar in the employment of different trigo- 
nomeiric functions of the same elements. 

These formulse all concur in showing : that^ in Spherical 
Trigonometry^ under equid circumstances^ the different parts 
equally depend upon their data for their form of combination ; 
the part sought may be either a side or an angle ; so that 
there are in truth only six forms of this mutual dependence of 
tiie parts^ which differ only in the details of signs^ and occa- 
sional changes between sines and cosines, or tangents and 
cotangents. 

^ It may be easily conceived, when we consider the multitude 
«f analytic formulse that may be deduced from the natui*e of 
the trigonometric functions : that other formulse and trans- 
formations, besides those here presented, are possible, as 
well as other methods ; but those tiere given are, in general, 
the most direct, and most accurate, and ai-e consequently of 
pOMMrt frequent use. 

. In all the above transformations, the formulae from which 
■fliey originate, or any particular operation performed, which 
may not be immediately evident, has been quoted and referred 
to, and, in addition, the aim of any operation, and the in- 
tended mode, has generally been quoted before the operation ; 
but it has been uniformly supposed, as stated in the begin- 
ning, that series B and C wei*e known, as it is supposed 
that any arithmetician knows his multiplication table ; though 
it is not necessary to learn them by heart, for the proper study 
U 
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of tho first elements^ and practice, will very soon make Vtaoi 
as familiar as the multiplication table is to calc«latonk 

$ 99. in order to decide the doubtful cases, as indicated bj 
the formula, or the nature of the cases, we may observe a fsw 
general rules. 

1. That in the formulse 1, 2, S, and 4, of the problems 9^ 
10, 11, and 12, the tangent or cotangent of the auxiliary arc^ 
and the cosines of the other parts, may change sign; whii^ 
therefore, must be attended to. 

£• That by never employing a triangle with a side or angle 
exceeding 80*", the results that would lead to such a aide er 
angle are of course excluded. 

S. That in every triangle, the greatest sides and greatest 
angles are opposite, the least side to the least angle, and tbo 
mean to the mean. 

4. The principle, that the sum of the three sides of the tri^ 
angle is always less, and the sum of the three angles, always 
more than four right angles, sometimes gives another crite* 
rion to judge in the case ; as well as : that the sum of tbo 
angles shall not exceed six right angles. 

5. The circumstances of a given case rarely leave room Ump 
doubt in the decision. It has already been observed : Ihit 
wherever the case is not doubtful by nature, the formoltt 
giving half angles are the ioiost advantageous, in this, as wcD 
as in other respects. 
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PART IV. 

najWIPLES ^JV» EXAMPLES OP THE PRACTICM. 
CALCTJLATJOM'B OF TEIGOJfOMETRF. 



CHAPTER I. 

Qetural PrindpUs of the CdUmlatUms. 

$ 100. It has already been said, that order, and appropri* 
ate arrangement, are qualities indispensable in all calcula^ 
^ons ; but trigonometric calculations have more especially 
need of them* There are besides particular methods, that 
are of special use in such calculations, although they are 
applicable in a greater or less degree to all. 

$101. We have seen that the formulae have been transformed 
into such as are adapted to the use of logarithms, from the 
fitoments to the final result. In order to obtain this object, 
recourse has frequently been had to what are Vailed auxiliary 
angles. It must have been observed, that, by means of these, 
."we are enabled to make use of the properties, or rather 
the different relations of the elementary trigonometric func« 
tions, as calculations already made, in which the relative 
proportion of the variation of these trigonometric functions^ 
is all that remains to be calculated. 

$ 102. There is moreover another artifice, that contributes 
in a high degree to uniformity in the arrangement of the cal- 
culation; and it is astonishing, that this has so frequently, 
and for so long a time, been neglected, although pointed out 



168 ^A»* IV. 

by Napier^ the inventor of logarithms, himself, in his Canoii 
Mirificus. It consists in employing the arithiaetical complex , 
ments of the logarithms ; by which the final calculation of s' 
result, depending upon any number of logarithms whatsoever^ 
is reduced to a simple addition. 

The general principle of this method may be explained u 
the following manner. . -t < ** 

If from any number whatever, say f 83192, we vish to 
subtract an other, say 659178, it is evident that, if we sub- 
tract the latter from the round number of the unit of the next 
higher denomination of the decimal scale of notation, and add 
the remainder to the first number, we sliall liave the same 
result as if we had made the subtraction ; with this dififer- 
ence : that we must reject the unit of the next higher denomi- 
nation in the decimal scale, that has been thus introduced. 
In our example we have for the number resulting from Qte sub- 
tractioB, wMch is caUed the arithmetical complement : M08S2 
wiiich being .added to the first ;tiiii9iber, iM* . • * 7A$t9S^ 



mi» 



we have for the sum • . ^ 144014 

after rejecting the unit of the denomination next higheir/^ 
above directed; and this is in fact the difference of mb 
two numbers taken as an example. 

The use of this method would in ordinary calculations de- 
mand a strict attention to the effect of tlie next higher decimal 
denomination introduced ; as^ for instance, if from 379126 
we had to subtract 5492, using the complement, 
we have to add . « 4508 



which gives in resiiilt 373634 

where a unit of the fifth denomination, which has been injljrp* 
duced in the oomplementy is to be rejected, it being the deno^ 
mination next higher than Hie highest denominatiou in ike 
ubstracting number. 

§ 103. In logarithmic calculation this Tejectipn becomes 
merely .mechanical; for in them 'we have always the same 
number of .figures, and the dharacteristic can never be uncer^ 
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tain td the extent of ten ; for this would occasion a difference 
in the result of ten places of figures in the natural number; a 
mistake that cannot arise in any given case ; and if the result 
were to be a trigonometric function, it would. become an im- 
possible one. 
» ' Iit.order then to apply this method in Trigonometry, we al- 
ways assume a characteristic = 10, from which we deduct the 
logarithm that is to be subtracted ; the complement thus ob- 
tained is then added to the logarithm whence the former was 
to be subtracted. This subtraction from a characteristic = 10 
is easily maide, as well from right to left, as from left to rights 
which order may be most^ convenient in writing ; to do this, 
we suppose the last number to the right to be 10, and all the 
ethM 9, and take their complements accordingly ; thus each 
number obtained is the complement to 9 of its corresponding 
number, except the last on the right, which is the complement 
to 10 ; for this, being the first and lowest denomination, bor* 
rows from the next higher one a unit, which makes it be- 
'.^rjjbmtt = 10, and this same borrowing, extending throughout 
"^Rli series to tiie characteristic 10, makes all the others, and 
ttis characteristic itself, become 9. 
To give an example in logarithms, let it be required to 

Aibtract from logarithm 5,sri4£98 

the logarithm • 3,2910463 

Hie arithmetical complement of the latter is • 6.7039537 
When this is added to the first, the result, after ' 

rqecting 10 from the characteristic, is • . . 2,0803635 
which is exactly equal to the difference between the two given 
logarithms ; and having a 10 to reject, and retaining the cha- 
racteristic 2, gives three significative figures to the whole 
numbers, the rest being decimals. 

Let us take for a second example, one in which the result 
does not afford a 10 to be rejected, and which is therefore a 
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proper fraction. Say that from the logarithm 2,7863214 
wo had to sabtract the logarithm €,£491808 

The complement of which would be ... • S..750869S 

Adding this complement to the first log. we obtain 6. 5S7 f 90C 
which not furnishing a 10 in the characteristic to be re- ' 
jected, indicates it to be the logarithm of a decimal fraction ; 
and the characteristic being 6, indicates that the first signlft- 
cative figure of the corresponding decimal fraction is of 
the fourth place of decimals, or has before it 0,000. 

$ 104. This method is besides already introduced in tiie loga- 
rithms of the trigonometric functions ; we have there i^n ang- ■ 
mentation of ten units in the characteristic, which correspmids 
to an assumed radius of 10,000,000,000, instead of uifttj f 
which last would make all the trigonometric functions deci- 
mals, and their logarithms consequently negative, a result 
which this system is intended to avoid. This higher charac- 
teristic is rejected in the results, as we shall hereafter see, 
and by that, the method of calculation has only one systiaii» 
In order to render the means of ascertaining the number df 
these supernumerary tens in the characteristic, easy by mere 
inspection, it is customary to place a simple point (•) after 
the characteristics that are augmented by 10 ; and a comma 
(,) after the characteristic of the logarithms of natural num- 
bers that are not complements. It results from this : — ^Th^i 
the number which corresponds to a logarithm whose charao- 
teristic is 9, or a less number, with a (•), is a decimi^ 
fraction. In order to determine its value, or, which is the 
same thing, the place of its first significative number, it is to 
be observed : that the characteristic 10, which corresponds to 
0, would give the unit place, and therefore the number whicii 
9 represents would begin with the first decimal place^ or 
tenths ; the decimal number whose characteristic is 8, would 
begin with the second decimal place, or hundredths, and so 
•n, descending in the scale ; so that the complement to 10 of 
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the ehmracteristic will indicate the place of decimals held bjr 
^ ^t effective figure ; the preceding places and the unit 
ph^' being always filled ap witib ; for it is propw to begin 
ei^ea^ d^cims^ nunber at the unit place of whole numbers^ a» 
WfU' itk the case of decimals as in that of whole numbers f 
tosp to begin with a (^) <Nr a (.) renders it too easy to mistake 
tUa m4vk as m interpuQctuation from the preceding phrase* 
TV^r^ are authors who make use of negative characterise 
tica» which are the complements to 10 <tf the above arithmetic 
com]^emeiit8^ leavings the k)garithms tttf^mselves positive;: 
.but their use is not only embarrassing, as all additions of 
positive and negative quantities in the same sum are» but it 
leads to mistakes in the operation ; they are therefore to bfi 

. $.105. It has been seen, that the formulie frequenfly ro^ 
^pipse.combinations of the elements by addition and subtrac- 
^pfl% m <Hrder to obtain numbers or angles, whose logarithoul 
oar trigonometric functions (in logarithms) are to be employei 
la.th^, calculation; a certain order in their arrangemeiit i» 
li^cessary in order to shorten the calculation itself, and reiH 
der ita vei*ification easy. 

I|l this ^rrajigement all repetition is naturally avoided'; 
if it^ logarithms serve for aevetal results tiiatare equaHjl 
the objects of research, they are written in such a way as to 
be..^|ly.added toeach of ihe other logarithms that afiect 
thffiP'Hithe ditbrent results; and of the whole is made a sui«- 
gfe exi^piple of calculation, whose fearta are added alternately 
to obtain the respective rosults^ 

^ 106. The logarithmic tables that are of roost firequeot 
aae* have generally seven places oS decimals ; the degree off 
exactness obtained by this number of decimals is sufficient for 
almost every kind of practical calculation. For special pur- 
po^ there are tables that have ten, and even fifteen, places 
of decimals ; while in cases that require less exactitude, or 
when the number sought has but few figures, we may be 
satisfied with using no more than five places of figures. It 
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18 to fit them in case of need for this double purpose^ that the 
tables of Callet have a point after the fifth decimal^ liiiich 
saves the attention to, or counting of» the numbers of decimals 
that are used; but no attention is paid to this point when 
seven places of decimals are employed. (I may remark here 
also, that the same tables that give the logarithms of trigono- 
metric functions to every ten seconds^ with the diflTerences sim- 
ply^ and are therefore adapted to decimal multiplication^ are 
more convenient, in accurate calculations, where decimals of 
seconds are used, than the great tables of Taylor giving these 
logarithms for every second without any difierences, which of 
course must be first obtained, before propcniional parts can 
betaken.) 

As for the manner of using logarithmic and trigonome*- 
tric tables^ tifldng proportional parts, &c. reference most 
be had to the instructions given upon this subject witii cMtoj 
k^purithmic table ; it would be here a useless repetition, HM 
a description of the several artifices that facilitate their use 
would be too long if given in detaU ; attention and reflectioii 
in practice will teach them to every able calculator. 

$ lOr. Let us now proceed to the examples of the calcula- 
tions themselves. Instead of any explanation that would 
interrupt the course of calculation, the logarithms will be 
marked by certain letters, and the results by the algebraic 
expressions of the operation that these quantities have under- 
undergone, wherever there is a double operation, otherwise 
it is supposed, that the sum of the logarithm is taken, as 
far as not separated by a line. We shall besides point out 
the data, and place at the top of each calculation the ana- 
lytical iformuldB to be executed, with a reference to the series 
and number in the body of the work. 
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k 



CHAPTER n. 

CakMlations qf Plane Trigonometry^ 

i 

§ 108. The feUowiiig examples may suffice jfor tbe calcu- 
lations of Bight Jtngled Plane Trigonometry; as all the other 
cases give similar processes. 

In tiie right angled plane triangle dBCyJigure Ip given, 
i, and h, and 4 &= L J2; to find sine B, 

d 
Formula A, No. 1. — == gin £ 

h ^ ' 

ft 

<2 = 758,3 log — 2,8798411 

" h ^ 1936,5 AiCilog s= 6.7132068 

B = 23^. OS', 54", 7 log sin = 9.5930479 

Given, h, and B; to find d, and k. 

Formula A, No. 1 and 2. 
li =: A sin B ; k taa HcobB 

h = 2235,0 log = 3,3492755 » x 

B — lAo 9^ Atif i^S^^ = 9.4506865 = « 
* - 160.23'. 46. log J ^^^ ^ 9.9819694 =: I 



A = 630,89 log = 2,7999620 = a: + y 

jb = 2144,10 log = 3,3312449 = « + ^ 

Given, d, and ft; to find tangent B. 

d 
Formula A, No. 3. .. =: tan B 

k 

d = 31462, log » 4,4977863 

k = M7i3, Jf : C : log = 5.0235446 

B = 18*. 22'. 25", 6 = 9.5213309 
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Given^ d, and B} to find A. 

Formda A» No. 1. 

d d 

— = Bin B ; gives /i =: 



A lin B . 

d = 630,89 ^ log = 2,7999620 

* =* 16^: 2*. 4er' Jf\C: fog tin = 0.5493^36 

h = 2235,0 log. ss 3,3482756 

* ■ 

t 

$ 109. The calcolations of oblique angled plane trianglea 
will follow here in the order of the problems ; and are applied 
to a triangle^ dBC, Jigure 6, or 7, whose sides, thb, c, aro 
respectively opposite to the angles of the same name. 

$ 110. Problem 1. Given, B, C, a; to find b, and c. 

Formola Y, No. 1. 

a sin S ' a sin C 

h = ; c = 

sin A sin Jf 

a = 3746,8 teg = 3,6736446 = x 

A = er 64' 25" Jl : Cilogsin = 0.0644409 = y 

B = 69. 68. 40. log : sin =s 9.9374334 = z 

C = 68. 06. tb. log: sin a-s 9.9289663 = w 



^ I ii 



h = 3676,37 log a 3,6664189 = x + y+x 

c = 3606,38 log =3 3,6669608 = m + y + w 



CUMBTJBM II* 17:9 

$ lU. Pratkmft. Given, a^^, Cj to 'find ^ and B^ 

Fprmnla 'Y» NiO. J2. 

airtb 



a =» 4901,6 
h = 3620^6 



a-t-'^ 



a + 6 = 85^1JB6 i^ : C: log = 6.0694662 

aC/}6 ea 1281»S5 log = 3,1076677 

iC =^ 20** 24' 10^ log cot =?: 0.429W33 

I (^ CO ^) = ^^- ^- ^^y^ ^^ ~ 9.6066472 
90O - 1 C = 69. 36. 60. 



^mmmm^imt 



A « 91.36.29,2 
B = 47. 36. 10,8 

Given, logarithm a, logarithm b, and C^ to^flnd «tf, und A 

Formula Y, No. 3 and 4. 

b 
~ s^ tan Z ; tan i\A Ul B) « cot4^ten (46^ -^ Z) 

a 



A 


\ogb ^ 3»4'3;20637 
: C : log a ^^ 6.4833417 


z = 42^ OS' 46^,2 
46. 


log taoar = 9.9663964 


(46^ -sr) ?= .2.66.l18,8 
i C = 36. *7.:00 


' 4ogitan aiB 8..Tt01908 
i^g tan « 04602104 


i{AUlB) » 4.08.60,2 
90<>-iC«: 64. 43.09*' 


tan s 8.8604012 


A ?= 68. 61. 60,2 
B » 60. 34. 09,8 








» 
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$ 112. FrMem $«* OiTeu^ OpCfbf to And c 

Fomda T» No. 7 nd 8. 
5!fiD|C(0()i ao)6 

tUk Z mm "' ; 0=5 

41 a* 4899^ lof »> 3,6599880 

^ A 8746^ Jof »> 3,5784947 

7,2804888 

(«ai)i a. kif a. 3,^152418 

mOihmm •m;9S df:C:Vva> 7.1008178 toff -« %89978B 

|C «i84^46r.5r toff dn »> 9 Jtl0438 f 

ft toff »> 0,3010800 ^ 

toff taa Z a. 00385334 d« : C:toffO0t a. 0.6497139 



e»iB3544»0S toff » 8,549«81 

Gim as above. 

Fonnola T, No. 10 and 11. 

2 cos i C (a 6)i 

C06 X «s — _— ; e mt (c + b)sinx 

a + 6 

a » 1966,26 log ^ 3,2936444 

jr^ 6 = 3746,26 log = 3,6736930 

6,8672374 



(ai)* . . . . . log «» 3*4336187 
A+ 6 a 6712,61 AxCi log = 6.t4dl730 log = 3,7668270 
i C «> 29^. 24^. 16* log cos = 9.9401069 

2 log = 0,3010300 

log cos X == 9.9179286 logsin = 9.7489740 

c vm 3204,8 ; log =: 3,6068010 






CQAPTIIB n. ITT 

lis. Prohlem 4. Given^ a, b, c; to find B. 

Forawla Y, No, 16. 
(p — a) (p — c)v 4 a + b'{'C 



I 

L 



«inJB sa I ^— i 1 • p = 

- \ ac f 8 

6 =s 1920,6 

a 5= 3409,3 ar.co.log = 6.4673346 

c =3 2591,6 ar.co.log = 6.5864320 

7921,6 
p = 3960,76 
p^a^ 561,45 log = 2»741506l 

p-c == 1369,15 log = 3,1364510 

t, ' "i ^ I ■""■ 

-^ • 18.9317239 

I J? == Ifio. 59'. 49'',5 log sin = 9.4658619 
B ^ 330. 59'. 39 ". 

Given as above. 

Formula Y, No. 16. 

rp(p-6)v J 



.«a«^ 



CQt«ftB 






h = 2587,4 

a =s 2468,8 ar . co • log =» 6.6076141 

c = 1584,2 ar • CO . log == 6.8001900 

>■ 

i^. 6640,4 

p a 3320,2 ^ log n 3,6211642 

|, - 6 = 732,8 "" log =s 2,8649858 

19.7938638 
4 B = 37**. 66'. 00'; log cos = 9.8989269 
B = 76®. 52'. 00". 
Z 
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Giten as ab<rre. 

Fonmda ¥, No. 17. 





V p(p-5) 


; 


, 6 = 2326,2 . 






e =: 3106,4 


' 




a « 2459,8 


1 


• 


7891,4 






|» s 3946,7 


av • CO . log a= 


6.4038759 


l» . » s 1620,5 


ar . CO • log s: 


6.790$5lb 


p -. c a 839,3 


log- 


2,92319172 


p^ a « 1486,9 


iog = 


3,1719896 


4 • 




19.2901337 


IB « tSI».49.41 


",1 tMl^ = 


9.6460668 


B mm 47". 39^. Sr, 2 
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9 li5« Cakttlations of ihe surface af the triangle .flin?^^ 
ivliose sided aore n^ ft^ c. -.^ 

ProUdJ^ !•- Given, 13, C, a. 

a^ siQ B sin C 

Fonniila Z, No. 1 ; 5 = 

2 8iD(B + C) 

5 = 52** 68' 60" log sin = 9.9022376 

C e 64. 11. 10 logstn = 9.9643464 

J9 + C 2= 1 17. |0. 00 ar .co . log : sin » 0.0607661 

« =t*«^ft'q 9W- $3.3926146 

a »,-S4?8,9 2 log - J 3,3926146 

'2 ar . CO . log = 9.6989700 

S 1= 246^334, 1D# » 6,3913470 

$ 116. ProNem ^« Given, a, C, &• 

a . & . sin C 



la Z, No. 3 : 5 = 



.2 ^ 



41 = 3007,2 log = 3,4781630 

h = 2092,86 log = 3,3207381 

C = 89*>. 64'. 60" log sin = 9.9999995 

2 ar.co.log = 9.6989700 

S = 3146810, log = 6,4978706 

$ 117. Frobkm 3. Given, a, fr, c; to find <$. 

Formula Z, No. 6. 

S = (p (p -■ «) (p - fr) (p - c))i 
a 4" i + <^ 






:'■'. .; ■«' 



1^ 
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a » 3330,4 
ft ss 2l»6d,9 
eM 2325,3 



8621,6 



A 



p = 4310,8 leg = 3,6345679 

p ^a =^ 980,4 log = 2,9914033 

p - 6 = 1344,9 log = 3,1286900 

p - c = 1986,5 log = 3,2978699 

13,0525211 
S ^ 3359390 log b 6,6262606 



CHAPTER III. 

CaUvlaiUms of Spherical Trigonometry. 

4 lis. A^TEB 'wbat has been said of the methods of calcu- 
Istioii in the preceding chapter, it is not consider^ necessary 
1& tater into the detail of the actual calculation of ^e formulae 
of Right Angled Spherical Trigonometry, that are con- 
tained in series b. It may be observed, that they all 
require no more tlian the addition of two logarithms of trigo- 
nometric fiinctionsy in a npuuiner exactly analogous to section 
JL08, with this difference alone^ that all the factors are trigo- 
nometric functions. Hence it is also evident, that relations 
only are obtained, not absolute quantities, as is the fact; for 
as we have only functions r^slulting from the relations of lines, 
no absolute quantity, or lineal dimension, can be in the result. 
This is the great means by which the relations of the im- 
mense and immeasurable distances that astronomy calcu- 
lates, are obtained. When it becomes necessary to indicate 
real determinate magnitudes, as, for instance, in relation to 
the earth, it is evident, that the radius, which otherwise forms 
no element of ^tfae x^alculation, comes into consideration. In 
that case, it is necessary to maltiply any result or formula^ 
prepared for this purpose, by the value of the radius, ex- 
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f/ 



pressed in that kind of unity in which it is. wished to obtain 
the expression | in the first power when a mere lineal dioMB* 
sion is desired ; in the square when a surface is requiveif 
and in the cube when a solid. This is exactly analogous to 
what has been said (section 1 1) in respect to right angled 
plane triangles ; and all the formula of series Y| and Zy are 
examples of the same principle, as observed in sections 58» and 
65 ; it applies equaUy to all the formulie that follow hereafter. 

We may proceed to the calculation of the fimnnhe of 
Oblique Angled Spherical Trigonometry^ which requirOf of 
course, more arrangement and attention. As fliey are all 
expressly formed so as to admit of calculation by logarifihms 
throughout, we shall dispense with the notation l^ beiore 
the trigonometric functions named ^ and consider it as always 
understood, that the logarithm of the trigonometric fiinctifm 
indicated is used. 

$ 119. Problem 1. Given^ h, J}, c; t» All C. 

sin JB SID c 
Formula g ; sin C = ■ ■ 

•ID b 

h 8a 80<>4r45"ar.co.8in = 0.0057516 

e s= 79. 40. 09. sId == 9.9929018 

B = 83. 39. 59. sId » 9.99734ie 



C = 82.13.49. sin == 9.9959945 

$ 120. Frdblem 2. Given, B, Cp C; to find &. 

sin B sin c 



Formula h ; sin 6 :;= 



sin C 



C = 40^51' 16" ar. CO. sin «= 0.I84S306 
B = 29.14.12. sin = 9.6887918 

c = 39. 10. 04. sm = 9.8004375 



b = 28.08.14. sin = 9.6735598 



CHFTBR m. 183 

$ 1S1« FfMem S» Gfyen^ a^bfC^ to find Ji^ 

Formula i, No. 1 

(sin (p — c) sin (p — b)\i a+ b+ c 
I ; P = 
sin 6 sin c / 2 

ft s 84.Q9. 68. ar.co.sin := 0.0022551 
e =s 60.15.13. ar.co.aiD = 0.0613652 



218.05.10. 
p = 109. 02. 35. 
p -* e =s 38. 47. 22. sin =: 9.7968935 

p - 6 s= 24. 52. 37. sin s 9.6239464 

19.3844602 
^j9 = 29.29.30^8 «m -i 9.6922301 

^ =s 58.59.01,6 

I 

Given as above. 

Fonniila i, No* 2. 

/sin p sin (p - a)\ I 

\ sin 6 sin c / 

a = 98®42'03' 

h =^ 83.32.26. ar.co.sin = 0.0027658 

c s 45. 48. 03. ar • CO • sin == 0. 1495004 



227. 02. 32. 


■ • 


p 8a 113.31.16. 


sin =s 9.9623282 


p - «t cs 14. 49. 13. 


sin =: 9.4078800 




19.5224744 


i Ji s= 54. 45. 16. 


cos =1 9-7612372 


A = 109.30.32. 





Given as above. 

Fonanla i» No. 3. 
/sin (p — «) sin (p — b)\i 

V sin j» sin (p — 0) / 



nt. 





PAST It 

4'ir ^1 


JH 




b = TVS2.43. ^M 
. =. «T.«4.t*, '^ 

S30.31.f4. 


^ 

>* 




J. = 116.15.37. nr.co 


.<iii = 


a04M497 


-«W 26.01.81. or. 00. 


.«» — 


0.»7«0H. 


-» - 41.2J,»^ 


«,.'ii. 


t.«nt4ST 


- c = 47. 5U«. 


■in = 


9,8T0fi8ftT 


19^16877 


t J = 19.<|.03,lfi 


tan — 


9.H6948S 


J = 38.48.06,3 .^ 







■ ^-■1 



$ 1£2. PnbUm, 4. Formuln k. 

rUtae formnln haring eridentlj flie saSM fimn as thoM rf 
the preceding probton, the arrangemeiit for calculation is 
pnxusely similar; H ia therefore ntmeceamry here to jglve 
MCr examples. The onlj difference between than is, tint 
they use the c^fines instead of the aines I and that the &ctw8 
altemrte betwMu the fOTmnIs tak'^be'l^e and the coBine; 
and conseqneiiny aj^pear in iaverse order in the formnla (m 
the tangent. 

$ ISS. PnjMem 5. CAvtsa, b,c.^; to find a. 



Formnl* I, No. 2 aod 3. 




aia j J>in b 

tanZ = ^ 

«inJ(eW 


.in./ 
,6) 


UtxiicOib) 
coaZ . 


a n 89*14' 18" 
B — 17.07.15. 

6-e — 7S.07.e3. 


■ui= 0.999W16 

i».4aBan4 




{^n6»in«)*- .... 

i.i = «.ifl.oa. 


. . . 9.7344107 

co..!n= 0.2301690 

Bn= 9.8«7«39 

taiiZ= 9.7913730 tr.c* 


BO — •.TOW309 

.Of m^ funoasi 








a = 87.39.57,8 
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Forfflola ], No. B, 6, 8, 9, 11, and IS. 

These beiog all of the same form as fhe preceding^ using 
oidj other tri^gcmometric fimcttons of flie same data^ fhey 
come under the same form of calculation^ the other functions 
taking the place of those used in the above formulaf each for 
eadif in its respective place. It is on this account not neces* 
ntj to give examples of them. 

Oiven as above. 

FomiQiflB 1, No. 8, 11, 14. No. 13is calculated upon the same form. 

cos i j9 (sin b sin c)^ 



sinZ" = 



dn I (6 + c) 



J. 



cos I A (sin b sin c y 







lau MS 




cos i{b + c) 










f 

tan ^ a 


= 


tan 4 (6 + c) cos Z" 


COS 


Z 


b 


^ 


890 14' 18" 


. 


SID « 9.9999616 






e 


= 


17.07.15. 




sin » 9.4689198 




1 


b+e 


106.21 33. 


19.4688814 





/" 



(an 6 sin c)i « 9.7344407 «s m 
iw9 » 42.16.08. cos = 9.8692220 a. n 

BIB Z* » 9.7002917 = m+n+p: cos» 9.9370883 
tuiZr m^ 9.8260120 » m^-n+qf ooss= 9.9195002 

ia«= 43.50.00. tan i a »= 9.9823088 

a« 87.40.00. 

Qiven as above. 

Formula 1, No.. 15 and 16. 
f an y = COS .d tan 6 

cos 6 COS (c u^y) 



A a 



cos a =5 — — — 

cos 2^ 



1^6 PABT If. 

A a 846 32' 16" cos n 8.9785888 

b ^ ^0. 14. 18. tan s 1.8763921 cot ^ 8.1236£95 



y » 82102.57,8 tany = 0.8549209 ar.co.co8 « 0.8591168 
e » 17. 07. 15. 



c CO y = 64. 56. 42,8 cos = 9.6271077 



a = 87. 39. 57,5 cos » 8.6098540 

Giyen as aboTe (but \nih one angle obtuse.) 

Fomralae 1, No. 15 and 16. 

.4 =r 1210 36' ir,8 coi ^ 9.7193874 — 
6 «B 50. 10.90. tan «= 0.0788818 cos « 9.8064817 



y as 147.51. 10. tan s=: 9.7982692 — wf : C : cos » 0.0722788 — 
c sr 40.00.10. 



caDy= 107.61.00 cos = 9.4864674 — 



a = 76.36.36. gob c^ 9.3662279 + 

The effect of the obtuse angle at Ji, will be observed here, 
its cosine becomes negatiye ; this is indicated by placing the 
sign ^^ at the end 5 in consequence of which also, tan y be- 
comes negative ; the obtuse angle is therefore to be taken for 
yf in consequence of which its cosine also becomes negative; 
and the angle c CO 9 becoming again negative^ the last cal- 
culation presents two -^ signs^ which producing again +, 
give for a an acute angle. Tliis mode of accounting for the 
effect of the signs entirely obviates all difficulties. 

The formula No. 17 and 18 being of the same form as the 
above, these examples will also serve for them. 

$ 124. Froblem 6. The formulae of this problem, or series 
m, are all of the same form as the foregoing; the examples 
for calculation are to be arranged in the same manner^ each 
respe^rely as its corresponding one. 
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'^ $ 125. TfMtm7. Oiveti^ Cpa^h^ toind A^ and J?« 

Fonnnls n. No,. 1 and f . 

cos i (a CK) ^) 



toni(JJ + B) = cotJC 



tan i (^ GO B) =: cot i C 



6 =a 43.19.11. 



cos i (a + ^) 
sin i (a CO &) 

sin I (* + 1^) 



a + 6 =» 105.44.43. 

aOQ^ a 19.06.21* 
|(<i^6) » 52. 52. 21,5 ar. CO. cos = 0.2192519 ar. CO: till » 0.0983805 
) (a QD 6) = 9. 33. 10,5 cos » 9.9939354 am = 9.2199993 

i C =» 42.05. 10. cot » 0.0442502 cot ^ 0.0442502 

i (wtf 4- B) s= 61. 04. 00,7 tan =» 0.2574375 tao ^ 9.3626300 

^{AmB) ==^ 12.58.44,5 

A =« 74.02.45,2 
B = 48.05.16^2 

§ 1£6. ProhUm 8. The formul» o. No. 1 and S, being 
exacflj of the' same form as the foregoing^ the same example 
may serve as a type for them. 

$ l£r. FrMm 9. 

Formulas p, No. 1 and t. 

cos a cos y 



tan y =: tan 6 cos .A ; cos (c c/) y) = 



cos h 



A = ^39W 15" cos == 9.9276086 
b s= 57.12.03. tan » 0.1908206 ar . co: cos » 0.2662444 



y » 52.43.01,3 tan » 0.1184292 cos =» 9.7822948 

a ss 460 IT ir eag s 9.8395099 

caiy«-39«3.^^ • • • cos = 9.8880491 
es: 92.06.50,2 or » 13.19.12,4 



.4*' 



r- • 



TIm same foraiiila, with an obtuse angle at Jii 

^.. jJ « 121.36.19^ cos = 9.7193874 — 

f^ 6 = 50. 10. 30. tao «= 0.0788818 ar . eo . cob = 0.1935183 

y = 147.51.10. tan = 9.7902692 — cos = 9.927721t 

a =r= 76<> 35' 36' cob » 9.3652279 



CO V r= 107.51.00 cos ssB 9.4864674 — > 



c = 40.00.10r 

Here the final result becomes a negative cosine, which 
therefore belongs to an obtuse angle^ and produces c, acute^ * . 
by the subtraction from the greater negative. .^ 

Given as above. 

Formute p, No. 5, 6, 7, B. 

sin .^ sin fr 

sin B = ■ ; tau « = cos .^ tan 6 

siti a 

c = a; *|" y ; tan 2^ ss cos B tan a 

*4x<=:32oi0'15" sin =» 9.7^2756 ...... cos =^ 9.9276066 

b == 57. 12. 03. sin = 9.9245762 • . . . . . tan = 0.1908206 



a =s 46. 17. 12 ar .CO . sin ==: 0.14097Q1 tan ^ 0.0195121 tan :v » 0.1184292 



sin B = 9.7918299 cos =: 9.8949994 



X = 52. 43. 01,3 tan y == 9.9145115 

y = 39.23.48,8 

c = 92. 06. 50.1 or = 13. 19. 12,5 

Given as above. 

Formulae pi^ No. 6, 1 1 12, 13. 

cos b 



sin Z =5 sin .4 sin i ; cos a: = 



cos Z 



C = 0? » y ; cos y :i= *> 



= X + 



cos 2 






. •!• 
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^ -= 820 10' 16" sin == 9.7262756 

b «= 57. 12. 03. sin = 9.9245762 cos = 9.7337556 = m 



« » fiS. 43. 01,2 



sin Z « 9.6508618 ar . co . cos = 0.0485393 = n 
a = 46« 17' 12" cos = 9.8395098 = p 



y = 39. 23. 49. cos X = 9.7822949 == m -f- n 

c «=» 92.06.60,2 or = 12. 19. 12,2 cos y = 9.8880491 = ;? + n 

§ 1£8« Proilem 10. Here we have to repeat what has 
been said in problems 6, and 8 ; the formnliB of this problem^ 
or of series q^ take in calculation exactly the same form as 

w 

M* Hosejof problem 9; the examples of which^ therefore^ also 
'^' Mrve for this problem. 

§ 129. Problem 11. Given^ B^ Ay a; to find c. 

FormulsB r. No. 1 and 2, or 3 and 4. 

tan OP =s COS B tan a ; sin (c + x) = tan £ cot A sin x 

a = 56^ 13' 63" tan = 0.1748021 

B = 60. 42. 08. cos = 9.6896184 tan = 0.2509420 



re = 36. II. 54,3 tan = 9.8644206 sin = 9.7712412 

j! =5= 60° 41' 16" cot = 9.9132069 



c + :p = 69. 31. 28,5 . . . sin =5 9.9354301 



c as 23. 19. 34,2 or = 96. 43. 22,8 

Given as above. 

Formulas r. No. 6, 6, 7, 8. 

sin a sin B 

sin h =2 ■ ■■ ■ ; tan a; = tan a cos B 

sin A 

c«ar+y ; tany - tan 6 cos .5 

« = 66Piar53* sin = 9.9197521 tin = 0.1748021 

fi«e0.4S.0e. sin == 9.9406605 cos » 9.6896184 



A » 50.41.16. ar. CO. sin » 0.1114263 cot « 9.8017807 tanx « 9.8644205 



sin 6 =» 9.9717389 tan ^ 0.4284988 

xtt36.ll.HS 

y «■ fl^MiU^ tan^^ = 0.2302795 

or =» «3o 19^ 34",3 
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CORRECTIONS. 



'Ht 


Line, 


16 


16 


16 


12t619 


^^ 


21 


17 


penult. 


18 


10 


26 


1 


33 


2 


36 


15 


38 


3 


39 


5 



After •* called," add, or. 

Between the fractions place a full stop (.) as sign 

of multiplication, instead of the comma (,). 
"H" read, No. . 
in beginning, <' 3" read, 4. 
Above «* 1 and 2" write,' A, No. 
** produced upon" read, produced on. 

sin a sin a 

from below, , read, 

sin b cos a 

" No. 4 and 9" read, No. 1 and 9. 
Above ** No. 1" in the margin, place, I. 
" 7" read, 8. 

P^ 54, at the bottom, add the following. 

The formuls 6, 7, aqd 8, give also, when divided by sine, or 
cotmei the following expressions for the tangent of the half angle 
faj the tangent, and cotangent of the whole angle. 

From No. 6 : 

(1 + tana o)» - 1 
Un i a ss ' - =(14- cot* o)i — cot a 



From No. 7 : 



tan a 



tana 



1 



tM |tf ss = 10 

(1 + tan« o)* + 1 (1 + cot^ a)i + cota 
From No. 8 : 

(l+cot*a)i4.1— cota (l+tan«o)i + tana- 1 

tni|a =s ■'■■■■! -* =s ■ XI 

(l+cotaa)l+ 1+cota (1 +tan»a)*4-tana+l 



I 
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Page. 

58 

70 

72 

75 

86 

93 
103 
107 

108 

in 

118 
119 
123 
126 
130 

135 
141 
147 
149 
151 

156 
157 



163 

164 

169 
172 
175 



Line. 
9 
9 
16 
13. 
5 
3 

11 
26 
27 
16 
12 
last 

8 

1 

4 
14 

5 
13 

9 
19 

6 
7&8 



last 

4 
9 

26 
27 



♦«4 cos h 3" read, 4 cos 6 — 3. ' 

"sIq^ a" read, sIq' a. 

''n....n3" read, n n,^ 

The diyisor of the fourth term read thus, 2 • 3 • 4 • 5 • 6 • 7 
Id the diyisor, **(o ui c)" read, (a CD c)« 
" EC read, B, C. 
''Pcd'' read, PCD. 
''Lemma 1" read, Lemma 1 and 2. 
<*6c" read, be. 

*'2r«iru/2" read, 2ra*2u/i. 
''DGFbyEQP' read, lEGF hy DGF. 
^'DGP' read, JSGF. 

In the divisor, ** cos.c^ Ui cos c^/' read, cos c^, ot> cob e, 
*' «* taii 4 C ui Cy read, tan J (q,at)C^ 
Above the numbers in the mai^in, place, f. 
<< No. 14 and 15'' read, No. 15 and 16. 
"h" read, i. 
"i" read, k- 
"8" read, 3. 

In the divisor, <^ cos A'' read, cps^ A. 
"4" read, 3. 

Place the ** 1" two lines lower. 
**21" read, 2. 

''(ac)y^ read, (ac)^ 

b sin C 
Place sin B = — - in the lower line. 

c 

**20" read, 21. 
"19" read, 20. 
Place the auxiliary in the lower line. 

cos A €08 if cos ./l COS 3f^ 

- read, — • 



cos B cos B 

COS A tan J3" read, cos a tan B 
cos (c CD »)" read, cos (c CD «') 
6.7039537" read, 6.7089637. 
Ic^rithm" read, logarithms. 
20. 00. 39,3'^ read, 22.00.39,3. 
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INTRODUCTION. 



It might appear proper in a work of the nature of 
the present, whose object is to render a subject of 
acience agreeable to the general reader, to begin by 
pointing out its generd usefulness. But in the pre- 
sent state of civilization and knowledge, extended 
and cultivated wherever the European race of man 
has spread its families, we may be permitted to as- 
sume that it is unnecessary to make an eulogium of 
astronomy. 

We daily witness the arrival in our ports of nu- 
merous vessels that interchange the products of the 
soiUof the industry, and skill of every quarter of the 
globe, and which are guided in their course by the 
practical application of this science, it would be, 
therefore, almost an insult on the understanding of 
our readers, to undertake to prove formally, that 
astronomy is of practical utility to man, and exerts 
an important influence on his wants and his enjoy- 
ments. £ven Ihe least instructed is aware that 
without its aid he would be ignorant even of his 
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own age^ as we should without it have no chronolo- 
gy, and no calendar. 

It is in this science that the human mind has 
exliibited its greatest capacity ; in it the imagination, 
aided by the most profound calculations and combi- 
nations, has made advances the most honourable to 
the genius of our race, and has shown the dignity of 
our being more clearly than in any other branch of 
human knowledge. The boldest hypotheses have 
been confirmed by the most subtile calculatiomi, 
executed with mathematical exactness, on the baftis 
of observations made by the most piercing eyeSy 
aided by the utmost perfection of the arts. 

The commencement of the present century has 
been especially embellished by the most brilliant 
success : planets have been discovered^ in conse- 
quence of theoretic views of their probable ecxis«- 
tence, of the laws of their motion, and even of 
catastrophes that have served to determine their 
present state; comets, the terror of darker agesy 
have been followed by the mind's eye through tho 
whole of their course, and their returns to the sphere 
of actual vision determined and predicted ; others 
have been detected within the limits of the planetary 
bodies, and approaching in the elements of their mo- 
tions so hear to them, as to make it doubtful where 
we are to place the line that distinguishes the tWj9i 
olajsses. 
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Among the fixed itars/ systems have beeii diseo-^ 
Yered moving under laws, apparently, nay we may 
say positively, the same as those which govern our 
own system. Such results have united more closely 
to our system those bodies which appear strangers 
to it, and extended the laws of it to infinite dis- 
tances ; they have rewarded the efiorts of hunun 
talent, by bestowing gratifications the most livelj^j 
and the most elevated. 

Although we do not wish to dwell longer on; the 
physical, interest of astronomy, still it will not be 
^ irrelevant to speak here of the moral influence this 
science exercises on those who cultivate it, and the 
elevation of mind with which it is calculated- tcr 
inspire man. 

. Who is there that has not been struck with admjf« 
ration at the sublime spectacle of a clear nighit, 
adorned with countless stars, that appear to grow in 
number the more attentively they are contemplated ? 
But how much more elevated are the feelings and 
delights of him who in this profound silence disc(>- 
vers by the aid of his intellect, the laws of an eVer** 
IjBuiting movement. If in this state of enjoyment he 
ba tempted to pride himself on his intellectual pre- 
rogatives, he is recalled to a just estimation of him- 
self) by a comparison of the immensity and , ordar 
that reigns in the celestial bodies with his own 
feeblenessi and that of the efiorts hie i^ qapc^Ue of 



producing by the strength of his otm means. He 
is thus led to appreciate the immense superiority' of 
his intellectual energies over the mechanical powers 
that he can exert^ of moral aqd mental enjoyments 
over those which are physical and corporal. 

It would be useless to attempt to impress moral 
truth upon a heart directed by an empty head ; nei- 
ther preacher nor orator can ever effect this. ■ The 
immutable laws of the mechanism of the heavfiois 
are the fullest and loftiest image of the immutability 
of the laws of morality, as well as that of their uni*- 
versal sway, and their inevitable influence. • " ■ ^ 

The study of science in general represses the 
passions, but what study can do this so effectuallyi 
and at the same time withdraw the attention from 
the petty passions accompanying the business of 
every day life so completely, as that science whieh 
withdraws him wholly from the earth, and 'which 
does not permit him to consider even the'*'entire 
mass of beings of his own species as the sole object 
of the solicitude, or as the only end of the orgaini- 
zation of the great and eternal combination that he 
observes, and of which he calculates the movements^ 

Can it be conceived that a man, convinced that, 
were he even transported to another planet, he would 
find the same laws with which he has occupied his 
mind in this, the place of his birth, equally true and 
useftil, would not be a good citizen in any oduntry 
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to which he 'might ' be troinsported ; he . cannot be a 
stranger in any place ; his moral dispositions, like hiB 
occupations, are not united to his nation, they fit him 
for being equally useful in every palrt of the globi8!» 

A ^man accustomed calmly to contemplate the 
revolutions of the celestial bodies,, on which depend 
the fate of worlds, sets a small price on the variations 
that fortune may cause him to undergo, and on the 
little masses that she has at her disposal. How 
small appear to him the greater part of the objects 
of human desire ! In labouring to obtain his share of 
;g^;them, he cannot forget his moral position in regard 
to them, nor sacrifice his character to obtain his 
share of them. He may have need of the gifts of 
fortune, but he can never permit the desire of them 
to preponderate, or make of them his idols and his 
glory ; they have no value with him but so far as 
they are applicable to the advancement of happi- 
ness, and to the promotion of the general good, that 
is evidently the object of all, liowever misunder- 
stood it may be in individual cases. 

The intrigues of power are despised by him, and 
even when obliged to submit to them, his mind is 
unconquered ; as Galileo, when he was compelled 
to undergo the sentence of public recantation, for 
having taught the revolution of the earth, rose from 
his knees in sayings '^ for all this it turns," (e gira 
nemeno). 
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Hi0 'exit from this world 18 calm: and feariess.-^ 
Adctuitdmed to contemplate the great and immutable 
ittWB of nature^ he obeys them without murmyring 
aavWithoiit dread. 

, . . . 

'■''O' qtutm cantemta res est homo, nisi s'upra ku^ 

mMM surtezeriU 

Seneca quest. Nat. L. I. 
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PART I. 



QEJ{ERJIL DESCRIPTION" OF THE SOLAR 

SYSTEM. 



CHAPTER!. 

General View of the Planetary Systemj and Laws of the 

Motions of the Planets. 

^ 1. The first subject which presents itself to our con- 
uderation in Astronomy, because the most near and most 
interesting, is that system of celestial bodies, of which the 
Earthy our abode, forms a part; and which is called the 
Solar System. 

The respective position of the planets, the laws of 
their revolutions around the same central body, the Sun, 
their mutual influence, and the appearances presented to 
a spectator placed upon the earth, are objects of inquiry the 
most interesting ; and even the more detailed knowledge that 
we may be able to collect, in relation to their physical na- 
ture, presents a peculiar gratification, both from the success 
obtained in this inquiry, and in consequence of their evident 
relation to the earth in their general laws and organization. 

^ 2. The primary planets which revolve around the sun, 
mi far as they are known to us at present, are eleven in num- 
1 
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bt^ ; they are solid opaque bodies, of a figure approaching 
the sphere. In the order in which they succeed each other 
from the sun, they are the following: Mercury, ^ ; Ve- 
nus, 9; Earth, ©; Mars, ^; Vesta, fi; Juno, (5 ; Ceres, 9; 
Pallas, $ ; Jupiter, U ; Saturn, ^ ; Uranus, ^. — (The 
marks added to the names being usually employed to de- 
signate them.) 

Uranus was discovered by Herschel, in 1781 ; Ceres 
by Piazzi, in 1801; Pallas by Olbers, in 1802; Juno 
by Harding, in 1804; Vesta by Olbers, in 1807. All the 
others have been known from the roost remote antiquity. 
The greater size, and the brilliant light, of these latter 
planets, rendering them conspicuous to the naked eye, they 
very soon attracted the attention by their seeming irregu- 
larity of motion among the numberless other stars^ apparently 
fixed ; and from this property of an apparently erring course, 
they derive the name of Planets, 

The five smaller planets, discovered in our days, within 
the space of about twenty-six years, inferior in brilliancyi 
ranging even low in the rank of apparent magnitude, 
by which the stars were generally distinguished, escaped 
the distinct pursuit of the naked eye. — We owe this 
discovery to the greater perfection, and consequent in- 
creased power, of our means of artificial vision. What 
is still more remarkable, the discovery of the two pla- 
nets, Juno and Vesta, was directed by the theoretical sup- 
position of Olbers, that the two previously discovered, Ceres 
and Pallas, were too small to fill the rank of a planet, in 
their position in the Solar System ; assigning, at the same 
time, the nodes of these as the proper place to look out for 
their fellow planets ; they were therefore discovered by the 
application of theoretic principles, affording no small confir- 
mation of the theories of astronomy, and manifesting the 
advanced state of the science. 

'^ 3. The more considerable of these planets present to 
us, en a smaller scale, systems of celestial bodies similar to 
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the Solar System itself, being accompanied in their revolution 
around the sun, by one or more satellites, that perform revo- 
lutions around their primary planets, in the same manner as 
tfiese do around the Sun. Thus our Earth is accompanied 
by the Moon : Jupiter by four satellites or moons, similar to, 
but larger than ours; Saturn has seven, and, besides, presents ut 
with the peculiar phenomenon of being surrounded, at some 
distance, by a doable ring, flattened, and of comparatively 
small thickness : (inailj^, Uranus has seven satellites. 

^ 4. Tiie discoveries of late 3'ears have also familiarized 
us with the comets, as parts of our Solar System, instead of 
extraordinary messengers of misfortune, as they were consi- 
dered by our ancestors, who were unable to calculate their 
Course and predict their return. Severp.l of them hardly 
pass, in their farthest distance from the Sun, beyond the 
orbit of Jupiter, and perform their revolutions in less time 
than the larger, or remoter planets; it is, therefore, their 
j^allness and want of light, not their distance, which renders 
them invisible to us during a part of their revolution. Of 
Some, several returns have already been observed, and the 
influence' of the proximiiy of the Planets upon their course, 
has been calculated. From the first, and then hardly credited, 
prediction of Halley, of the return of the comet of 1C82, 
which was verified in 1759, further success was suspended, 
until Olhers discovered for the comet of 1815, an elliptical 
orbit, and a time of revolution only a few years less than 
that of 1759. The last decennium has shown us comets, the 
orbits of which approach so near those of the Planets at a 
mean distance from the sun, that we can refuse them the pla- 
netary rank only on account of their apparent physical con- 
stitution. Not a year passes without presenting astronomers 
with at least one or two comets ; their varied courses in all 
parts of the immense space occupied by our Solar System, 
show a fullness and abundance, of which old systems of as- 
tronomy could not furnish an idea. 
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^ 5. All these planets and comets perform their revolu- 
tions around the sun in curves called ellipses^ in such a man* 
ner that the sun always occupies one of the foci of them alL 
The great difference between the two diameters of this curve 
in cometary orbits has reduced their approximate calculation 
to that of the parabola. This curve deviates from the ellipse 
only by supposing the distance of the foci to be infinite, and 
is therefore appropriate, because we are unable to deter- 
mine their distance ; and because we see comets only in one 
of the parts of th^ir orbit nearest to the sun. 

These orbits are differently inclined towards each other ; 
the planetary orbits, however, deviate much less from each 
other than those of the comets. In Plate L they are repre- 
sented as projected upon the plane of the orbit of the earth, 
which is called the Ecliptic. Plate II. represents the section 
of all these orbits in a plane perpendicular to the ecliptic, 
and to the equinoctial line, which forms in this a dia- 
meter : it represents, therefcre, these inclinations as seen from 
a point at an infinite distance in the prolongation of this line 
through the point 0° V, from which it is generally agreed to 
count in stating the position of celestial bodies. Table I. 
annexed to this worii, contains all the numerical elements of 
the orbits of the planets according to the most accurate and 
newest determinations, and also in approximate numbers for 
the ease of common comparisons* Table II. gives data for 
the individual natures of the planets in magnitude and other 
numerical determinations depending thereon. Table IV. pre- 
sents the elements of the orbits of some of ^the principal 
comets. A comparison of the data of these tables will easily 
suggest to the mind a variety of circumstances and facts, 
which the longest description could with difficulty present* 

<^ 6. Though the orbits of the planets and comets are in 
their general form ellipses, these are, however, only approx- 
imations to their real course. The general and simple law, 
which guides the mechanism of all the celestial motions, oc- 
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casions deviations, in Gonseqnence of the mutual influence of 
the planets upon each other ; these form the principal object 
of astronomy, as they form the main, or rather only cause of 
the great complication of appearances, and of the calculations 
that are necessary to render an account of them; by their 
various combinations it happens, that, strictly speaking, no 
celestial body ever returns to the same absolute point which 
it has once occupied ; still this general law and its conse- 
quences enable us to calculate these positions to an astonish- 
ing degree of accuracy for a great length of time before, or 
after, any given moment. 

^ 7. Circular figures were first attempted to be ascribed 
to the planetary orbits, as it appeared natural that the sim- 
plest curve we know should be that which nature had chosen; 
but here, as in many other parts of her great works, it has 
been proved, that what we should consider simple, has not 
always been the means which she preferred. Failing in re- 
presenting the phenomena by direct circular motions, a com- 
bination of small circles revolving upon the circumference of 
greater ones, was attempted without success. It is useless at 
present to give an account of these exploded systems, which 
have vanished before that of Copernicus^ confirmed by the law 
of Universal Attraction or Qravitation, inherent in all matter, 
which governs its mechanism in the most minute details, and 
has rendered us the most accurate account of all the pheno- 
mena which we observe. These old systems belong now only 
to the history of the science, whose scope it is to follow the 
uncertain steps of error as well as of truth, to show how to 
.avoid the former and to attain the latter : here we intend to 
avoid the spectacle of human errors — to enjoy the contempla- 
tion of scenes and reflections elevating the soul of the reflect- 
ipg man to much superior enjoyments. 

^ 8. The law of (7m9er<a{ Gfravt^a^ton, as simple in its ge- 
neral expression, as fertile and complicated in its consequencesi 
is thus expressed : 
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AU bodies whatsoever have a mutual tendency to approach 
each other vfitk forces directly as their masses^ and inversely as 
the square of their distances. In this shape it was expressed 
by Kephr, (dc motibiis Stella? Martis, 1609,) long before 
the pure mathematics were so far advanced as to submit itto 
the test of accurate calculation, which J^ewton bad the ge- 
nius &nd good fortune to effect about eighty years later. 

The revolution or motion of the celestial bodies, considered 
in itself, is a simple fact, which we have to record, and which 
we observe connected with this general law : the primitive 
cause or impulse^ occasioning these motions, is unknown, as 
much as the cause of the gravitation itself^ and both it would 
be useless for us to. know. The simple, indivisible fact's 
which nature presents to us, philosophy merely expresses 
distinctly ; and thus accurately defined, they furnish the datk 
for mathematical calculations. 

' ■ •§ 9. The special laws of these revolutions of the planets 
and comets, for the discovery of which we are also indebted to 
JTcp/cr, are the three following : 

A. The planets describe ellipses around the sun^- tohich oe* 
cupies one of the foci if the curve, 

B. The planets, in their course around the sun, describe 
sectors, whose arcs are proportional to the time employed to 
describe them. 

C. The square of the times of revolution of the different 
planets, are as the cubes of their m^ean distances from the suit. 

To these laws the comets are equally subjected. Kepler 
deduced them at first from ai combination of the observations : 
they have since then been proved to be general consequences 
of the law of universal gravitation. 

We are also indebted to Kepler for a simple approtiiUate 
expression for the relative distances of the planets from the 
sun, which may be thus stated. The distance of Miercury 
from the sun being expressed by the number- 4, the following 
series will present the approximate distances of all the pla- 
nets we are acquainted with : 
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planet's name. 



Mercury, 

Venus, 

Earth, 

juars, ••••••• 

Vesta, Juno, Ceres, and Pal- 
las, taken together in a mean, 

Jupiter, 

Saturn, 

Uranus, 

The next planet that might be 
looked for in the system, if 
there should be any, 



ArPKOZIMATE BXniBnKM. . 


By. tbe law. 


In tingle 
nnmbwB. 


4 
4 + 

4 + 
4 + 


3 

3+2 
3 + 2» 


4 

7 

9 

16 


4 + 
4 + 
4 + 
4 + 


3+2' 
3+2* 
3+2* 
3 + 2» 


38 
52 # 

100 ■• 

196 


4 + 


3 + 2' 


388 



J*. Wuj 



This farther planet would therefore be at nearly double the 
distance of Uranus. These numbers, which at the time of 
Kepler it appeared almost presumptuous to mention, have 
received a singular confirmation by the modern discovery of 
five more planets, the four smaller ones of which verified the 
idea of Kepler that one more planet at least was to be found 
between Mars and Jupiter, if not lost by some catastrophe. 
And it was upon the hypothesis of such a catastrophe, that 
the discovery of the two last was made. 

Uranus, though considerably larger than the earth, is from 
its distance hardly perceptible to us ; little hope, therefore, 
can be held out, that we shall ever discover a planet belong- 
ing to our system at a distance more than double, which this 
law of their succession would appear to indicate as the nearest 
that can exist. 

^ 10. The orbits in which the planets perform their re« 
volution, (continuing the usual and convenient language of 
approximation,) are differently inclined to each other : they 
form planes intersecting each other in straight lines differently 
situated, but all passing through the sun as a point commoB 
to all these planes* (See Plate II.) 
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The Cnet of these intersections are called the lines of the 
nodes, and it is evident that every two planes will present 
one distinct from all the others. We, as inhabitants of the 
Earth, consider principally those formed by the intersection 
of each planetary orbit with ours, or with the ecliptic, as it 
has been called ; tlie same mode of proceeding in their astro- 
nomy would be natural to the inhabitants ^of any other pla^ 
net. It naturally follows, that each plane of the orbits, whe- 
ther of the planets or comets, lies partly on one side of the 
ecliptic and partly on the other. Astronomy having been 
more cultivated in the northern hemisphere of the earth than 
in the southern, the language of appearance is even kept up 
so far as to call the part of a planetary orbit lying towards 
the north the upper^ and that lying towards the south the 
lotoer, and therefore the point of the ecliptic where the planet 
will enter into the northern part of its orbit is called the <m- 
eending node, and marked thus, q , while the point directly 
opposite, or where the planet enters the part of its orbit south 
of the ecliptic, is called the descending node — marked 8. 
These points, with the indication of the lines of intersection 
with the ecliptic, and also their reference to the general di- 
rection in space, as indicated by the subdivisions of the 
ecliptic, of which we shall soon speak, are seen in the first 
plate, at each place of the orbits and their references re- 
spectively, in the division of the margin. 

§ 11. We can now perceive the necessity of a mode of 
indicating the positions, and, as we might call it, registering 
the places of the celestial bodies at any moment, in order to 
ascertain the particulars of their motion or rest. This has 
been done in the most ancient times by the division of the 
ecliptic into twelve signs, in the order in which the planets 
perform their revolutions, considering this plane indefinitely 
extended. In this order the signs are as follows: viz. 
*• Aries (T), Taurus ( « ), Gemini (n), Cancer (25), Leo (a), 
Virgo (tlK), Libra (=^), Scorpio (m), Sagittarius (/), Ca- 
pricornus (V:^), Aquarius (^), Pisces (3£). It is usual, in 



CHAPTER I. 

English, to preserve the Latin names, and to designate them 
by the signs here affixed to them. But a more convenient 
habit also prevails, to denote them merely by their number 
in the above order. 

The general custom in mathematics of dividing the cir- 
cumference into 360 degrees, gives to each of the signs 30 
degrees. These signs corresponded anciently to certain col- 
lections of fixed stars, designated by the names of constella- 
tions, to which figures were given corresponding to these de- 
nominations. But the point of intersection of the protracted 
planes of the ecliptic and the equator of the earth from which 
these denominations begin with 0® T , being affected by a re- 
gular retrograde motion, (the subdivisions used by astrono- 
mers counting always from this point,) the coincidence of 
these divisions with their corresponding constellations is far 
from taking place now. This deviation amounts, at the pre- 
sent, to upwards of one whole sign, or thirty degrees. 

In determining the position of a planet, a comet, or a iSxed 
star, the division just stated is used, without reference to the 
constellations, and has regard to this point of intersection 
such as it will be at the moment in question ; therefore in 
designating a place, either future or past, this retrograde 
motion is accounted for either by the retrogradation that it 
will have acquired, or the advanced position which it still 
had at the time. 

* Neither is the angle between these two planes constant, 
but varies within a limit of about one degree and one-third, in a 
revolution so slow as to require thousands of years to accom- 
plish it. The determinations of our epoch in astronomy in- 
dicate a diminution of about fifty seconds of a degree in a 
century; this variation is therefore called the diminution of 
the obliquity of the ecliptic. 

§ 12. To determine completely the position of a celes- 
tial body in space, we have still to assign to it the angular 
distance which it presents on either side of the plane of 
artificial ecliptic as above explained, in a circle perpendic 
2 
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to this plane, and towards its pole, or the latitude north or 
fonth towards either of these poles of the ecliptic. Thus, by 
transferring to the celestial sphere our habitual language in 
assigning the situation of places on earth, we give to the 
celestial bodies longitudes counted from the point of the mo- 
mentary intersection of the planes of our equator and eclip- 
tic, and latitudes counted from the plane of the ecliptic to- 
wards either of its poles, north or south. In like manner, we 
can evidently determine the position of the orbit of any pla- 
net, by giving, beside the angle of inclination, the longitude 
of a certain point of the curve and that of one of the nodes : 
for the first it is usual to select the point in the greater axis, 
where the planet in its revolution is nearest to the sun — for 
the second the ascending node, as explained above. The 
lines 17 and 18 of Table I. give these determinations for the 
first day of the present century, which is that used in con- 
structing Plate I. and IL 
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CHAPTER U. 

Positions and Revolutions of the Planets^ and their general 

consequences. 

^13. The results of the observations of centuries hmvt 
enabled us to determine tbe elements of the orbits of the pla- 
nets, and their positions in them according to the laws abore 
stated. In the ten first lines of table I. are to be found the 
' elements of the planetary orbits given with all the accuracy 
that has been at present obtained. To have the means of de- 
termining their distances, recourse is had to the unit which 
presents itself most naturally among them, namely, half the 
greater axis of the earth's elliptic orbit. In this unit and its 
decimal parts, all the distances which refer to the orbits ot 
planets or comets are usually and most naturally given wher- 
ever reference is had to lineal dimensions. The comparison 
of the first and the second line of Table I. shows the dif- 
ference between the two semi-axes of the ellipses described 
by the planets, which might be called their elliptlcity : tbe 
fourth line, in giving the half distance of the foci in the saind 
unit, serves equally to give an idea of the eccentricity of 
these orbits ; while the third line, which expresses the same 
in a trigonometric function, is principally for astroiidlnicsd 
use. The lines, 1, 2, and 4, it will easily be observed, ar^ 
principally subservient to the mechanical description of the 
orbits. None of these orbits deviate very much from circleSi 
for it will be seen that even of the largest orbit, that of Ura- 
nuSf the two foci lie within the orbit of the earth, their dis- 
tance being only about one-twentieth of the greater axis of tbe 
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orbit ; of the other planets, Juno and Mercury have the great* 
eftt proportional ellipticity, and next to them are the other 
three newly discovered planets. Among the old planets, the 
greater eccentricity of Mars, joined to the facility of observing 
it^ furnished Kepler with the principal means for his great 
discovery of the fundamental laws of all planetary motions, 
which still bear his name, (see ^9.) Mercury remains too 
long immersed in the light of the sun, and consequently pre- 
sented difficulties to astronomers, until the introduction of 
greater optical powers enabled them to follow its course dur- 
ing the presence of the sun above the horizon. It will also 
be observed by the fifth line of Table I., as a distinction of the 
four newly discovered planets, that their orbits have greater 
inclinations than those of the ancient planets, and that the in- 
clination of Pallas particularly exceeds by far all that was 
expected to be found for the orbit of a planet. The discovery 
of these planets, therefore, extended the limits formerly as- 
signed to the zodiac, which had been considered as a belt of 
9^ in breadth on each side of the ecliptic, and which, divided 
into the signs of the ecliptic above described, formed the celes- 
tial houses of aucient astronomy ; this maybe seen in Plate II. 
§ 14. The sixth line of Table 1. gives the time of a si- 
dereal revolution of each planet, in days and decimals : this, 
though an individual measure taken from the peculiar phe- 
Domon of the rotation of the earth around its axis; is the only 
measure of time which nature presents to us — the seventh line 
contains the same quantity approximately in years, days, 
hours, fcc. and all of which are either multiples or submulti- 
ples of the same unit. The sidereal revolution is the time 
which the planet employ's to return to the same longitude in 
respect to the fixed stars ; it is therefore independent of the 
retrogradation of the equinoxes mentioned above, which re- 
fers only to the earth's position in respect to its own orbit. 
The revolution of the earth is the measure of the year, and 
might therefore also be taken as a unit to measure the other 
revolutions by it ; but as it does not contain an exact number 
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of days, it is rather more advantageous to use these in accu- 
rate indications of time. We shall hereafter see that even 
this unit admits varieties, and that various subdivisions of 
time result from the motions of the earth, the principles of 
which, as well as their application, will be explained in their 
proper place. 

^15. The mutual influence of the planets upon their re-r 
volutions, as stated § 6, of course depend on the temporary 
combination of their positions, so that any certain effect is 
merely instantaneous. But by the continued effect of them 
all certain ultimate effects result upon the parts of the orbits, 
considered as their fundamental elements ; these being only 
sensible after long periods of lime, are generally called by 
the denomination of secular variations, though they are not 
in any way bound to such a period, which is only used as an 
easy means of accounting for their effect in ordinary astro- 
nomical calculations. These will be found in Table I., lines 
12, 13, 14, 15, affected by the arithmetical signs of +, or 
— , to designate whether they act in augmentation or in dimi- 
nution with the advance of time, counting their effect in the or- 
der of the signs of the zodiac. These small variations, there- 
fore, show the slow and gradual changes which the whole 
system undergoes in process of time, and explain the neces- 
sity, in any representation of the state of the solar system, of 
adapting it to a certain epoch or t< mporary state. For instance, 
we have used for the plates and tables of this work the tem- 
porary epoch of the year 1 800, except for the planets dis- 
covered since, for which the epoch of 1813 has been chosen. 
It may easily be imagined that the table cannot present any 
very precise results of the secular variations of these newly 
discovered planets; they have, however, already been at- 
tempted in the case of Ceres, which we have known for 
about a quarter of a century. 

§ 16. The eighth line of the table shows by means of the 
greatest equation of the centre, the extreme deviations of the 
positions of the planets from those which they would occupy 
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in circular orbits described with an uniform motion, as wis 
supposed in the old systems. 

In the line of the greater axis of the orbit, that is, in the 
points of a planet's perihelion or aphelion, (which is also 
called the line of the apsides,) from which the places of the 
planets in their orbits are reckoned, this variation is = ; 
because the two halves of the ellipses being equal, they cor- 
respond to equal times of the revolution, that is, each to half 
the revolution of the planet, considered as circular and uni- 
form. From these two points, the extremes of the greater 
axis, the difference between the mean circular motion and 
the real planetary motion becomes greater as the angle made 
by the Radius Vector, (that is the line from the sun to the pla- 
net,) with the greater axis increases, until, the planet being in 
the end of the smaller axis of the ellipse, it attains the greatest 
magnitude quoted in the table for each of the planets. The 
great variation to which, by their proximity, the four small 
planets are subject, has not as yet permitted astronomers to 
determine this element of their calculations with a sufficient 
degree of accuracy, nor is il absolutely necessary. 

§ 17. In comparing the whole revolution of a planet with 
the time it employs in performing it, we evidently obtain a 
mean angular velocity, which is given in the ninth line under 
the title of mean daily motion, and which would give the an- 
gle described by the planet in any given time by multiplica- 
tion into the number of days and parts of days elapsed in 
the interval, if the motion of the planets were regular : it is, 
therefore, the mean situation given by this element that is 
reduced to the real by the application of the equation of the 
centre, and the equations that represent the influences of the 
attraction of the other planets. 

To give an idea of the immensity of these velocities, com- 
pared with those that we are capable of producing on earth, 
the line 1 is added to the table, giving these velocities in feet 
for a second of time. Compared with the velocity ofacan- 
non-balU for which 2000 feet in a second is considered the 
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maximum^ we see, for example, that while we consider our- 
selves at rest, we describe with the earth every second fifty 
times as much space in its orbit as a cannon-ball would, be- 
sides the effect of the angular motion caused by its rotation, 
which will hereafter become an object of our consideration. 

§ 18. Before a system of the universe was formed capa- 
ble of representing all the appearances under one law, and 
rendering them calculable, the synodic revolutions which are 
given in Table L, line 1 1 , formed the principal, but irregular 
and uncertain, basis of the astronomy of the planetary mo- 
tions. They represent the approximate common divisors of 
the times of the revolutions of the several planets, and the 
time of the revolution of the earth : they therefore bring 
about a return of the same series of appearances. But it is 
evident, that if these had been exactly regular, they would 
have given an accurate system by themselves. Their 
great oscillations, and the impossibility of reducing them to 
accurate epochs, renders them useless in the present state of 
astronomy, and no more than objects of curiosity. 

^ 19. In this line has been placed, under the head of the 
earth, the duration of the mean solar year, which is the mean 
time of the return of the earth to the same position in relation 
to the sun, in like manner as the sidereal revolution presents 
the return of the earth to the same position in relation to the 
fixed stars. These two epochs, which are both called years, 
therefore differ from each other by the time which the earth 
employs to go through the part of its orbit comprehended 
between the point where it meets the same absolute point in 
the celestial sphere, to that where it meets the sun in the same 
position. As we have seen that the point from which we 
count the longitude of the celestial bodies, (namely, the equi- 
nox of the spring,) is affected by a certain motion, in an 
order inverse to the signs of the ecliptic ; so we may, and 
really do, form a third kind of year of the return of the 
earth to this point, which, by the newest determination, is 
365.242264 days, or S^5ds. bhrs. 48mtn. 51,656c., and is 
called the equinoctial or tropical year. 
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<^ 20. The magnitude of the distances of the planets from 
the sun or from each other^ convinces us of the futility of 
expressing them in the small lineal dimensions which we make 
use of on the earth, as leagues, miles, feet, kc. But another 
expression of them in lineal magnitudes of another kind ap- 
peared to me not to be uninteresting ; namely, that in dia- 
meters of the sun and the earth. These, as introduced in 
lines 19 and 20, may serve as a kind of comparison between 
the distances of the celestial bodies and their magnitudes 
themselves, and in this way lead to interesting reflections. 
These numbers show, that it is impossible to represent in 
the same scale at once^ both the sun, the planets, and their 
orbits, without exceeding the size admissible even in the 
largest atlas. For, giving to the sun only one-tenth of an 
inch as a diameter, the diameter of the orbit of Uranus would 
be about 35 feet, and the planets would still become micro- 
scopic magnitudes. Representing the earth under a diameter 
of one-tenth of an inch, that of the orbit of Uranus would be- 
come upwards of four thousand feet. In both cases the orbits 
of the satellites, and still more the magnitudes of the planets, 
would become indistinct. I have given in Plate IV. the pro- 
portional magnitudes of the sun and the planets, to give an idea 
of the preponderating magnitude of the sun as the central body 
of our system, which causes the great difference between the 
two above indications. These details belong to the indi- 
vidual description of the planets, which is naturally separated 
from the account of their revolutions round our central body, 
the sun. 

<^ 21. Considering the gradual increase of the distances 
of the planets from the sun, it is evident that for any different 
planet, different phenomena in all these movements must 
be the consequence, according to the situation pr rank 
and distance which it occupies in this system, and these 
will form what might be called the astronomy of appear- 
ances for each of the planets, according to the position it oc- 
cupies. The aspect of Plate L shows, for instance, that to 
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Mercury, so near to the sun, and therefore also never recedr 
ing far from the centre of the system, all the revolutions of 
(the planets must appear as if performed around him, and 
small as he is, he may with more right than the inhabitants of 
the earth formerly did, consider himself as the central body 
, — and it will be more difficult there to divest the inhabitant^ 
of this idea* If Uranus at the other extreme is, as it appear^ 
now to us, the last planet of our system, the more general- 
ized aspect which this planet enjoys, places it rather in the 
situation of a spectator of the motions of our system than as 
iB partaker of them. While viewed from Mercury, all the 
planets appear to pass rapidly from the direction towards the 
sun, losing themselves in its rays, to a direction diametrically 
opposite ; Uranus sees all the planets only more or less ra- 
pidly approaching to or receding from the sun, on each side 
of it. Mercury, as seen from Uranus, hardly deviates one 
degree from the sun ; and even Saturn, the farthest planeit 
within Uranus, does not deviate above thirty degrees in the 
extreme from the sun, emerging from its rays only little more 
jthan Mercury does to us, and far less than Venus. (See 
Table V.) It must be difficult there to distinguish the 
motions of ten planets, revolving \^thin the space of less thai^ 
^irty degrees on each side of the sun, under inclin;sitions of 
;their orbits apparently deviating so little from each other ii^ 
their plane, and the greatest number of them of so small di^r 
meter as to require optical means certainly superior to jour^ 
;to become visible, considering that the sun itself must appear 
there under an angle of no more than about 1 1-4 minute?. 
(See Table II. line 3.) 

For all the intermediate planets, these phenomena of ap* 
pearances are mixed. Habit has called that planet i^e^rfix 
to the sun than a certain other one, its inferior, and that far^ 
ther from the sun its superior one. ' The inferior planets^ (^s, 
for instance, Venus and Mercury in respect to the earth,) wiH 
appear to deviate from the sun on each side at an .^ngle e^^f 1 

to that which the radius of their orbit will subtend ^t any t|n^e 

3 ' '■ 
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from this planet. Thus, in table V. line 9, we find for Ve- 
nus and Mercury,, at their greatest distance from the sun, th^ 
angles 46*=^ 19' 40'' and 22° 46' 28^' which, as the title of 
the table indicates, is the mean angle of its greatest deviation 
or elongation from the sun In like manner, all the other 
planets will see those that are nearer to the sun than them- 
selves, at their greatest mean elongation or deviation, (the 
first being the usual astronomical term,) under the angles 
which are indicated for each of them in the table quoted > 
the first vertical column always presenting the planet observ- 
ing, and the horizontal line opposite giving the greatest angle 
of the planet observed on either side of the sun, at the greatest 
distance from the sun. 

§ 22. For the generality of the appearances of the pla- 
nets, viewed from any one of them, it will be observed that 
the distinction of superior or inferior is permanent, but for 
the four smaller planets of newest discovery, the mean 
elongation of which will be found to approach nearly to a 
right angle, it may happen that this property alternates be- 
tween them 5 so that they may become either inferior or su- 
perior, (or what is the same in relation to the sun, interior or 
exterior,) according to the place in their orbit in which they 
are at the time, and this phenomenon must be of peculiar in- 
terest on account of their small distance from each other at 
that moment. In general, we may easily see that the astro- 
nomy of these planets, in relation to each other, must present 
a considerable difference from ours. 

§ 23. If we suppose a plane perpendicular to the eclip- 
tic, passing through the sun and any one of the planets, and 
which therefore will always move with the planet, every other 
planet will pass such a plane twice in the course of its synodic 
revolution relative to this planet, namely, when the two pla- 
nets are on the same side of the sun, and again when they 
are on the opposite side of the sun, relative to each other; in 
these positions the observed planet is said to be in syzigy. The 
inspection of plate I. easily shows that from any planet what- 
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€ver any other planet may pass in a direction diametrically 
opposite on the other side of the sun, and this is called a su- 
perior passage. To an observer on earthy at least, these 
passages are always invisible, because the overpowering light 
of the sun deprives us of the sight of the planet. 

In respect to the passages happening on the same side of 
the sun with the observing planet, it is evident by inspection 
of Plate I. that a very essential difference must take place be- 
tween the passage of a planet nearer to the sun, that is, an 
inferior one, and the passage of a planet remoter from the 
sun — that is a superior one. These latter passages are called 
oppositions^ because the planet observed is in a position dia- 
metrically opposed to the sun, and these points serve in as- 
tronomy as fixed points of observation, because in them the 
earth, from which we observe, and the planet, correspond to 
the same longitude in the ecliptic, in their actual revolution, 
or as seen from the Sun. But the passage of an inferior 
planet between the observer and the sun, which constitutes 
a conjunction, furnishes the most instructive of these kind 
of phenomena, and therefore deserves our particular atten- 
tion, as relates to the two planets Venus and Mercury, which 
pass between the sun and the earth. They furnish us period- 
ically the interesting phenomenon of their apparent transit 
over the sun's disk, from which are derived some of the most 
important data of astronomy. 

§ 24. These transits of Mercury and Venus, particularly 
the latter, furnish us a scale of the dimensions of the solar sys- 
tem : by their means the angle subtended by the radius of 
the earth, as seen from the sun, called the horizontal paf allax 
of the sun, is determined : by this we are enabled to refer all 
the observations which we make on the surface of the earth 
to the dimensions or angles which they would present at the 
centre, and the proportion which we are thus enabled to form 
between the angles under which we see the diameter of the 
sun and that under which the diameter of the earth must ap- 
pear in the sun, compared to their distance, enables us de* 



30 PART i: 

termine the magnitude of the sun and all the planets^ in one 
and the same unit. 

The figures 1 and 2, of Plate V. may give an idea of such 
a transit. Fig. 1 shows the efiect of the relative position of 
the sun and the two planets upon the visual line from the 
earth to the sun, by which the inferior planet appears pro- 
jected upon the sun's disk, in the manner in which it is shown 
in figure 2. We have shown that the orbits of the planets 
are differently inclined to each other, and, from a compari- 
son of the sidereal revolutions with the synodic, we conclude 
that their combination must occasion the inferior conjunc- 
ions to happen in very difierent points of the orbits of Ve- 
nus or Mercury. It is evident that the conjunction must pass 
unnoticed when Venus in its orbit is in a greater apparent lati- 
tude than the semi-diameter of the sun, for then we shall lose 
isight of Venus as in a superior conjunction. The phenomenon 
bf an observable transit of Venus over the sun's disk is there- 
fore limited to such inferior conjunctions as happen in a suf- 
ficient proximity to one of the nodes of the orbit of Venus, 
so that the apparent deviation of Venus from the plane of the 
ecliptic, as seen from some one point upon the earth's surface 
may be less than the apparent semi-diameter of the sun, as is 
represented in fig. 2. This occurs only twice in each cen- 
tury: the two last passages took place in 1761 and 1769, 
They have been assiduously improved by astronomers for the 
advancement of the science. The two next following in the 
present century will take place the 8th December, 1874, and 
the 6th December, 1882. 

All the principles of reasoning and explanation used for 
Venus apply equally to Mercury, with the sole difference of 
their more frequent occurrence, as may be expected from the 
shorter synodic revolution of Mercury. They occur from 
13 to 14 limes in a century. The four last transits took place 
1799, 1802, 1815, and 1822; the four next following will 
take place on the 5th May, 1832, the 7th November, 1 835, the 
8th May, 1845, and the 9th November, 1848. 
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t 

From what has been said of the cdnjanctions and transits 
of Venus and Mercury, we may conclude the appearances 
which the earth itself must present to the planets remoter 
from the sun. In like manner, the appearances of the supe- 
rior planets presented to us are exactly of the same nature at 
those which the earth presents to Venus and Mercury. 
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CHAPTER III. 

Of the Satellites. 

^ 25. 'tm four largest of the planets' are accompanied 
in their revolutions by one or more smaller bodies, perform-^ 
ing revolutions around them in the same way that they them*- 
selves revolve around the sun. These bodies are called sa- 
tellites, or secondary planets, and in contradistinction, the 
planets heretofore treated of are called primary planets. 

They follow, in their revolutions around their primary, ex- 
actly the laws stated above for the revolution of these around 
the sun : the inclination of their orbits is likewise various, 
within small limits ; their smallness compared with the othet 
celestial bodies or primary planets, furnishes the greatest in- 
stance of the disturbing influence we have spoken of, and 
thus gives the astronomer means for the investigation of these 
disturbances. 

^ 26. Of these satellites the earth has one, namely, the 
moon, which by its proximity appears to us so conspicuous, 
Notwithstanding its comparative smallness, as to equal the 
apparent magnitude of the sun. But its defects in the great 
distinguishing properties of the sun, heat and light, did not 
long leave the attentive observer in doubt as to its second- 
i^y rank ; and its phases or apparent changes of form, aris- 
ing fronl its situation in respect to the sun, proved that 
all its light was borrowed from that body. As it perform^ 
nearly thirteen revolutions round the earth while the earth 
performs one around the sun, the simple feeling of propriety 
suggested tkt idea of its much grater proximity to the 
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earth. These revolutions Aimish us with the t3rpe mt the 
subdivision of time next in magnitude to the year, namely, 
the month or moon's revolutions. This is still used by many 
nations as a measure of time, though in a more perfect chro* 
nology, their duration has been made to vary from the actual 
revolution of the moon. 

^ 27. Jupiter has four such satellites, all probably ra- 
ther greater than our moon, though visible from the earth 
only by an eye armed with artificial optical powers : they 
were therefore entirely unknown before the discovery of the 
telescope. We find then here a complete system of celestial 
bodies, on a smaller scale, but similar to that of the primary 
planets.. Its distance from us prevents our observing the 
more minute consequences of the combination of their revo- 
lutions : those which we observe with advantage will be de- 
scribed in their proper place. 

^ 28. Saturn has seven satellites, which, to be visible to us at 
their great distance, can hardly be less than the moon ; but 
the nearer details of the phenomena they present have hitherto 
been imperceptible to us, and we even determine with difficulty 
the periods of their revolution. Their orbits have but a 
small inclination to each other. But this planet presents us 
with a phenomenon unique in our solar system ; namely, at 
the distance of little more than its diameter it is surrounded 
by two belts, detached from the planet, of considerable 
breadth, and proportionally small thickness, which lie in a 
plane little inclined to those of the satellites — the only exami^ 
pie of this form of matter in equilibrium in absolute space ; 
all the other celestial bodies and planets, primary or se- 
condary, presenting always a form approaching the sphev 
rical. 

^ 29. Uranus J the farthest primary planet, has also seven 
satellites, that present the singular peculiarity of revolving 
around their primary in orbits nearly at right angles to the 
orbit of the primary : this must be productive of appearan 
very different from those that are seen from any of the i 
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planets ; but to observe and to discover tbe motions of these 
satellites is as yet the privilege of those astronomers only, 
who are furnished with the greatest optical powers ; and 
our knowledge of them is far from being n^inute ^r prer 
IcijBe. 
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Of ihb Comets. 

^ 30. A LONG period of even advanced scientific improve- 
inent, elapsed before the comets could be proved to be other 
than accidental visitors, or even messengers of heaven with 
terrifying menaces from an irritated deity. All the great 
evils of humanity — war, persecutions, pestilence, be, were 
attributed to them; to avert which, but a few centuries 
since, public prayers were ordered by governments on tlieir 
appearance. From such fears the late discoveries of astro- 
nomy have forever and completely freed us. Hardly has 
such an unexpected visitor been visible for a few days before 
his path is determined : the theory of astronomy furnishes the 
laws which his motion follows, and a few observations give 
the numerical data whence to make an individual application 
to the case. 

Though none of them is visible to ms during its whole re* 

volution, owing to their physical constitution, which we can 

hardly yet venture to determine upon, the orbits of several 

of them are entirely known, and with sufficient accuracy to 

determine the epochs of theif return towards the Sun, when 

they become visible to us. So short even are the times of 

the revolution of some of them, and so fully inclosed are their 

orbits in the interior of the Solar System, that we could not 

refuse them planetary rank, notwithstanding their greater 

ellipticity, were it not for an evident difference in their phy« 

sical nature ; for, while the planets present solid spheric be 

dies of distinct magnitude, (Md of course opaque,) the oi 
4 
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tnets present an undetermined shape ; and fixed stars, whicii) 
by a planet's passage would have suffered occultation, have 
been seen through them. Some, indeed, have presented 
more or less of the appearance of a solid central part, deno- 
minated a nucleus ; but besides the rather nebulous and gra- 
dually shaded-out light of the other part, the distinction be- 
tween the two was never sufficiently precise to allow an ac-* 
curate measurement authorizing the admission of a solid 
body. 

^31. The number of comets that have been observed 
kni their orbits deterniined, amount to more than 150; and 
a number of them have been calculated many times ; but 
those whose return is known amount as yet to no more than 
six. In Table IV. only twelve have been collected, for 
some reason or other which the inspection of the table will 
easily show: they will, for instance, determine the limit 
within which comets have become visible to us. We observe 
that none has been seen, the perihelion of which wais not 
within the orbit of Jupiter ; the greatest number of them 
appear to pass, in the region of the Solar System be- 
tween Jupiter and Mars, where the small planets have been 
discovered, as will be seen in Plate I. The greatest part of 
the orbits of those whose period is best known, lies in this 
region ; but it is evident that, as we cannot see them unless 
nearer to us than Jupiter's orbit, an immense number of 
them may revolve beyond, as many of those that we see are 
so small, and often even difllcult to see, that in earlier times 
of astronomy they may have passed unnoticed. The large 
comets are often accompanied by one, or even two, luminous 
streaks, which are called tails. While the frightened imagi- 
nation of the gazers saw in this a sword, a bunch of rods, or 
9t) me other instrument of chastisement, it may be expected 
tliat the accurate observation of these unfortunate meteors 
was'^not considered of interest, and is therefore but coarsely 
indicated 5 besides this, it requires peculiar means, which 
were not at the disposal of ancient astronomy : the data of 
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eomets of those times are therefore scanty, as well in number 
as in accuracy. 

In Table IV. has been collected the best data of the or- 
bits of twelve of the most interesting, either because their rer 
turns are known, or for some other reasons stated, and the 
same have been Introduced in Plates L and II. The full enu- 
meration of all those whose orbits have been calculated, 
would be tedious and irrelevant : as the observations become 
more accurate, so we may hope to diminish their number by 
the discovery that some of the older orbits are repetitions of 
die new ones, which is naturally the manner in which these 
returns are best determined. 

^ 32. The first instance of success in predicting the return 
of a comet is due to the astronomer Halley, who, in 1705, 
comparing together the orbits of difierent comets, discovered 
that the elements of the comets of 1466, 1531, 1607, and 
1682, were so similar, that they might correspond to the 
same identical comet, and he predicted its return in 1758 or 
1759, giving its revolution a period of about seventy-six 
years — (less than that of Uranus, which, however, was not 
then discovered) — and therefore made this period appear to 
exceed the then known limits of the Solar System. 

The actual return of the comet to its perihelion the 12th 
March, 1759, confirmed the calculations of Halley, and con- 
stituted the first triumph of astronomy in this direction ; in 
consequence, its next return may be expected in the year 
1834 or 1835. The calculations of these large and very ec- 
centric orbits, and the' attractions under which the comets 
may come during their course by approaching the larger 
planets, the quantity of this eflect being only hypotheti'cally 
assignable, all concur to leave some uncertainty still in the 
accurate prediction of these returns ; within these limits the 
comets recorded under the years 1006, 1080, 1155, and 
1230, may even be referred to the same comet. In the better 
ascertained modern periods, we find that thirteen months 
faojre elfpsed between the passages of 1531 and 1607 tha^ 
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iMili¥«eii those of 1607 and 1682, and eighteeii months inof* 
between those of 1682 and 1759. 

After a long interval of time and much exertion on the 
part of astronomers* the next success was obtained by Olbers 
in the comet of 1815, for which he determined an ellipse of 
about seventy-two and a half years ; similar calculations dis^ 
covered for the comet of 1812 a period little differeoti namely, 
seventy and a half years. But the calculations of the orbits 
of the comets being now habitually done, upon supposition 
of their being ellipses, and even the perturbations of thmr 
routes, from their accidental proximity to the larger planets, 
being taken into consideration, we were soon able to deter- 
mine cometary orbits of very short duradon ; and the great 
accuracy of the observations upon which these elements coold 
b^ groundedi has enabled us to follow several of them in their 
returns with a precision that, but a short time since, miglbt 
have appeared almost unattainable, when we consider Ae 
short period of possible observations of this kind ; the great 
velocity of the apparent angular motions of the comets (wUch 
exceed by far those of the planets ;) and the incidental, varia-^ 
ble, and as yet not actually determinable, attractions to which 
they are subject in different parts of their course, and which 
make them appear under somewhat altered elements, at every 
re-appearance. 

^ 33. The elements, and the frequently observed return of ' 
the comet of November, 1805,render it peculiarly interesting; 
it proves itself to be the same as observed in 1786, 17&5,an4 
at different other times. Its revolution of only about 1213 
days ; the half greater axis of its orbit of only about 2^ times 
that of the Earth's orbit, with an inclination of only about 
l^i degrees to the ecliptic, assign to it a place completely 
planetary between Mars and the four smalier planets ^lat$ 
ditcovery, from which it is distinguishable only by its unde- 
termined disk. For the calculation of this orbit, it is evident 
that the same means of astronomy are to be employed ag fof 
planets ; for by its situation it is exposed to strong and varied 
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attractioiii» Since 1805, it has again been visible froiki the 
Earth in 1819-*23-~'25y and will be so in January \B29i M 
TiUBi«B IV. shows ; together with the changes of the ele- 
ments of the orbits in the different appearances. 

As the orbit of the comet of 1770 could not be repriBsented 
by a parabola, a mo^e that had been usual for the ease of cal- 
colatioQ, (because ellipses of very great eccentricities, as the 
orbits of the comets were always supposed to be, approach 
very near to their corresponding parabolas in the neighbour- 
hood of the perihelion,) the necessity of performing the cal- 
culation in an ellipse gave the first knowledge of comets of so 
short periods as in this case of about bj years ; an orbit almost 
entirely within that of Jupiter. And as it had at the same 
time been the nearest to the Earth of any comet, it became so 
much the more interesting. It appears that the attractions 
which this comet meets in its course, alter its elements so 
much as to render its discovery by them very difficult, or 
nearly impossible. 

Similar to the foregoing in its principal phepomena, is 
the comet of 19th March, 1826. The period of itsrevolu* 
tion, the places of its node and perihelion approaching to those 
of February, 1772, and December, 1805, they are considered 
the same, the orbit, though placed in a different direction 
from the foregoing, is very similar to it. 

^ 34. The most ancient comet on the records of astronomy 
dates in the year 240 of our era. Its observations are due 
to the Chinese, and are very rude ; the consequent elements 
cannot, therefore, be much relied upon. The comet of 1680 
has approached the nearest to the sun of all ; its orbit pro- 
jected upon the ecliptic as in Plate I., appears almost recti- 
lineal to and from the Sun, on account of the great angle 
of inclination of its orbit with the ecliptic, of near 50^. 

The largest comet yet observed was that of 1807. Still 

fthe diameter of its nucleus, as far as ascertainable, was not 

estimated at more than 1000 miles, while that of its nebu- 

osity was 26037 miles ; the volume of the nucleus therefore 

was only TtVa of that of the Earth. 
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• The hornet 'which hai been observed in the greatest angu- 
lar portion x^Ciu orbit is'ibat of 1811, which was seen to pau 
through 186 degre^ of its orbit in the proximity of the Earth. 
Of all the comets hitherto observed, the most remote 
fr#m the Sun in its perihelion is that of 1729. We might be 
Authorised to conclude from it, that all comets that may pass 
outside of the orbit of Jupiter, will most likely forever fe- 
main unknown to us; and the great number of them which we 
find within these limits, may apprise us how much there might 
still be left to discover in the more distant regions, if our 
optical powers enabled us to obtain an insight into their phcf- 
nomena^ 



PART 11. 



AFPEARANCES OF THE PLAXETARY MOTIOMSi 
TO A SPECTATOR ON THE EARTH. 



CHAPTER I. 

&eneral Piew of the Effect of the Eccentric Position u>f the 

Earth. 

§ 35. The general exposition of the movements of the 
planets, their satellites, and the comets, in a birds-eye view, as 
it may be termed, such as we have hitherto presented, pes* 
sesses great simplicity. One law, general and unique, pro- 
ducing a great and constant effect, and a combination of 
results, all. consequences of the same law, and the individual 
system upon which it acts. 

But the discovery of the order of this system, this admira- 
ble simplicity, producing these great effects, is the result of 
refiection-, calculation, observation, in short, of the applica- 
tion of the faculties of man, the inhabitant of one of the planets, 
partaking of this motion, and occupying an eccentric position; 
from this, as the appearances are different, he was com- 
pelled to elevate himself to this exalted imaginary station by 
the efforts of his genius, a result. as great as glorious for his 
intellectual fiu:ultie6. Replacing ourselves in this eccentric 
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station, we soon find how man prejudices dictated by bis 
semes lie had to lay aside, in orcer to arrive at the g^reat 
and general idea of a well organic ed system, which observa- 
tibn and calculation would present with equal accuracy. The 
more we enter into the detail^ th^ more complicated we find 
the appearances ; the more delusive ; the more distant from the 
principles exposed ; and thd greater the difficulty of reducing 
them to the simple truth or reality. What the senses appeaif 
to dictate to man to consider as the most immoveable, the 
Earthy upon which he sees all apparently at rest, was to be 
submitted to a combined double motion imperceptible to oui^ 
senses, yet of great velocity. And all this great apparent 
stability of the objects immediately surrounding us, was to be 
iascribed to their weight alone, and found to be a mere indi-< 
vidual effect of the same general law which directs all the 
motions of the heavenly bodies in the immensity of space. 

Our distance from the Sun is however so trifling in cem«* 
parison to the whole system, that our position is even .up&- 
vourable from the comparative smallness of the diameter of 
the Earth^s orbit, which must of course form the base upon 
which the measurement of these distances is grounded ; hence 
it becomes necf^ssary to proceed step by step in the inquityi 
by repeating the operations^ and making new combinationt| 
thus securing accuracy by frequent approximations. Thia 
has Actually been executed, by atieal for intellectual improve* 
in^t, to such an extent, that in passing by the invelrse method 
from the results back to the appearances from which they 
have been deduced^ we can proceed with ease and with cer* 
tainty, and arrive at a satisfactory explanation of all these 
appearances. This method we have pursued in the precede 
ing part, by a short exposition of the systematic results, from 
which ^e shall in this secodd part deduce the more detailed 
facts, that exhibit to us the explanation and the actual appear- 
ances^. 

^ iS6. The task before us, then, is the individual astronomy 
of our Earth; that is, the exposition of the appearances of 
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this system from the planet the third in rank of distance 
from the sun ; having, therefore, two planets performing their 
revolution within its own orbit, and all the other eight revolv- 
ing outside of its orbit, such as has in general terms been 
quoted in § 21 ; and in doing this we shall gradually penetrate 
further into the details of the general system. We shall have 
only two principal phenomena to describe, but with such va« 
nations in the numerical results as the peculiar circumstances 
of each planet dictate. These two phenomena are; first: the 
appearances of the planets which revolve around the sun 
toithin the orbit of the spectator, or of the inferior planeUy 
while the earth is itself also revolving around the sun ; and» 
second : the appearances of the planets revolving at a greater 
distance than the earth, that is, of the superior planets^ also 
combined with her motion in her own orbit. We shall there- 
fore follow each of the planets during the course of one of its 
synodic revolutionSj which, as we have shown, is the peiiod of 
return of the same appearances, so far as they are assignable 
approximately. 



r 
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CHAPTER 11. 



Apparent Revolutions of the Inferior Planets, 

^ 37. Let us pursue the appearances Mercury presents to 
us during one of his apparent or synodic revolutions. When 
he begins to become visible in the evening twilight, he ap- 
pears every subsequent evening farther from the setting sun, 
more elevated above the horizon, and remains longer visible, 
until he has reached a mean angular distance of about 22 j de« 
grees, as is indicated in Table V. for his greatest mean elon- 
gation, or apparent angular distance from the sun. During 
the time that Mercury appears thus receding from the sun^ he 
has been farther from us than the sun, and was performing a 
part of his revolution in his orbit on the side of the sun oppo- 
site to the earth, his course appears to us as it really is, in the 
order of the signs of the Zodiac ; it is therefore, as we have 
before explained, called direct. The different combinations of 
the<distances of the two planets, the Earth and Mercury, from 
the Sun, in consequence of the eccentricity of their orbits, 
and the resulting inequality of the radii vectores, may reduce 
this angle to 16^^, or bring it up to 29^. The velocity of the 
. daily motions of Mercury appear during this time always 
diminishing as he deviated more and more from the direc- 
tion of a perpendicular to the line of vision from the earth. 
In this point of greatest digression, the visual line from 
the Earth becoming a tangent to the orbit of Mercury^ this 
planet enters into the part of its orbit whose conve:s:ity is 
turned towards the earth, to which it now approaches gradu- 
ally by a motion which, as seen by us, is in the inverse order 
of the signs of the ecliptic, and is therefore cajled retrograde. 
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Shortly after this apparent change of direction, Mercury 
Bppears for a short time to remain stationary in respect to 
its revolution around the sun, because the combination of the 
movements of Mercury and the Earth in their orbits^ produces 
a compensation, which causes the direction in which the mo- 
tion of Mercury is observed from the Earth to remain paral- 
lel to itself, and therefore not to show any change in respect 
to the fixed stars, or the infinite distance to which they and 
the ecliptic are both referred. The apparent point of the 
orbit, and the time of the revolution in which this appearance 
takes place, are of course as variable as the greatest digres- 
sion ; the former varies between 15^ 23' and 18® 39' of ap- 
parent angular distance from the sun. From this stationary 
state Mercury, continuing his course, and apparently ap- 
proaching the sun, by the same apparent^ retrogade motion, 
becomes again invisible in consequence of its proximity to the 
sun, into which it appears to precipitate itself with an accele- 
rated motion ; for in this situation both approaching nearer 
the earth, and moving in a direction always more perpen- 
dicular to the visual line drawn from the earth to the sun, its 
apparent angular velocity increases, and becomes greatest 
while it is lost to us in the light of the sun, unless where it 
passes before his disk, as described § 23. 

After having remained invisible for some time> Mercury 
re-appears to us in the morning twilight, receding each morn- 
ing farther from the sun ; his disappearance to the naked eye, 
on account of the increased brightness of the sun's light, tak- 
ing place every day at a greater elevation above the horizon. 
The direction of his motion continues apparently retrograde, 
the velocity decreasing in consequence of the inclined direc- 
tion of the motion to the line of vision from the earth, until 
it again appears stationary at an angular distance on the 
western side of the sun about equal to that at which it was so 
before its passage before the sun : having soon after attained 
its greatest elongation on that side of the sun, the apparent 
course becomes again direct, and approaches the sun with an 
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accelerated motion, in proportion as the visual line becomes 
again more perpendicular to the orbit, until his apparent 
proximity to the sun renders him again invisible for a short 
tipe ; after which he becomes again visible in the eveningi to 
renew the series of successive phenomena which have been 
described^ within the limits, in time and apparent distance, that 
the combiaatipn of the momentaneous elements of Mercury 
and the Earth will occasion. 

^ 38. The length of such an apparent revolution, or $ynodie 
year of Mercury ^ is,. at a mean, 116 days. Mercury, tl^erefore, 
presents this succession of phenomena about three times every 
year ; this period, however, is subject to variation, as well as 
all the lesser phenomena it presents ; this variation lies within 
.the limits of 106 and 130 days. 

The length of time during which Mercury is invisible on 
account of his proximity to the sun, must evidently, in addition 
to all ^he before-mentioned circumstances, be dependant on 
the power of vision applied to observe it, and the clearness 
pfuMir atmosphere. It was therefore very difficult to deter- 
mine the true orbit of Mercury with any degree of accuracy, 
before the eye was armed with telescopes, which now permit 
us to observe him by day at no very great distance from the 
sun. 

The gradual approach and recession of Mercury during 
this revolution, is naturally accompanied by a proportional 
and successive increase and decrease of his apparent diameter ; 
for every object of a determined and constant magnitude 
always appears under an apparent angle greater in proportion 
as the distance is smaller. However, in this part of the work, 
we shall continue to leave the magnitudes of the planets, and 
all the consequences resulting from them, out of view,in order 
to exhibit more simply and briefly their apparent course, re- 
ferring all details to the third part, where it is intended to 
treat of each planet separately. 

§ 39. Venus, the second of the two planets that perform 
their revolutions between the Earth and the Sun, presents in 
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apparent revolutioni phenomena of the fame character at 
those described in the case of Mercury. They are, how 
ever, of more interest, on account of her greater proximity of 
the Earth in the order of the Solar System. 

A comparison of the times of the sidereal revolntiont of 
the Earth and Venus in the 6th line of Table L shows, that 
they are only about forty days different from each other. 
Their combination therefore presents a less frequent return of 
the same apparent positions in respect to the sun, which de- 
termine the synodic year. This is, at a mean rate, 584 daygf 
and therefore brings an approximate return of the same phe« 
nomena only about six times in eight terrestrial years. 

Following the apparent coune of Venui in the same man* 
ner as we have followed that of Mercury, from her first be- 
coming visible' in the evening on the disappearance of the 
Sun below the horizon, we see her daily remaining longer afi* 
ter sunset, and appearing higher above the liorizon, thereby 
pursuing her apparent course in the order of the signs of the 
ecliptic. As she recedes from the Sun, the velocity of her 
motion gradually lessens until she has attained the greatest 
eastern elongation, of (at a mean) 46^ 19' 49'''. This, in 
consequence of the different combinations of the situation 
of the Earth. and of Venus in their respective elliptic orbits, 
varies betwef^n 44^ 67' and 47^ 48'. 

From thence Yenus again appears approaching the Sub 
by a retrograde motion, toft having before been in the part 
of her orbit opposite to the Earth, and at the point of great* 
est <ligression, the visual line A*om the Earth having become 
a tangent to her path, she now continues her course on the 
same side of the Sun as the Earth, with increased velocity, in 
proportion both to. her increasing proximity to the Earth, and 
the direction of her motion, which is now nearer to a per- 
pendicular to the line of vision from the Earth to Venus, until 
her proximity to the Sun renders her again invisible to the 
naked eye. 

During aU this course, the brilliancy of Venus, which ren* 
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den ber of all stars the first visible at, or after, the setting of 
the Sun, has acquired for ber the appellation of the Evening 
oiarj from the most remote times. When, dm*ing this dis- 
appearance, the passage of Venus, between the Sun and the 
'Earth, takes place in a part of the orbit sufficiently near to 
thd nodes, the planet will be seen projected upon the disk of 
the Sun, and present what has been described above (^ 2 3) 
as a transit of Venus. This phenomenon, the peculiar pro- 
portion of the two Planets, Venus and the Earth, re-prodo- 
ces only twice each century ; in all other cases Venus re- 
msdns invisible during her inferior passage. 

^ 40. Some time after this transit, or conjunction, Venus 
re-appears again in the morning, preceding the Sun in the 
same manner as Mercury ; and shining with peculiar brillian- 
cy ; she is now called the Morning Star, and the continuance 
of her apparently retrograde motion occasions her to increase 
in distance from the Sun towards the west, to rise every 
mbming earlier before the Sun, therefore to be longer visible. 
Her velocity constantly increases until she reaches her great- 
est elongation. 

During her retrograde course Venus has been twice so si- 
tuated as to show no apparent motion in longitude, or been 
stationary, for the same reasons as Mercury presented that 
phenomenon in its apparent course. Those stations occur 
when Venus is seen, at a mean, about 28^ 51' on either side 
of the Sun. The time between the two stations is about 96 
days. 

After her greatest western elongation, Venus, entering the 
part of her orbit most remote from the Earth, again resumes 
a direct motion, increasing in velocity in the same manner as 
it had decreased from her first appearance ; appearing above 
the horizon every day later, and less high, she is lost sight of 
again on account of the proximity and the superior brilliancy 
of the Sun, during the time of her superior passage through 
the sizygy. After this she will again resume the same course 
of appearances or phenomena in her next synodic year. 
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^41. The similarity of the law under which these appear- 
ances of Venus and Mercury both recur, and the dependence 
of the phenomena upon the combination of similar chances, 
shews that they must be subject to similar variations, both 
in the angular magnitude under which each may appear, and 
the proportional time of appearsince, and its duration ; 
that therefore what was said in speaking of Mercury applies 
also to Venus, making due allowance for their different mag- 
nitude. 

Notwithstanding this approximation to regularity of ap« 
pearances, it is evident that no regular and constant motion 
could be formed of these appearances that could be referred 
to the Earth as a centre. For this reason, in all the systems 
that have been formed to explain the moveinents of the plan-' 
ets, there has always been this in common : that the Sun was 
taken for the centre of motion of these two inferior Planets, 
for no system has ever attempted to ascribe to any celestial 
body a mere oscillatory motion round any point whatever*. . 
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CHAPTER III. 



Apparent RtvoluHoruTof the Superior Planets. 

.^ 42. Iir passing from- the phenomena, presented by the 
revelations of the planets which are nearer to the Sun than 
the Earth, to those of the Planets more remote from that 
body, we are prepared to observe a great change in all the 
appearances. It is immediately evident, that the Earth, 
performing her revolution around the Sun, within the orbits of 
these planets, they will appear to us successively in all di- 
rections of the circumference of the circle around the Earth, 
or in every point of the ecliptic, (as would be the astronomi- 
cal expression.) Their apparent revolutions are subject to all 
the changes of direct and retrograde motions which have been 
observed in Venus and Mercury ; and so much the more, as 

■ 

they are distributed over the whole circumference of the cir- 
cle, as the position of the Earth, which constantly changes 
the point of vision, is in an orbit smaller than that of the far- 
ther planets and as the angle subtended by this orbit at the 
planet, the half of which is the greatest elongation, as shewn in 
Table V. is smaller. The discovery of the real revolutions of 
these exterior planets, from these appearances, was evidently to 
be made through that of the motion of the earth herself, and 
therefore required us to be freed from the prejudices arising 
from the apparent evidence of our senses « centuries of 
ignorance and subtle reasoning would rather give to all the 
celestial bodies, and the Sun itself, although admitted to be 
immensely greater than the earth, with the accompanying 
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planets, a daily rotation of inexplicable rapidity, than admit 
the simple and reasonable ftict, that we, with the earth, share 
in the general laws of the movements and revolutions of all. 
To account for the frequent alternation of the motions from 
direct to retrograde, and inversely, the exterior planets were 
sapposed to revolve in smaller circles, whose centres moved 
IB larger ones forming the orbits. To make all centre upon 
the Earth, to which the appearances always refused to con* 
form, the combinations were as varied as excuses invent- 
ed to avoid admitting a simple truth always are. As none 
of these revolutions present a regular return, and lead the 
planets in never re-entering spirals, the astronomers of those 
times were so much perplexed, that Riccioli, to maintain the 
rest of the Earth, in contradiction to evidence, and his own 
conviction, resorted to the subterfuge of giving to each planet 
a peculiar angel to guide its arbitrary course. 

§ 43. The first planet exterior to the Earth is Man, of 
which we have dready stated : that it furnished to the genius 
of Keptee the principal ground of the great discovery of the 
laws known by his name. To follow the appearances of Mars 
in the same manner as we have followed those of Mercury 
and Venus ; he begins to become visible in the evening after 
sunset, appears gradually leaving the neighbourhood of the 
sun, in a direct course towards the east, making every evening 
a longer stay above the horizon ; in this course he is first in the 
part of his orbit which lies on the opposite side of the Sun in 
relation to the situation of the Earth ; his apparent motion 
ttddng place at first in a direction nearly perpendicular to the 
tisual line from the Earth, and passing into a direction more 
inclined towards it, the apparent velocity is at first greater, 
and gradually diminishes, until Mars appears at an angular 
distance from the Sun of about 136°. At this angle he 
jftppears to have no motion in longitude, because this mo- 
tion then exactly corresponds to that of the earth in its 
Drbit, so as to render the visual lines parallel for a short 
toe. They therefore show no alteration at the infinite dii- 
6 
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tance to which the places of the celestial bodies are always 
referred. 

After this, Mars, being in such a situation in respect to the 
Earth that their distance diminishes at the same time that the 
line of vision becomes more perpendicular to the relatire 
motion, this last appears to increase rapidly, and being on 
the same side of the Sun with the Earth, he appears to moTe 
in the inverse order of the signs, or to be retregade. He 
passes in this course through the line, joining the Sun and 
the Earth directly opposite to the Sun, or 180° diderent in 
longitude ; while in this point of relative situation the Earth 
presents to an observer in Mars the appearance of an inferior 
transit, as has been described in the case of Mercury and 
Venus. Mars is to us what is called in opposition^ and in 
his greatest proximity to the earth ; his apparent angular ve- 
locity is therefore also greatest. 

From this point, as is evident from all that has been said 
before, the appearances return successively in an inverse 
order ; the apparent motion continues to be retrogade until 
he again reaches an angular distance of about 1 36° from the 
Sun, when Mars appears again stationary, having employed 
in this retrograde course about 73 days, and described an ap- 
parent angle of retrogradation in the ecliptic of only about 
16°. From this station Mars appears again to accelerate his 
approaches to the Sun in a direct motion, at a distance from 
the Earth always increasing, until, being in a position nearly 
opposite to the earth, on the other side of the Sun, he is lost 
again in the brightness of the Sun's light, and makes his pas^- 
sage of the superior syzigy unobservable with our present 
optical means. He becomes visible sooner or later after this, 
as the means of observing him are greater or less, and the 
series of the phenomena just described again recur. 

The variability of the proportion between the radii of tiie 
orbits of the Earth and Mars, and the changes of the places in 
which those different phenomena occur in each apparent 
revolution, or synodic year, occasion all the epochs of timei 
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mnd the angular distance frora the sun, in which they occur 
Co be variable within certain limits, and as the apparent relative 
orbits are also incommensurable in parts of the ecliptic, they 
occur in different parts of it, as well as in different parts of 
the orbits. 

§ 44. Next to Mars, as we proceed to a greater distance 
from the Sun, we meet the four smaller planets, Vesta j Juno, 
Ceres and Pallas. Their apparent motions, seen from the 
Earth, are of course subject to the same variations of direct, 
retrograde, and stationary, and are alternately accelerated and 
retarded, all in times and positions appropriate to the exist- 
iog ratio of the elements of their orbits to those of the 
£arth, and the ratios of their sideral revolutions. The ac- 
curate details of those appearances which in the ancient as- 
tronomy were of interest, are entirely devoid of it in the 
present state of the science; therefore their detailed epochs 
were not even calculated. They must be very much similar to 
those of Mars. Here they may be passed over entirely, on 
-account of the difficulty of ever seeing the planets them- 
selves, in common life without better optical means than are 
usually met with. 

The mean synodic year of Ceres is about 480 days, and 
from this the synodic years of the other three do not deviate 
much ; they are all within the limit of 470 and 490 days* 

These four planets are at distances from the Sun nearly 
equal, and at the same time the eccentricities of their orbits 
are so great, that they may alternately be each nearer to the 
Sun than the other ; that is become inferior and superior 
alternately, which must produce phenomena of peculiar 
interest. In Table V. only the mean distances have 
been regarded, and the elongations inserted rather to fill 
up the table than as of any real utility. Tbis cornplica- 
tion of appearances renders these planets somewhat difficult 
to be distinguished from each other, and requires considera- 
ble discrimination. This was particularly the case in the 
beginning, when it was difficult to find them on their re-ap- 
pearance after a superior transit. 
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§ 45. The changes of the appearances of Jupiter hare t 
shorter period than the preceding, and this must always be 
the case the farther a planet is from the Sun ; still however, 
their period can never become less than one of our yearfy 
just as we have seen that in the inferior planets the synotBc 
year was more than one of their sideral revolutions or years. 
One revolution of the Earth in its orbit being contained near* 
\y twelve times in a revolution of Jupiter, (see line 6 and 7 in 
Table I.) the synodic year of Jupiter is about 399 days. 
In consequence, the different appearances of this planet nft 
repeated about eleven times in one of the sideral revolutions^ 
Or years, of Jupiter ; but all the appearances cannot return iB 
cvQry year of the Earth, as they occupy somewhat more than 
thirteen months. 

When this planet begins to be visible in the evening after 
sun-set, and recedes from the Sun, being longer visible every 
successive evening, he is evidently in a part of his orbit oppo- 
site to the then situation of the Earth relatively to the San, 
liis motion is towards the east in the order of the signs, or 
direct. This direct motion continues until he has reached 
an apparent angular distance from the Sun of about 116t 
degrees, when he begins to retrace back a part of his course 
by a retrograde motion, resulting from the circumstance that 
the angular motion of the Earth is greater than that of Ju* 
piter, so that during about 121 days he describes an appa- 
rent retrogade arc, of only about 19° in longitude on thfe 
ecliptic ; the apparent motion then becomes again direct : 
in this course Jupiter is always approaching nearer towards 
the Earth ; this occasions an apparently accelerated velocity ; 
and by an alternating succession of direct and retrograde 
motions, the effect of the combination of the distances and 
position of Jupiter and the Earth to each other, Jupiter 
arrives at a position directly opposite to the Sun, or 180® 
different in longitude. In this place he is to us in opposition, 
while the Earth presents to an observer in Jupiter the phe- 
nomenon of a transit or a mere conjunction with the Sun. 
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From this point Jupiter proceeds in his apparent coane, 
mpproaching gradually towards the Sun on the opposite ridt 
from that on which he became first visible; the same 
phenomena succeed each other in an inverted order, by • 
{gradual diminution of velocity, and alternating retrograde mud 
direct motions, the same durations, angles, be. as before the 
opposition, so far, namely, as the different situations of the 
Earth and Jupiter within their respective orbits admit these 
equalities. Still, however, he can never appear from the 
Earth to return to the same apparent place which he once 
t>ccupied, and therefore never presents a regular re-entering 
course by his apparent motion, this being possible only by 
keeping an account of the effect of the motion of the Einh 
upon the appearances. 

We omit speaking in this part of the effect of the apparent 
inotiOns of the planets upon their satellites, it being more 
proper to treat of them in the 3d part, which is intended to 
•give the details relating to each planet individually. 

^ 46. The phenomena of the synodic revolution of Stf* 
turn are very similar to those of Jupiter. This period is about 
378 days. The sideral revolution of Saturn, containing 
about 29^ sideral revolutions of the Earth, the succes- 
sion of appearances which constitute this apparent year, are 
repeated about 28 times in one of the years of Saturn, and 
one of them requires only about 12 days more than one of 
our years. The apparent motion of Saturn becomes retro» 
grade when the planet is about 1 08 j^ degrees to the west of 
the Sun, in his first digression from it, and the last period of 
his retrogradation, after the opposition, occurs at the same dis- 
tance east of the Sun, when approaching towards it, present- 
ing the same approximate alternation of direct and retrograde 
motion before and after the opposition in inverted order ; the 
' arc of retrogradation apparently .described is in this planet 
6| degrees, and the time employed in these retrogradation 
varies between 135 and 139 days. 
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§ 47. Uranus, the planet of our system most remote fW>m 
the Sun, presents appearances very little different from those 
of Saturn, as they are consequences of the same principleSi 
as they present similar geometric figures, and as the very 
great distance of both planets from the Sun acts to diminish 
this difference. This planet becomes retrograde at an elonga- 
tion, or angular distance from the Sun, of about 103J° 
east of the Sun, and has finished his retrograding appear- 
ances after the opposition, when it appears again at about 
the same angular distance on the west side of the Sun, he 
4eBcribes an arc of retrogradation of between 3^ and 4 de- 
grees, in which he employs a time of between 150 and 153 
days. One of the sideral revolutions of Uranus being nearly 
84 years and one month of the Earth, the synodic revolu- 
iion resulting from this combination is about 369 days ; not 
more than from three to five days longer than our year, and 
recurring more than 83 times in one of the years of Uranus. 

This near coincidence between the synodic year of this 
planet and the sideral revolution of the earth, would have 
long kept astronomers in ignorance of the real course of 
Uranus, had not the fact of the revolution of the earth around 
the sun been admitted, even had it been possible that this body 
could have been discovered to be a planet, before the perfec- 
tion of the theories and methods that are now at the disposal 
of modern science ; by them it has been possible to trace 
back his steps to the observations made by several earlier 
astronomers, of stars then supposed fixed, and now entirely 
missing, with such certainty, as to make these observations 
subservient to the perfection of the elements of his orbit. 

§ 48. Such, then, are the appearances of the revolutions 
of the planets around the sun, when observed from the earth, 
being itself engaged in its allotted course in this system; 
and leaving out of consideration the effect of the inclination 
of their orbits to that of the earth, or the ecliptic, as we are 
more used to call it. This inclination occasions their devia- 
tion from this plane in a perpendicular direction on either 
side. If this effect is taken into consideration, there is in 
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fact no point in which a planet appears totally immoveable ; 
because the motion in latitude will still be apparent, even 
when no motion in longitude is perceptible, on account of its 
being compensated by a corresponding motion of the earth. 
Besides, as all these distinctions have tLeir origin in old sys- 
tems, derived from mere appearances, they are not suscepti- 
ble of great accuracy, and the modern state of the science has 
rendered them useless, and therefore .disregarded. 

§ 49. The apparent versatility of the motions of the plan- 
ets, joined to their superior and variable brilliancy, must 
naturally have struck every observer from the earliest epochs, 
and have excited the inquiry of the man of reflection. To 
bis curiosity we are indebted for the science that most ele- 
vates the human mind, and one of the njost useful in the ex- 
tent of its results. It is this that guides the mariner over the 
trackless ocean, facilitates and secures that exchange of en- 
joyments, which so eminently distinguishes the present epoch 
of human history. Thus the whole history of mankind shows : 
that whatever tends to satisfy a desire of the human intellect, 
to improve the faculties and extend the sphere of its views, 
can never fail of ameliorating the state of human society; al- 
though it is not to be expected that the first observers and 
recorders of these phenomena could foresee in the specula- 
tions of their imagination the great results which have been 
their consequence. 

This success is to be ascribed to the difference between 
astronomy and the other natural sciences ; its whole founda- 
tion is purely mathematical ; it is the strict mechanics of 
inanimate and inert matter ; the bodies and phenomena being 
given, calculation and geometry can render an account of 
them in full. We can construct a mechanical imitation of 
nature in her great Mechanics of the heavens^ while we cannot 
produce the smallest insect or plant of our own construction. 
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mOiriDUAL DESCRIPTION OF THE CELESTIAL 
BODIES COMPOSING OUR SOLAR SYSTEM. 



CHAPTER I. 



Of the Sun. 

^ 50. The two preceding parts have shown the proper 
revolutions of the celestial bodies of the solar system, and 
the appearances of their course as seen from the earth ; that 
is, as the results of our observations present them to us ; dis- 
regarding their figure, magnitude, and situation in respect 
to their orbits, we have been enabled to present these revo- 
lutions and appearances in a simpler and more concise man- 
ner. Our object must now be to describe them each indi- 
vidually, with its peculiarities, and what it has in common 
with the others ; their proportional magnitude^ their weight 
compared with each other, their form, and all the general 
properties which we are able to discover. 

The first general observation that presents itself is : that 
these bodies all approach to the spherical form, which, under 
the supposition of an attractive power acting equally in all 
directions from a given point upon matter endued with equal 
propensity to obey this attraction, we may, upon mathematical 
principles, determine to be the form that they necessarily as* 
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sume. In the same principles of universal gravitatioDi we 
shall even find the cause and the determination of their small 
deviation from ahsolute sphericity, and the consequence that 
must necessarily follow, it. 

§ 51. The central body of our system, the sun, deserves 
our first attention, both for its magnitude, and because it an- 
nounces itself immediately as the most important, from the 
preponderating influence which it exercises upon all the 
planets. 

Of the elliptic orbits in which the planets and comets re* 
volve, we have seen it to occupy a point common as a focus 
,to them all, and from this point we shall see that it is in equi- 
librio with the whole system. Its apparent diameter, as seen 
by us, always surpasses half a degree, while that of the largest 
planet, Jupiter, in its greatest proximity to the earth, is less 
than I of a minute. 

The Sun is the apparent source of light and heat, is un- 
changeable in appearance, and always equal. The influence 
which it exercises upon the greatest, as well as upon the 
smallest objects in nature, is superior to all other influences 
which can come under the observation of man ; directing the 
minute details of our life, as well as the greatest operations 
of nature on earth, constantly convincing us of our entire de- 
pendance on its presence or influence, and of its unrestrained 
rule over all we see ; it is not astonishing, nay it is natural, 
that it should have furnished an object of adoration in the in- 
fancy of mankind, before science had rendered abstract ideas 
familiar. True religion can derive support from accurate 
knowledge alone ; in its absence, and without the aid of 
science, idolatry, in one form or other, is unavoidable. 

The more changeable motions and appearances of the 
moon, its total incapacity to influence sensibly the heat, or to 
afl!ect any of the other more prominent phenomena of nature, 
have, notwithstanding the amenity of its variable light, and its 
apparent magnitude, never left the least doubt to an observing 
mind of its great inferiority in comparison to the sun* Ob-* 
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•ervers were not long in discovering that this light was only 
a reflection from the sun, and not proper to the moon ; the 
simplest comparison with surrounding objects gave the ex- 
planation : a tree illuminated on one side by the sun, appears 
so in a greater or less degree according to the place of the 
observer, and furnishes a parallel, as easy as satisfactory, to 
whjit is observed in respect of the moon ; for in a clear night 
we see not only its illuminated but also its dark part. The 
moon will therefore furnish us with a separate subject, to be 
treated in its proper place, and we only mention it here to 
state its exclusion from all comparison with the sun as to 
importance in our Solar System. 

^ 52. The revolution of the earth around the sun being 
performed in an ellipse, of which the sun occupies one of the 
foci, our distance from the sun varies within the limits of the 
whole distance of the two foci of this ellipse ; the sun, there- 
fore, also appears to us under a diameter, variable inversely 
with this change of distance. The greatest observed diame- 
ter of the sun is 32' 35" 5, or 1955" 5, and the smallest 31' 
31", or 1891" 5 the ratio of these apparent diameters is there- 
fore also the inverse ratio of the two corresponding distances 
of the earth at its greatest proximity, or in perihelion, and 
at its greatest distance, or in aphelion ;* for all interme- 
diate distances the apparent diameter of the sun is inversely 
proportional to the distance of the earth from the sun. 

^ 53. In comparing together the distances of the planets 
from the Sun, we took us our unit the distance of the Earth 
from the Sun. Now, to compare the magnitudes, diameters, 
and other dimensions or mechanical properties of the celestial 
bodies of our system, we take for the unit the diameter or 
other corresponding magnitude of the Earth ; this evidently 
directly answers the purposes of astronomy. The expres- 
sion of these in our small lineal or other ordhiary magnitudes, 



• The points of Perihelion and Aphelion^ when reduced, as usual for solar 
tables and various other uses, to the appearances from the earth, are called 
Perigee and Apogee. 
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is a matter of mere curiosity, in which light only we may 
consider the data of the 24th and 25th line of Table IL 
The bases of this determination are the results of the transit ' 
of Venus over the disk of the Sun, which furnishes the most 
accurate means of determining what is called the parallax 
of the Sun, that is the angle subtended by the radius of the 
Earth as seen from the centre of the Sun ; of this determi- 
nation, however, it is not our object to give more than the 
result. The angle subtended by the diameter of the Earth 
is, when smallest, 16'' 7, when largest, 17" 3; this is double 
th^e parallax of the Sun in its two extreme values. From it 
we obtain for the diameter of the Sun expressed in units of 
the Earth's diameter, 111,74; or the diameter of the sun is 
one hundred and eleven and about | (near 112) times as 
large as the diameter of the Earth. The inverse ratio of 
the angles under which the two celestial bodies appear to 
each other is the ratio of their magnitude. 

From this proportion between the diameters of the Earth 
and the Sun may be easily obtained the ratio of the surface 
of the Sun, equal to 12486 surfaces of the Earth, and its 
solid contents or volumes = 1395324,4 times the volume of 
the Earth. 

From this fundamental comparison of the diameters, are 
derived all the diameters of the other planets, by means of 
their distances, and the angles under which we see these di- 
ameters at their different distances, an enumeration of which 
is to be found in Table II. lines 6 and 7, with the surfaces 
and volumes, thence deduced, continued to line 11. It may 
easily be concluded, from the smallness of the parallax 
which forms the foundation of these calculations, as well as of 
the angles of the planets seen from the Earth, that these de- 
terminations require great nicety, and a gradual approximation 
to the truth, and that the same high degree of accuracy cannot 
be expected in them as in the determinations of the places 
of the planets in their orbits. 

§ 64. We observe in the different bodies that surround us, 
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tiiat their mechanical effects, or powers of attraction, do not 
foHow the exact ratio of their magnitudes. This mechanical 
effect, or gravitation, which we have seen to be the principle 
of all natural ibechanical effects, and a general property of all 
matter, we conclude, from the comparison of an observation 
of a mechanical effect upon this principle : that the body ex- 
erting a greater mechanical effect, under an equal volume with 
another contains more matter ; this quantity of matter, 
expressing the mechanical effect of the body, is what is called 
Us Mass ; the ratio of this mass to the volume is called its Den^ 
sity. The mass is therefore the product of the density of a 
certain kind of matter into its volume. 

As stated in the beginning, the celestial bodies act upon 
each other in their revolution in a ratio directly as their mas- 
ses, and inversely as the squares of the distances ; we find in 
this principle, and the determination of the diameters, and 
consequently, of the volumes of the planets, the means of de- 
termjning their masses, and consequently their densities, we 
thus in some measure absolutely weigh them, as we would 
cither masses or bodies aroutid us upon the earth. These 
results are given in the lines 12 to 15 of Table II. The 
mass of the sun is found to be 405871 times that of the 
earth ; but, in consequence of the much greater proportional 
volume, his density is no more than 0,2909 of that of the 
earth ; that is, the sun is not much more than about \ at 
dense as the earth, and its specific gravity is only a littlo 
more than water, or more nearly the same with that of re^ 
sinous substances, namely, 1,3716 : the specific gravity of 
water being 1, while that of the whole earth is 4,715, as as^ 
certained by the measurement of the mountain of Shehallion. 

This low density of the principal body of our system is a 
peculiar phenomenon which shews : that its great preponder-i 
ance must be due to the vastness of its comparative volume, 
and the consequent great quantity of the mass. Indeed, if 
we anticipate a little upon our future knowledge, by the 
mere assistance of the numbers contained in the tabub 
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comparing in line 20, Table I. under the moon, with line 7, 
Table IL under the Sun ; the distance of the moon from the 
earth being about thirty diameters of the earth, and the di- 
ameter of the Sun near 112 such diameters-; we see that 
the whole revolution of the moon around the Earth, or 
our own little secondary system, might move in the interior 
of the Sun, with great facility, and abundant room. This 
18 represented in a tangible manner in Plate III. where, in 
one figure, the semi-circumference of the Sun is represented 
compared with the orbit of the moon, and those of the satelf 
lites of Jupiter, and, in the other, with those of Saturn with 
its satellites, also compared with the Sun. 

The proportional apparent magnitudes, or what is usual- 
ly called the disks of the Sun and the planets, which are 
dependant on the diameters, are also represented In Plate 
IV. so as to shew the sum of all the diameters of the planets, 
compared with the diameter of the Sun, of which a part is 
represented upon the opposite part of the Radius. Summing 
up all the diameters of the planets, they form only about 0,26 
of the diameter of the Sun, that is, little more than the 
fourth part. Extending a similar comparison to the other 
comparative magnitudes ; the sum of the surfaces of all the 
planets is only j\ of the surface of the Sun ; the sum of all 
the Volumes, or bulks, only j^o of that of the Sun; and, 
finally, the mass of the Sun, notwithslanding its density is 
only about one-fourth of that of the earth, is equal to 786 
times the sum of the masses of all the planets and satellites, 
allowing each of these to have as much, or more mass 
than the moon. 

§ 55. Small portions of matter, near the surface of the 
planets and celestial bodies, must evidently, in consequence 
of the general law of gravity, be attracted towards them 
with a power that will be very nearly constant all over the 
surface of the same body ; at least no difference can be de^ 
tected by common observations ; this phenomenon is called 
the fall of heavy bodies^ because to the individual observer 



s. 
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the approach to the center of the planet appears as a fall^ 
this power will impress a certain velocity that is also con** 
stant, which it is usual to express by the space the heavy 
body will go through in the first second of the time of its 
fall. In line 21 of Table II. these heights of fall, upon the 
sun and the larger planets, are given as calculated from the 
fall observed upon the earth ; for it is evident that these are 
calculable, because they must be proportional to the mass 
and the distance, that is the semi-diameter, of each planet ; 
so, for instance, the table shows, that this fall being 16,089 
feet upon the earth, it must be 424,75 feet upon the surface 
of the sun, and so for the other planets, as indicated by the 
table. 

§56. Besides the phenomena of the r€t?oZwrion ©/"^Aa ceZw- 
iial bodies around a center of gravity common to two and mor$^ 
as we have seen in the first part, we find them all affected by 
a rotatory motion around an axis being one of the diameters 
of the body itself, which is inclined at a certain angle to the 
orbit of their revolution. This motion, like the first, is a 
"phenomenon given by nature, of which we have not to in- 
quire the cause, but to describe and investigate the effects. 

The time of one rotation of the sun around its axis is 25 
days and about 16 minutes. It takes place in the same di- 
rection as the revolutions of the planets around the sun, and 
we are authorised to conclude from it, that the same cause 
and the same law direct both motions. Notwithstanding the 
complete solidity which we might ascribe to the sun and the 
planets, we observe their form to yield to the peculiar force 
that results from this rotation, which is called the centrifugal 
force, in consequence of which the planets assume an elip- 
soidai form, proportional to the angular velocity o( this mo- 
tion, in such a manner, that the parts which are most remote 
from the axis of rotation fly off from it more than those nearer 
' to the same ; thence the parts about the two poles become 
flattened, and the parts about the equator elevated ; the pro- 
portional difference* between the polar and the equatorial 
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jdiameter, tberefrom resulting, is called the tUiftidiif of iIm 
i:elestial body. 

Id respect to the sun, we have to observe, in relaticm to thi^ 
effect : that if its great diameter tends to increase its centri* 
fugal force, its slow motion and small density both tend to 
diminish this effect. Indeed, the difference between the polar 
and equatorial diameter, which arises from this relation of the 
sun, is not observable to us ; for according to theory it would 
amount only to 0,026, or tIH part of a second in the arc, 
a quantity of such minuteness that we cannot expect to de- 
termine it. The plane of the solar equator is inclined to the 
plane of the earth's orbit, or the ecliptic, at an angle of 7^ 
19^'; the north pole of the axis being therefore inclined to the 
ecliptic 82° 40|', it lies in such a direction that its projection 
falls in the eighth degree of the sign Pisces, and the ascending 
node of the plane of the equator of the sun with the ecliptic 
lies in the longitude of about two signs and eight degrees. 

^ 57. These data, as well as the time of rotation of the iUOy 
are determined by the apparent motions of the spots which 
appear frequently upon the sun ; but as they are neither con- 
stant, nor even always exactly of the same form during a 
whole appearance, the results obtained do not possess all the 
desirable accuracy ; if these spots should be affected by a 
motion proper to themselves, they might evei) mislead of ; 
but it appears from all the circumstances, that although aco- 
dental, they are phenomena occurring upon the surface of 
the suu itself. These spots are commonly visible from 12 to 

13 days, and if their duration is sufficiently long for their re- 
appearance, they become again visible after the lapse of firom 

14 to 15 days. The period of the rotation of the sun above 
quoted is an inference from the observation of a great nom- 
ber of such phenomena, taking into account the part of the 
revolution of the earth in its orbit performed during that 
time. The longest period through which it has as yet been 
possible to observe a spot in its different appearances baf 
been about 70 days. Since the invention of the telescope 
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has furnished the means to make these kind of observationSy 
which were before impossible, a great number and great 
variety in them has been observed, for this appearance is very 
frequent. In 1611, almost all the year spots were seen upon 
the sun. Scheiner, who devoted great attention to this sub- 
ject, and has left a large folio volume of descriptions of 
them, saw as many as 50 spots dt once. From 1650 to 1670, 
no spots were seen ; while in 1785, 38 were seen at once, 
which were together equivalent in size to an eclipse of ^ of 
the sun's diameter. Of the physical nature of the spots we 
are entirely ignorant, therefore conjectures in respect to 
them are the more numerous : it appears needless here to 

relate any of them. 

^ 58. That property of the sun which is so essentially dis- 
tinctive from all the planets, namely : that he acts as the cause 
or source oCHeat and Light, has occasioned an idea that its con- 
stituent parts must be in their nature different from those of 
the earth or the planets, and its physical state of such a nature 
as not to admit of similar phenomena with them, or to permit 
the existence of animated creation upon its surface. Though 
it is evidently impossible, in principle, to decide by positive 
observations what may be the actual nature of the constituent 
parts of the sun, or the kind of animated beings to whose life 
it would be congenial ; still we have seen that the same law 
of universal gravitation, with all its consequences, equally 
governs the great motions of the celestial bodies in the im- 
mensity of space, and the minute phenomena which surround 
us upon the earth ; we may thence be allowed to enter upon 
the discussion of this subject by the aid of reasoning grounded 
upon the general principles of a sound philosophy, deduced 
from the phenomena which we observe around us. 

Thus, 1st : With the idea of matter, the idea of its absence 
or presence is inseparable, or speaking numerically, its zero 
must be ascertainable. But all matter with which we are 
acquainted is endowed with, or contains, heat, and only difler- 

ences of heat, not absolute quantities of it, are assignable ; 

8 
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exactly as we observe to be the case in gravitj ; upon exact 
and sound philosophical principles^ then, we may, nay must, 
nfuit to heat or caloric the denomination of matter. 

Sd^ If we admit heat to be material, we must ascribe to it 
the property of being subject to gravity, as this property is 
common to all matter ; this not being the case, recourse has 
been had to the term caloric, which is conceived to be an 
imponderable fluid, an idea composed of two things contra- 
dicting each other. Instead of this, we find heat in all the 
simple or compound bodies that come under our observation, 
in a quantity in some proportion to their mass or magnitude, 
though with variations in diflerent kinds of matter ; again en- 
tirely similar to what we see in gravity ; like this, therefore, 
we must admit Heat to be a Property of matter. 

3d. All bodies mutually communicate heat to each other 
within the sphere of their mutual influence, until an equi- 
librium is established between them, according to their re- 
spective capacities and powers ; in the same manner that we 
see universal gravitation governing the whole planetary sys- 
tem in one equilibrated motion. And this property of com- 
municating and absorbing heat is, under circumstances other- 
wise equal, and the same kinds of matter, either simple or 
compound, proportional to the quantity of it, in the same man- 
ner that we have seen gravity to act in proportion to the mass, 
and its capacity for gravitation, that is to say, the density. 

4th. To prevent the action of gravitation, or the commu- 
nication of heat, from affecting any particular mass or body, 
the effect must in both cases be equally absorbed, or what is 
the same thing, impeded, by a body receiving this effect in-? 
stead of the protected one. When we wish to produce heat 
in its highest degree, that is fire, by artificial means, .the 
operations are exactly analagous to the use we make of 
gravity in our mechanical constructions ^ as for instance, in 
the construction of clocks, by which the force and effect 
of this very gravitation is measured by an inverse process. 
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^ 59. These principles and considerations, extended in their 
application to the planets and the sun itself, present somt! 
general results, as to the physical constitution of the sun and 
the planets, which the observations confirm, as near as our 
present knowledge admits; as 1st: we obtain for the earth, 
as the sum of all matter composing it, a certain mean result 
of capacity and quantity of heat, as well as of matter itself, 
proportional to the quantity of this last, and the same roust 
be the case in every planet, and the sun itself, with modifi* 
cations only of the general law, as we observe on a small 
scale in the earth. 

2d. The preponderating mass of the sun, compared with 
that of all the planets taken together, is of itself sufficient to 
account for its pre-eminent property of containing, causing, 
and communicating heat ; otherwise we should be obliged to 
have recourse to the supposition of a peculiar kind of matter 
called Heat or FirCy and to conceive it to form the body of the 
8un, or even to emanate from it. Therefore an aggregate 
of different kinds of matter similar to that which we observe 
upon earth, or generally of the same nature as the planets, 
collected to that quantity, would of itself be sufficient to pro- 
duce the whole effect observed. 

3d. In all inanimate matter we find tlie density decreasing 
when the heat increases; the sun appears to give us the 
strongest example of all of the generality of this principle, in 
consequence of its presenting, with such a preponderance in 
volume and mass, a density of only about one-fourth of that 
of the earth. In the planets we likewise observe a diminution 
of density accompanying augmentation of mass, and volume. 

Though, therefore, the exact proportion in which the den- 
sity diminishes with the augmentation of the mass is not known, 
the fact in itself is constant. It might then, perhaps, be per- 
mitted us to reverse the whole of this reasoning, and from 
these great facts in nature, to deduce the proof that Heat i$ a 
Property of matter^ contained in it in a certain determinaU 
proportion to the mass. 
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4th. If we assume the temperature observed in mines as 
the temperature of the earth, to which it at least affords an 
approximation nearer than that observed in the atmosphere, 
and that the matter be similar in its nature through the whole 
system, we find in this constant relation of the temperature to 
the mass of the sun, a degree sufficiently high for the intense 
heat which we there observe, and for all its consequent effects; 
and therefore for its light ; for we know light to be in all 
bodies the result of a highly elevated temperature. The 
temperature of deep mines being about 56° of Fahrenheit's 
thermometer scale; that is about one-third of the scale of tern- 
|>erature between the freezing of water, at which vegetation 
is stopped, and the boiling point of water, at which animal 
and vegetable life are both destroyed. In the absence of an 
actual of heat, we may adopt this scale, although imaginary ; 
and by the direct simple ratio of the masses, we may con- 
clude a temperature of 135,000 times the extent of the whole 
tcale^ from the freezing to the boiling of water, while our 
observatious give for the temperature at which Ignition takes 
place on earth, 650° of the same scale, that is only 3^ times 
the same extent of the scale. 

5th. We also find, by the observations of the phenomena of 
heat on earth, that bodies absorb or retain heat in an inverse 
proportion to their density ; that is, tlie heat they contain 
becomes proportionally less sensible, as it is employed in 
maintaining the less dense state of the body, we therefore 
find in this a power capable of altering the effect of the heat 
that is sensible in the immediate vicinity of the body, whereby 
the sensible heat becomes different from that which would 
result from the general action of the same upon the two 
.effects above stated, namely, the density and the specific 
beat ; this appears analagous to the phenomena of gravity. 

The same principles we observe as we rise in our atmos- 
phere more distant from the solid part of the earth, which from 
its mass contains more heat, and from its density has a less 
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capacity, or absorbs less, the heat, the less do we find the 
influence of the sun or the earth, or the more the rarity of the 
atmosphere absorbs heat ; for the diminution of sensible heat 
is great and rapid in the higher regions of the atmosphere so 
that at a certain height above the^ level of the sea, the effect 
of the sun of one summer is insufficient to melt the ice of the 
preceding winter, while the lands nearer to the level of the 
sea .shore, or closer to the great mass of the earth, and in a 
denser atmosphere, are generally warmer. 

§ 60. From these data and reasoning, we may conceive 
that we have the satisfactory explanation not only of the heat 
(and even of the light) of the sun, but, at the same time, of 
the law of the mutual influence of the heavenly bodies upon 
each other, in respect to heat, which is to be stated thus ; 
namely : as in respect to Gravity so in respect to Heai^ 
different bodies, or portions of matter, act mutually upon each 
other in the direct ratio of their masses, and, inversely ^ as the 
^ square of the distances. The last part of this statement is the 
unavoidable mathematical consequence of all effects proceed* 
ing from a certain point as a center of action, and is there- 
fore a general law in this case, as well as in attraction, light, 
&c. &c. ' 

Though this is not a proper place to enter into the more 
minute consequences of this law in other branches of natural 
philosophy, it may, however, not be improper merely to state 
that the phenomena are in no way in contradiction with it ; 
thus, for instance in chemistry, the production of the great 
heat that often results from chemical mixtures, refers to 
cases where the denominator of the above ratio, that is the 
distance, may be considered as infinitely small, by which the 
value of the fraction is increased proportionally. The reflec- 
tion of heat takes place upon these principles in the same 
manner as in heavy bodies. It is not the body acted upon, 
but the mechanical law that determines the reflection ; in like 
manner, in heat, not the heat considered as matter, but its 
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effect, or law of comnmiiication with the matter acted npOQ 
by the heat, 18 the phenomenon offered in its reflection. 

^61. With Heat at a certain degree odntemity, which 
is here exactly analagous to Density in relation to matter, we 
always find light united, and following the same mechanical 
laws, though of course in different proportions in bodies 
of different nature ; adhering to the general phenomenon, we 
have found the heat of the sun, when assumed to be in the 
direct ratio of the mass, to exceed that of Incandescence or 
Fire about 200 times. We thus find no cause for our being 
astonished at the great light of the sun ; numerous phenomena 
on a small scale may be adduced in support of this ; the 
greater brilliancy of the larger planets, the masses of which 
we may on the same ground consider as more comparable 
with the sun than the smaller ones, is equally in support of 
these principles ; and, by this means, they approach to that 
degree of apparent light which is imparted to the smaller 
inferior planets, under the favour of their greater proximity 
to the sun, and which is reflected to us from a shorter dis- 
tance. 

^ 62. Seeking naturally in every celestial body for every 
one of the general phenomena which the earth presents to us, 
we expect also to find an atmosphere ; that is, to find them sur- 
rounded by a fluid of such tenuity as to admit the passage of 
light, and therefore be perceptible to our senses only by its 
mechanical effect. The general principles of attraction act- 
ing upon all matter in the determination of the location of the 
bodies around its centre, according to their specific gravity, 
has caused a very marked distinction between the solid body 
of the planets and their atmosphere, such as we observe on the 
earth. While the first appears steadily balanced by the pro- 
portion between the cohesion and the gravitation of the parts, 
the density of the atmosphere diminishes with the distance to a 
degree as yet unknown, but which is probably limited by the 
equilibrium between its weight, that is gravitation, and its 
elasticity. So we expect to find upon the sun, as well its in 
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every planet, a part analogous to our atmosphere in its gene* 
ral constitution and properties, but approportioned, in res** 
pect to quantity, to the mass of the sun or planet ; and, in res- 
pect to density, to the density of the mass of the sun or 
planet. The result in Table II. shows the density of the sun 
0,29 or not ^^ of that of the earth, and its specific gravity, 
under the supposition thi^t of the earth to be 4,7150 times that 
of water, will become, 1,37, or about similar to the resinous 
substances upon the earth. Atmospheric air having a specific 
gravity 0,0012 of the same scale, (or Whv of the water,) if 
we suppose the atmosphere of the sun of a density bearing the 
same ratio to that of its mass as that of the earth bears to its 
mass, we obtain for the density of the solar atmosphere, in the 
tame scale, 0,00035 nearly ; and, therefore, if of the same eleva- 
tion as our atmosphere, it would support a column of mercury 
of nearly 8| inches, in the barometer, when the atmosphere 
of the earth would support 30 inches. This small specific 
gravity of the atmosphere of the sun must, besides, be under 
the influence of the high temperature of the sun, and thereby 
sufier an expansion much greater than what we can form 
an idea of, by comparison with our atmosphere. By the 
reaction of this, according to the general principles observed 
on the earth, that matter absorbs so much the more heat as it b 
less dense, we must again conclude, that the greater heat of the 
solid mass of the sun will be so much less sensible, both by its 
own lesser density, and by the tenuity of its atmosphere ; as this 
has been proved to be the case in rising in the higher regions 
of our atmosphere. All these circumstances tend to a consi- 
derable equalization of the sensible Temperature or Heat upon 
die surface of the sun, to that of the earth, and probably even 
in the whole system in general. Thus, the question of the 
habitability of the sun and the planets fpr intellectual beings, 
is, by a simple consideration, brought within narrower limits 
than the knowledge possessed by an inhabitant of one part of 
the globe, in regard to the population of another, had attained 
but a few centuries since. Hence difierences in organiiatioii 



•64 PABT lU. 

may exist between them and as, hardly greater than between 
us and some of the higher classes of animals on earth. 

^ 63. If all these facts and their consequences have led nt 
to find around the sun an atmosphere of great tenuity, the 
magnitude of its volume and mass must again lead us to infer 
that it must have a great extent, and that it must obey the 
effect of the rotation of the sun in a greater degree, and therer 
fore show a great ellipticity. The denomination of Zodiacal 
light has been given to an appearance of a whitish lighti 
which is seen after sunset in the spring, or before the rising 
of the sun in the fall, in the form of a section of a lens, witliiii 
certain limits more or less inclined to the horizon, terminating 
almost in a point, at from 45° to 120° distance from it, and 
having evidently the sun in the middle of its broadest part, 
which is from 8° to 30° in breadth at the horizon ; the longeit 
axis of the eliptic or lenticular section is found to coincide with 
the equator of the sun ; it is transparent, for we see the start 
distinctly through it. The same causes which occasion the 
great light of the sun, give also to its atmosphere a greater light 
than ours, and, as we see every object only by the comparison 
with others, the greater light of the atmosphere of the sun be« 
comes apparent to us when we are outside of it. These cir- 
cumstances very soon caused the Zodiacal light to be consi- 
dered as the atmosphere of the sun, to which it was evident that 
it belonged ; the reasonings presented in the preceding sections, 
grounded upon the general principles of natural philosophy, 
as applied to the sun and the celestial bodies in general, all 
concur in confirming this explanation of the phenomenon ; 
and the general theoretical principles of celestial mechanics 
show that such a form and tenuity must be found in the at- 
mosphere of the sun. 

A comparison of the angle of its extent, measured irom 
the horizon at sunset, with the greatest elongation of Ve- 
nus as seen from the earth, shows that this atmosphere 
extends nearly to the orbit of Venus even in its smallest 
extent ^ and as it sometimes exceeds a right angle, we must 
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conclude that it may, under certain circumstances, exceed the 
distanoe of the orbit of the earth from the sun. The same 
teasons which have accounted for the great extent and tenui- 
ty of ihe solar atmosphere, evidently cause a great variability 
kl its extent, as we observe in the Zodiacal light ; because 
•every variation which the combination of the natural powers 
produces, has so much a greater effect, as the magnitude of 
the atmosphere is more extensive proportionably to its den* 
rity. And if such an extension occurs when the earth is 
ki' the protraction of the nodes of the equator of the sun with 
the ecliptic, and at the same time in the greatest proximity 
lo it, the earth falls itself within this atmosphere ; it becomes, 
tliierefore, invisible to us. The most favourable times for 
observing it are evidently when the earth in its orbit is at 
rig[ht angles to the nodes of the solar equator, which is when 
ft is in 5' 10°, that is, in the spring; then the Zodiacal light 
is best visible in the evening following the sun, and in 11' 
10% in the fall, when it precedes the rising of the sun. The 
variability of its extent and breadth is evidently a conse* 
quence of the position of the earth in its orbit in respect to 
the equator of the sun, and its nodes, and of the variability 
of jtbe physical state of this atmosphere itself. The mean 
fittent of this atmosphere is represented in Plate I. and U* 
by the dotted line which is seen in them. 
. ^64. Rays of light passing through air of different den- 
sity will deviate from a straight line, in such a manner as to 
bend towards the more dense medium, in a certain proportion 
10 the density of this medium. The atmosphere presents a 
medium regularly increasing in density from the higher re- 
gions to the surface of the earth ; it produces, therefore, the 
phenomena of a constant deviation of the rays of light, in a 
direction perpendicular to the horizon : this phenomenon is 
called Refraction J and the quantity of the angular deviation of 
the rays of light observed at the horizon is called the Horizon- 
tal Befraetion^ which is the greatest of all, because the passage 
9 
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ol the ray of light through ihe atmosphere is in that case the 
longest ; it amounts on earth to about thirty-^thret mimilet 
in the vertical arc. This angl^ of refraction is of count 
subject to variations proportional to the changes of density 
of the atmosphere ; of course principally to those indicated 
by the barometer and thermometer, augmenting with ihe ale* 
vation of the barometer, and diminishing with the aagmeiH 
tation of the degree of the thermometer. 

Furnished with this induction in respect to the nature lof 
an atmosphere, by observations upon our own. we aatuiiallj 
inquire also, in every other atmosphere, after the same fki^ 
nomenon. As we have found for the sun an atmosphere tup* 
porting only an elevatidn of the barometer of 8} inches, under 
the same height at whibh our terrestrial atmosphere would 
support thirty inches, and with a temperature so much dupe* 
rior to any that can take place upon earth, as to exceed near 
40,000 times the degree of incandescence, we see that the 
refraction of the solar atmosphere must be reduced to a^uan^ 
tity so minute, as to become imperceptible for our means of 
observation, as a simulated calculation, under the above sup* 
position, would easily show. We, therefore, cannot ascertuil 
the epstence, or any of the properties of the solar atflioi^ 
phere, by means of refraction, which is, what we might <Mi 
a fractional effect of it. '.' 

§ 65. Let us here anticipate for a moment the knowledge 
which we shall only derive from future inquiries into the 
individual nature of the planets. All planets unite to- tbenr 
revolution around the sun a rotatory motion around A&ti 
axes ; this last we have found in the sun. The prinelpfes of 
mechanics show this rotation to be a consequence of the revo* 
lution around a point of attraction ; we may be authorised to 
reverse this conclusion, and infer that the rotatory motion of 
the sun, indicates a revolution around a centre of attraction, 
accon^panied by all the planets which revolve around it, in 
the same way as the planets make their revolution around 
the sun accompanied by the satellites. After having seen, 
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by the size of the orbit of Uranus, the immense distance to 
which the attraction of the sun can extend, and, by the time of 
its revolution, compared with that of Mercury, or even of the 
satellites of the planets, the great diflerence of duration, which 
the epochs of the revolution of the celestial bodies present, 
we must ascribe to the orbit in which the sun revolves a 
diameter of such immensity, and a time of revolution of such 
a length, that the whole series of ages to \i^hich our history 
extends is too short a time to permit its progress to have been 
observed, or to enable us to deterro'ne its direction. From the 
comparison of the diameters of the orbits of satellites, hardly 
expressible in fractions of the diameters of the larger pla- 
netary orbits, and the times of their revolutions about their 
primaries, varying between 22 hours and 107 days, com- 
pared with the revolution of Uranus, of 84 years, we have 
an ample field for conjecture upon the next steps in the scale, 
from the dimensions and times observed in the solar system, to 
those in which the sun is itself acting only a secondary part^ 
Several astronomers have attempted to determine the direc-^ 
tion of this orbit of the sun, from what is now called the pro«« 
per motion of the fixed stars, for we must of course look for 
the effect of this motion in the appearances of objects external 
to the solar system, and we have learned by the inversion of the 
appearances of the planetary motions viewed from the earth 
to the motion of the earth itself, the happy result of such an 
inverse mode of proceeding in the investigation of astronomic 
truths. The direction of the motion of the sun in its orbit, 
since the time that more accurate observations can furnish 
data for conclusion, was thought by Herschel to be towards the 
star marked 6 in the constellation of Hercules ; but other 
astronomers found results contradictory to it, and found 
other directions probable. It is reserved for the future exer- 
tions of astronomers, for greater perfection in the means, and 
a longer period of accurate observations, to give to the science 
the data and the degree of elevation which will admit the dec 
^on of this and similar questions. 
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CHAPTER 11. 

Of the Planets between the Sun and the Earths 

§ 66. We are deprived of the advantage of observing 
Mercury^ the planet nearest to the sun, during so great a part 
of his revolution, by the superior brightness of the latter, that 
our knowledge of his individual nature is but scanty. His 
greatest apparent diameter is 11", 37, and his smallest 6", 3 
while the earth must appear to the observer in Mercury, in 
these same situations, respectively, under an angle of nearly 
28'' and 12'', 5 ; this, as has been before shown, is equal to 
twice the parallax of Mercury. Seen from the sun, whence 
it is distant only 42 solar diameters, it must appear under 
an angle of only 18", 38 at a mean, while the sun must appear 
to it under an angle of 1° 21' 28", or nearly three times as 
large as to us. The rotation of mercury upon his axis, has 
been determined to be 24* 5"* 20', and his elipticity -^^ 
part of the diameter, in consequence of his velocity of rota- 
tion ; but as he presents us no well determined point upon his 
surface, and his appearance may be considered as almost 
momentary, for an observation which requires so much mi- 
nuteness, (for the proximity of the sun makes detailed obser- 
vations of this planet impossible in the day time, with our 
optical powers,) these data cannot be obtained in a high 
degree of accuracy. 

The real diameter of Mercury, deducible from these data, is 
less than one-third of that of the earth, its surface only about 
one-seventh, and its volume only about aa ; comparing these 
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fractidnal quantities with their corresponding magnitudes in 
the sun, we obtain the minute fractions which are found in the 
column for Mercury, in the lines 6, 8, and 10 of Table IL 
The mass of this planet can be determined only by its influ- 
ence in the deviation of Venus and the earth from exact eliptic 
orbits, or what are called the perturbations, which are 
besides but small; as it has no satellite, the most direct road 
to this determination cannot be taken. This mass has- as 
yet been rather determined by supposition, directed in part by 
an observation of Laplace : that the density of the planets 
nearest to the sun is the greatest, and by a reasoning some- 
what analogous to that we have pursued, in relation . to the 
heat of the sun and planets, it is estimated at only about 
I of that of the earth, or TTr.TriTr.irTnr of the mass of the sun; it 
presents us, therefore, with a density nearly three times as 
great as that of the earth, or twelve times that of the sun, 
(as seen in Table IL) This density, acccompanying so 
small a diameter, occasions the fall of heavy bodies upon its 
surface to be even more rapid than upon the earth, for, from 
these data, it will amount to 17,77 feet in the first second of 
time. 

This great density of mercury would also lead us to infer 
an atmosphere of greater density and refractive power than 
that of the earth, but of small altitude, on account of the 
small mass of the planet ; the proximity and great light of 
the sun will not allow this point to be determined by obser- 
vation. 

§ 67. Mercury must present to the earth in his diflerent 
situations in his orbit, in respect to the place of the sun and 
that of the earth, in its own orbitj a variety of appearances ; 
these have relation to the part of the planet which we see 
illuminated, and that, which, being turned from the sun, 
escapes our distinct vision. These different appearances, 
form what is called the phases of a celestial body ; of this 
phenomenon we have the most striking instance in the phases 
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of the moon, but under different circumstances, as will bt 
shown in treating of the moon. While, in that case, the spec* 
tator is placed within tiie orbit of the body receiving its light 
from the one without it, the phases which the inferior planets 
present to us are such as are seen by a spectator outside of 
the orbit of the body revolving around the centre of light, as is 
represented in Plate V. fig. 1 ; in the instance both of Mer* 
<SBry and Venus, in their actual proportional distance compa* 
red with that of the earth, the phenomena are exactly similar 
with those of a round body turning around a light before 
the eye of an observer placed without the circle of its revo- 
lotion* 

If we consider a triangle to be formed between the Sun, 
the Earth, and Mercury, the angle of this last which we see 
illuminated, will always be equal to the sum of the angles 
at the sun and at the earth, in this triangle. We see Mercury 
* entirely full, only when he is directly behind the sun. When 
in such a situation that the angle at Mercury between the sun 
and earth is a right angle ; that is, in its greatest elongation 
or digression, we see it like what we call a half moon, and 
we of course lose sight of him entirely when he is in, or 
even only near, the line between the earth and sun, unless the 
respective position of the earth and Mercury, in relation to the 
nodes of their orbits be such as to occasion Mercury to 
appear projected upon the disk of the sun, which constitutes 
what we have already spoken of as a transit of Mercury. In 
this situation Mercury appears as a dark circular spot upon 
the sun, and therefore exhibits his full diameter. We have 
in this situation the only opportunity of determining his di- 
ameter with accuracy. 

^ 68. Venus, the second planet between the earth and the 
sun, and the nearest to us of all, is much more interesting to 
us than Mercury, for we can observe her easily, being less 
immersed in the light of the sun. The difference between 
the extremes of her apparent diameter, is of course so much 
the greater as her orbit i« greater, and her distance from us 
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Vmriet the whole of its diameter. When nearest toi us, udin 
the transit over the sun, Venus appears about six times largMT 
than when at the greatest distance on the other side of tht 
^un ; in this last case it appears to us under a diameter of 
only 9'-,6, while in the former it subtends an angle of a whblt 
minute within two«tenths of a second. At a distance eqiBial to 
that of the sun, k appears under an angle of Wfii vieiNAl 
from the sun, it must appear at a mean under an angle of 
82^ seconds, and the sun roust appear to it under a nedtt 
diameter of about 44i minutes. The angle which the ea^ 
subtends to an observer in Venus, corresponding to the tim 
extreme distances, the half of which forms for us the piaraHak 
of this planet, is, at her greatest proximity, 6r',4, andaufatt 
greatest distance only 10". The comparison of these teUdSve 
appearances shows Venus to have a magnitude not much daf« 
ferent from that of the earth. The result of observadoiw^ 
repeated, and made with great care, give for the actual lineal 
diameter of Venus 0,9593 of that of the earth, or takkig tfad 
sun as the unit, only the 0,0086 part of its diameter. The shim 
face and other dimensions, consequent and correspondifltg til 
this element, are recorded in their respective places in TabuIi 
II*, to which reference may be made. The inferior conjudoa 
tion of Venus must of course always be invisible to us^ Wn 
cause the planet presenting the dark side towards U8,isiiiviai4 
ble; the superior conjunction, where she is in full Uglily 
becomes visible only when the latitude is as much^ or mofio 
than one degree, as, by a greater proximity to the sdn, hii 
intense light prevents the planet from being visible. / - 
^ 69. The mass of Venus is to be determined principalis 
by the effect of the mutual attraction between her and- tbo 
earth, or their perturbations, the absence of a satellite d«<4' 
priving of the power of employing more direct atid* moim 
accurate means. By the latest calculations, it has hein 
assumed at 1,2118; this is about two-tenths^ more tbaik tiM| 
mass of the earth ; it had before been assumed at 0,d84S oi^ 
somewhat less than the mass of the earth ; both suppositions 
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gire the density of Venus greater than that of the eardi $ 
namely : the first, 1,48, and the latter, 1,3726 ; in like main 
B^r, also, we obtain for her specific gravity 6,472, or 6,615 ; 
these results, though apparently discordant, are, however, 
•nfflciently accurate to be used in the cases to which tliey 
are principally applied in astronomy, namely : to determine 
their effect in the perturbations* It has been attempted to de* 
termine the horizontal refraction of this planet by its efiect 
npoD the twilight, by which it was determined to be about ^ 
SOi' in the horizon ; but it is easy to perceive that this must 
rather be a minimum, because the exact line that separates 
light from darkness must escape the acuteness of observation 
at a distance equal to that of one planet from another. 

Spots discovered upon the disk of Venus have furnished the 
Mtfani of determining her rotation upon an axis inclined about 
U degrees to the plane of the orbit of the planet, and which 
h performed in the time of 23^21"* 19', or only 34| minutes 
lata than tlie rotation of the earth upon its axis. The result- 
ing eccentricity of -^i^ is also very near that of the earth ; and 
the fall of heavy bodies upon its surface must be 16,16 feet in 
the first second of time. Certain minute observations indi- 
eattt mountains upon Venus of more than 140000 feet high, or 
about i\x of the diameter, therefore much greater than are 
foiind upon the earth. Though the greater density of the 
planet might authorise the supposition that its parts would 
come together (or agglomerate) under greater irregularities 
than those of the earth, still, these observations, which are 
deduced from the length of the shadow of the mountains, (the 
direct measurement being too minute, if even possible,) are 
not entided to any high character for accuracy, as may well 
be imagined in a determination that depends upon such 
Minute observations. These kind of facts, therefore, are never 
advanced with a degree of confidence in any manner com* 
parable to that with which the revolutions of the planets in 
their orbits and the greater celestial phenomena are stated. 
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of {ate within small limits of variation, the most accurate 
results falling between 3 J^ and ^r^ of the diameter, though 
spuie results came as low as ^ or up to ■—, ^, according 
to the methods or places of observation made use of. The 
figure of the earth being necessarily the result of the equili- 
brium between the gravitation of the matter of the earth, 
8|pd the cohesion, or its resistance to a change of form, some 
inequalities naay be expected in the results deduced from the 
compeirison of different places upon the earth, which close 
iliquiries may discover. 

By rej^son of this elipticity, we find ourselves, on different 
points upon the surface of the earth, at different distances 
from the centre; we experience, therefore, in our move- 
ment upon the surface of the earth, in relation to the appear- 
#mces of the celestial phenomena that occur at a distance 
sufficiently small to make the difference between the diame- 
.(ers of the earth sensible, an effect exactly analogous to that 
which we have spoken of before, as arising from the circum- 
stance of the eliptic form of the orbit of the earth ; namely, 
those appearances will all be affected by an inequality within 
certain limits, proportionable to the difference of the radii 
of the earth ; this will be the most observable in all the phe- 
nomena which relate to the moon, our satellite, because it is 
the heavenly body nearest us. 

The specific gravity of the earth has been determined by 
ascertaining the deflection of a plumb line from the vertical, 
under the action of the attraction of a mountain, whose spe- 
cific gravity appeared to be capable of being ascertained. 

^ 72. The phenomena dependent on the rotation of the 
earth upon its axis are of the utmost importance to us ; the 
appearances of all objects situated without the earth are natu- 
rally affected by it, and we are by that rotation placed in the 
position of a man, who, in performing a walk around an 
extensive area, would constantly turn round upon himself. 
Py this compouQ4 movement, the whole spectacle of the uni- 
ii;f^^ appes^^s ^yery ^ny to circulate roupd the earth, in a 
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direction contrary to that which we have hitherto found 
common to al! the planets, and the gradual daily changes 
in the appearances, which result from the greater motions 
of the heavenly bodies, appear to assume proportionally a 
tninor importance. 

As the sun, around which the earth performs its revolution, 
must necessarily ^ppear^ to us at any time, in a direction 
diametrically opposite to that which would be assigned to 
the earth in the preceding description of the courses of the 
planets in their orbit, astronomical tables, keeping up the 
language of appearances, even after we are better informed, 
are calculated to represent this apparent motion of the sun. 

All the heavenly bodies appear daily to emerge from the 
eastern, and sink again from our view beneath the western 
horizon, after a shorter or longer stay. This we find variable,* 
according to their position in an arc supposed to be drawn 
perpendicular to this apparent course, and according to the 
place of the observer on the earth's surface ; the observer at 
the earth's equator will see all the heavenly bodies, without 
exception, performing these motions uniformly and regu- 
larly, in directions perpendicular to the horizon, because 
for him the axis of rotation lies in the horizon. The two 
opposite points of the axis of rotation thus perpendicular to 
the equator, form what are called the poles of the earth, as 
well when applied indiscriminately to the direction of this 
axis, as when applied individually to the points on the earth 
equi-distant from the equator on all sides. As the observer 
approaches more towards the one or the other pole, some of 
the stars near to the pole towards which he moves will remain 
above his horizon during the whole time of the revolution of 
the earth, or they will perform their whole revolution without 
setting to him ; while some of those that lie near the poles 
opposite, will disappear entirely, and therefore perform their 
revolution under his horizon : this disparity between the 
appearances of the celestial bodies, arising from their position 
in respect to the poles of the earth, will increase in proportion 
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as the observer approaches to the pole, in which, if it coald 
be attained, he would see only just half the spectacle of the 
be.avens. 

§ 73. The rotation of the earth upon its axis, in absolute 
space, or in relation to the infinite distance of the fixed stars, 
constitutes what is called in astronomy, the sideral day ; It is 
usually divided into twenty-four equal parts called sideral 
hours ; this simple statement shows that all the phenomena 
depending on the rotation of the earth upon its axis, and all mo- 
tions considered as parallel to it, or inquired into, in relation 
to this motion, that is parallel to the equator of the earth, will 
naturally be counted or measured by this astronomical time. 

But during the time of such a rotation of the earth upon its 
axis, absolutely speaking, it has also advanced in its orbit a 
certain determined distance ; and until a certain determined 
point of the surface of the earth has again arrived in the 
plane perpendicular to the daily motion, and passing through 
the sun, from which it had appeared to start the preceding 
day, a certain part of the revolution of the earth in its orbit 
must still be performed, which is again measured by the time 
employed in performing it ; this time is, at a mean rate, 3' 
66",555 ^f the same sideral lime. 

If, therefore, we adopt and divide the year as it appears to. 
us by the number of returns of the sun, during the time that 
the earth performs a whole revolution in its orbit, we obtain, 
omitting smaller changes, a mean solar year, and ^mean solar 
day, for each apparent return of the sun to the plane above 
mentioned, which is iailed the meridian of the place 5 such a 
Solar (lay is equal to 24* 3"* 66',555 sideral time. 

As all our occupations in life must be regulated by the pre- 
sence of the sun, the day, as commonly understood, is regu- 
lated by the time just mentioned, which constitutes what in 
astronomy is called a Mean solar day, and this is again divi- 
ded into twenty-four parts, or mean solar hours ; mean solar 
hours are therefore longer than sideral hours^ and a siderail 
day has only 5i3* 66"* 04',0907 of mean solar time. *' 
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By the law of the revolution of the planets in their elifi^ 
orbits^ ^j^plained in the beginning, we know that they dei-^ 
cribe sectors of tlieir orbit, the surfaces of which are equal ijfk 
equal times, or as it is usually expressed, proportional %p the 
time ; the distance of the earth from the sun being v^ria];!^^ 
this law of equal areas in equal times necessarily requ,ir^ 
that the arcs described in the equal times, be inversely ^f 
these radii, and consequently unequal ; therefor^ these su.Cn 
cessive returns of any one point of the surface of the f arit\ to 
the plane called the meridian, passing through the efir^V* 
centre this point and the sun, and perpendicular ^o \h^ ^qu%r; 
tor, must be unequal also. 

1 hese intervals between the acti^al pass.ag;e3 of \\i^, fim 
through the meridian, to use the ordinary language desciril^ 
tive of ihe appearances, are therefore unequal ; s^nd from thu 
results a third kind of time, namely, True time^ because it jn-. 
dicates the true position of the given point on the e^rth, in 
respect to the sun, which is the result of the observation of 
the sun; it is also called Apparent time^ and, i^ fact, with more 
propriety, because time being a measure of duratjqi;!^ which 
like all measures ought to be uniform, it follows that tl^e QiQ^t 
proper way of expressing this result of the unequal niotioa 
of the earth in its orbit, is to indicate for every day the mean 
time at which the sun will (apparently) pass the meridian } 
the difference between these two times is culled the Equation. 
of time. 

Either this Equation, or an indication of the Mean time of 
True mld'ftay, that is, the mean time of the passage of the sun 
through the meridian, are always given for each day of the 
>/ear in astronomical almanacs. The difference between true 
and mean solar time may amount to as much as IG'" 16% and 
the daily variation of this difference from one day to another 
may amount in the extreme to thirty seconds. 

These are the principles of the three kinds of time which 
it is necessary to use, according to the peculiar circumstances 
of the application. 
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tt will be tit otice seeti) that true solar time beiti^ ii'rcf^^a- 
lar, is not susceptible of being represented by a mech^tilcal 
Arrangement or machine, a Clock for instance, bf ^nch simpli- 
city as is desirable for a high degree Of accuracy ; only 
iideral and mean soldr time^ are therefore usually (Pointed dut 
by clocks ; the first is exclusively reserved fbr observatories, 
because; as We have above observed, it contains the ditebl 
ineasure of any ihovemeilt or arc ontheeqttktoh "' 

Mean solar time is often, and even generally, rtbre con- 
venient for an observer not stationary in the S^nii^ placed 
and ought to be in general the regulator of the PitbUc clock Sy, 
upon which the affairs of common intercourse and daily oc- 
cupations depend. 

'' § 74. The inclination of the plane of the equator of the 
^arth to the plane of the ecliptic, is, hi the ordinary language 
which represents mere appearances, called the obliquity oi* 
the ecliptic. At the beginning of the present century, this 
angle was 23° 27' 57". It is subject to periodical changes. 
Or o'scillations, which principally depend Updn the positidii 
of the orbit of the moon, with whose periodic ihotions t^eW 
changes correspond, and which lehve as a mean Constant re- 
sult, a diminution of 0", 52, or about half a Sec6nd' eacH 
year since the earliest astronomical records. I'he geheraJ 
tai^s of gravitation prove that this diminution will change 
ibto an augmentation — that it therefore is of ari oscillatory 
tiature ; but the period of this oscillation is of riiai^y thdusana 
years, and top long to be ascertainable from observations id 
the comparatively short time to which thosi^ that caii Se de- 
pended upon extend. 

It is evident that every point of the surface of the eartK 
must have a motion parallel to the equator, lii partatiing 
of the general daily rotation of the earth; a ntotion which 
the observer at that point refers back to the celestial bodies 
themselves, where it produces a new variety and arl additional 
complexity of the appearances under whic h the real nh)tio|is 
of the heavenly bodies must appear to the individual ob- 
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server. The apparent motion of the planets, as affected by the 
eccentric position and proper motion of the earth, by which 
they, appear to advance or retrograde ahernately, in planes 
differently, incl'^ned to the ecliptic, receive from it again a dif- 
ferent inclination of their apparent oscillatory course. The 
first general remark which might strike us as a consequence 
of this individual motion of the observer, is a geaeral inver- 
sion of all the. motions, by which they pass every twenty-four 
hours before the observer, in a direction and order the reverse 
of that in which they would really appear, if the earth had no 
rotation upon its axis. From ihis apparent effect, therefore, 
every observation is first to be freed, in order to determine die 
apparent position upon the supposition of the earth's being at 
re^i ; and from the eccentric position of this, its real position 
in its orbit is then to be deduced, as it refers to the sun as a 
central bo(l^'. 

§ 75. The near approach of the obliquity of the ecliptic 
to constancy, within the limits of the periodical QScillatioD 
above mentioned, indicates that the axis of the earth remains 
parallel to itself during the lime of the revolution of the 
earth around the sun — that, therefore, it is not essentially af- 
fected by this, revolution. In consequence of this circum^ 
stance, the plane of the equator must, in the course of the 
yearly revolution around the earth, present to the sun its two 
sides, with their corresponding poles alternately ; and there- 
fore pass twice through that position, where a line drawn 
to the siin lies in the protraction of this plane. This circum- 
stance is the. cause of the plienomena of the changes of the 
seasons, the variation in the length of the day, and the seve- 
ral consequences which affect what we might call the domes- 
tic concerns of our earth, considered as the habitation of men 
and animals, and the supporter of vegetation ; it thus gives rise 
to the most striking and most extensive subdivisions of the 
earth; as also to the principal great subdivisions of the year. 
Merely to state this will be sufficient here; a full description 
of the consequences may with more propriety be ^'^ferred tp 
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tfae more detailed account of tfae eartfa, to which we shall 
devote a separate chapter. 

§ 76. The Earthy considered as a planet^ presents an ex- 
ample of a system of celestial bodies revolving around their 
common centre of gravity, in the simplest possible form ; 
there being only two bodies concerned, namely, the Earth 
and its satellite, the Moon ; this satellite makes its revolution 
around the earth at a mean distance of about thirty diame- 
ters of the earth, and performs nearly thirteen revolutions 
around the earth during one single revolution of the earth in 
its own orbit. In this system, therefore, we have an opportu- 
nity of studying the principles, and shewing the effects of the 
mutual attraction of the celestial bodies in their simplest 
form. 

But although the case is the simplest, the proximity of the 
moon renders all the effects of their mutual attraction the 
most sensible to us, and we see, in the most distinct manner, 
all the individual influences which remain imperceptible to us 
in the more distant celestial bodies'. The moon is nearly, if 
not quite, the smallest of all the planets and satellites of our 
solar system ; still it appears to us under an apparent diameter 
equal to that of the sun itself; a circumstance which is pro- 
bably not the case with any of the satellites of the other 
planets; the influences it receives from the sun and the earth, 
bodies so vastly superior, occasion of course a combined va- 
riation of its course, so much greater and more sensible as 
they are exercised upon a smaller mass; and they" are observed 
by us under greater angles than any similar influence upcm 
other celestial bodies can present themselves to us; for astro- 
nomy presents us only angular distances ; these variations ac- 
quire, besides, an importance so much the greater as the mo- 
tion of the moon has a peculiar interest for us. 

Still more extensively important, though smaller in their 

angular magnitudes are the influences of the moon upon the 

position of the earth, which suffering small derangemenis, 

places it in a constantly changeable relation to all external 

11 
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objtetti which are for this reason affected by a variable, and 
in the sense in which all these changes are considered, oscil- 
latory motion, of which it becomes necessary to keep an 
account in the results of all observations. 

In this treatise no more can be done than to develope the 
principle of these influences from the primary idea of the law 
of attraction. A clear representation of what must be the 
consequence of it in the case, is all that can be done without 
mathematical investigations, which do not come within the 
limits of this work. 

§ 77. In the last column of Tables I. and II. are collect- 
ed the data relating to the Moon corresponding to those 
given of the planets ; without repeating them, we will only 
" make use of the principal results and their consequences. 

The orhit of the moon is elliptic, the earth approximately 
occupying one of the foci of the ellipse, so that its greatest 
distance, or the apogee, is 32,744 diameters of the earth, and 
the perigee, or nearest distance 27,958 diameters. We say 
approximately, because, by the principle of universal gravita- 
tion, any two celestial bodies revolving in connection under 
its influence, must perform revolutions around their common 
centre of gravity, proportional in magnitude inversely to their 
masses, so that the centre of any one of them could be the 
centre of motion of the other, only under the supposition of 
the other being infinitely small, a case only possible by 
mathematical supposition, and not to be met with exactly 
in material nature. 

The inclination of its orbit to the ecliptic was, about 5® 
08' 38" at the beginning of this century ; and this inclina^ 
tion combines with that of the equator of the earth, to the 
ecliptic, adds to, or subtracts from the apparent deviation of 
the sun from the equator, so as to produce a very variable 
apparent motion of the moon. This variation is so much the 
greater as the elements of the lunar orbit are all variable 
within short periods, which gives to the moon the appearance 
of a winding motion in relation to the two planes of the eclip- 
tic and the equator. 
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The perigee of the moon makes an entire revoludon of the 
whole orhit in 323 1| days. The nodes perform one com- 
plete revolution in about 6793,4 days. The variatiops of 
the latitude of the moon are of course affected by these 
changes, and they furnish a variety of points of comparison 
for the revolution of the moon in its orbit, according to the 
point to which the revolution is referred, either in its own 
orbit, in relation to the sun, or, absolutely speaking, in 
respect to the fixed stars or to our artificial division of the 
ecliptic. The following are the times in which each of these 
revolutions are performed at a mean rate, viz : 

dayt. 

The moon returns to the same JVWe in - - - - 27^12222 

** " " Apogee, or performs what is called 

an anomalistic revolution, in 27,5546 

Equinoctial point in - - • 27,321582 
" Sun apparently, or performs a synodic 

revolution, in - - • - 29,5306 

" Performs a revolution, absolutely speaking;, in - - 27,3216 

It is evident that these times must be affected by all the in- 
fluences of the mutual attractions of the sun, the earth, and 
the moon, the effects of which are variable. 

The apparent angular motion of the moon, in its orbit, is 
in a mean 13° 10' 35'' each day. It therefore presents to us the 
greatest angular motion of all celestial bodies, though it ha^, 
absolutely speaking, the smallest velocity, as may be seen by 
the comparison of the data of line 10, Table I. 

§ 78. This rapid change of appearances, and the various 
complication of the cases, rendered the most minute re- 
searches and most accurate observations necessary, before the 
place of the moon could be determined for a given time by 
previous calculation. Without a theory brought to a high 
degree of perfection, it was impossible to account for varia- 
tions so complicated as to approach almost to the arbitrary. 
To the high degree of interest, which the desire to overcome 
these difficulties must awake, was joined one closely con- 
nected with the wants, safety, and enjoyment of man. 
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We have already seen that time is measured by the 
rotation of the earth around its axis; in consequence of 
which, each point upon the surface of the earth will count 
different hours, or subdivisions of the day, at any abso- 
lute moment of time ; in counting from the moment when 
its own radius has been in the plane passing through the 
centres of the sun and the earth, and perpendicular to the 
equator. This we have seen to be the point of departure for 
the time of each place, or what is called in common language 
mid-day. We have also seen that all celestial motions, and 
consequently their differences, were measured by this unit (the 
day) and its subdivisions. The very sensible difference between 
the apparent angular velocity of the moon and those of the sun 
or planets, or its comparison with the position of the fixed stars, 
naturally suggested the idea : that, under the supposition of an 
accurate knowledge of the motion of the moon, the very time 
which would elapse between the passage of two places upon 
the surface of the earth through the plane passing through 
the centres of both, could be measured, if for a certain dis- 
tance of the moon from the sun or a fixed star, the times of 
these two places were known. The time of such distance 
denoting an absolute moment, the difference of time counted' 
at the two places, is of course equal to their different situation 
in the rotation of the earth, which is called their difference 
of meridian, or longitude. Or, inverting the case, if in two 
places, whose meridians are determined by fixed observatories, 
the transit of the moon through these meridians is observed, 
the differences of the places of the moon in its orbit, corres- 
ponding to these transits, will, by the present accuracy of our 
knowledge of the moon's motion, allow us to determine the 
time which the moon will employ to describe the intermedi- 
ate space, and this time will again be the difference of longi- 
tude of the two observatories. In this, consisted the solu- 
tion of the problem of longitude, as it is usually called, and 
which has been so extremely valuable for the security of 
navigation. In this case, therefore, the demands of ordinary 
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fife have subserved the interests of science, from which they 
have in return received a complete solution of the problem in 
question. 

§ 79. By the principles already quoted, the apparent dia- 
meter of the moon must necessarily undergo changes, in- 
versely proportioned to its distance from the earth 5 we find 
it therefore varying between 29' 30" and 33' 30", at its great- 
est and smallest distance from the earth ; these, by compari- 
son, wilt be found to be alternately more or less than the 
apparent diameter of the sun. From the same circumstance, 
also, the raidus of the earth must subtend an angle at the 
moon varying in correspondence with this distance 5 that is, 
the parallax of the moon must vary in a ratio inversely pro- 
portional to the distance, and it is found to vary between 61' 
26" and 63' 46". Both these elements are therefore chang- 
ing as rapidly as the other elements of the lunar motions, or 
appearances, and in astronomical calculations it becomes ne- 
cessary to pay regard to their existing temporary magnitude. 

For what relates to the mass of the moon, and the other 
data that depend upon it, the reader may consult the tables ; 
and it may be more proper here to treat of the principles and 
consequences of the mutual connections between the earth 
and the moon, which are extensive, important, and of gene- 
ral influence upon the individual astronomy of the earth. 

§ 80. The attraction of the moon upon the earth acts from 
an orbit having a position itself subject lo a rapid revolution, 
the inclination of which, towards the equator, is variable ; 
the earth, upon which this attraction is exercised, is not an 
exact sphere, but an ellipsoid, that is, flattened at the poles, 
and elevated at the equator ; it therefore presents to this at- 
traction what might be considered an overhanging mass, ex- 
posed more favourably to this attraction, and in a position 
variously inclined to the variable orbit of the moon ; the ef- 
fect of the attraction is therefore similar to the eflect of a 
weight attached to the outside of a sphere, in all directions 
successively, and always perpendicular to the plane upon 
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which it lies, tliat is to the planes of the equator. Hence is 
occasioned, in every position, a leaning of the axis towards 
the side of the weight, represented by these combined effects, 
by which the pole would describe a small circle in the 
course of a lunar revolution, considered circular. But 
the variable distance of the moon, and consequent propor- 
tional variation of the power of this attraction, acting, as 
we have seen in all cases, so as to produce an elliptic mo- 
tion, the axu of the earth actually describes a small ellipse^ 
changeable in consequence of, and in correspondence with, 
the change of position of the lunar orbit ; so that we find 
the position of even the axis of the earth is not constant or 
invariable. 

This motion of the axis is called the Lunar J^utaiion; the 
ellipse thus described by the pole has for its greater axis 
23",7263, and for the smaller axis, 9",643 of a great circle; 
the direction of these axes of the ellipse evidently follows the 
change of position of the orbit of the moon ; and as this 
motion is measured by, or the same as, that of the nodes, 
the position of the ascending node of the moon's orbit in the 
ecliptic, is the leading element by which the influence of the 
nutation is calculated for any given time or point of the ce- 
lestial sphere. Such an element of a variation is called, 
in astronomy, its argument. In this case, as in all others, 
we make use of a language conformable to the appearance 
produced by this motion, and transfer our own motion, by 
inversion, to the whole external spectacle of the heavens. 

§ 81. The principles here explained : shew that the incli- 
nation of the plane of the equator of the earth to the eclip- 
tic must subject the earth to a similar oscillation, arising 
from the attraction of the sun upon the prominent ellipsoidic 
parts of the earth's equator. This effect must, however, be 
a great deal less sensible, on account of the great distance of 
the sun occasioning the angle under which this influence is 
exercised to be very small. This effect is called the Solar 
NiUdtion ; the corresponding great and small axes of the el- 



CHAPTER III. 87 

lipse are only 0"fi and (y',4; the smallness of this effect ren* 
ders it sensil^Ie only in the direction perpendicular to the 
earth's orbit, that is in the latitudes ; or perpendicular to the 
equator, that is in the declinations ; the projection of it upon 
the planes of the ecliptic or the equator become too small to 
be perceptible to our means of observation, and are, there- 
fore, not taken into account. The epoch of the changes of 
these influences depends evidently on the position of the sua 
in respect to planes of the equator, hence the distance of the 
sun from the node of the equator, that is his longitude, forms 
what we have called in the preceding section, the argument 
of this solar nuiation. Of course, also, this small motion is 
transferred from^its reality to the apparent eflect which it pre- 
sents to us ; that is, we correct (as this is termed in astronomy) 
the position of all heavenly bodies for this effect, to register 
their position independently of the temporary inclination of 
the earth's axis, whether it arise from the solar or lunar nu* 
tation. 

§ 82. We are now prepared to find mutual influences com-^ 
bining to produce motions more complicated than were pre- 
sented at the first outset, though still consequences of the 
same law of universal gravitation. The connexion of the 
moon with the earth, in her revolution around the sun, is 
ihe cause that what we have said of the earth's orbit and 
revolution around the sun, does not properly refer to the 
earth's centre, but to the centre of gravity of the combined 
mass of the earth and the moon. 

By the principles of universal gravitation, these two bo- 
dies, and, in general, any two celestial bodies similarly con- 
nected, perform revolutions around their common centre of 
gravity in ellipses, the axes of which are inversely propor- 
tional to their masses, or directly, as the distances of their 
centre from the common centre of gravity. 

Thus, therefore, for this reason also, the earth performs 
her course in a kind of undulating and unequal manner, the 
effect of which will again fall upon the appearances of all 
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celestial bodies as seen from the earth, and occasion a cor« 
rection dependant on the position of the moon. This effect, 
joined to a similar one resulting from the planets, may oscil- 
late to 1" on each side ; therefore produce, in the whole, a 
differehce of about 2" in the latitude of the earth. 

The common center of gravity of the earth and moon lies 
within the earth ; this is likewise proved by the inequality 
which this produces in the revolution of the earth around the 
sun, the maximum of which is 7'',5^ while the parallax of the 
sun, that is the angle subtended by the radius of the earth 
at the sun, is 8",7, and therefore greater than this variation ; 
the earth is, therefore, from that cause, never in its extreme, 
displaced as much as the whole of its own radius. 

<§ 83. The moon being thus, as we may say, attached to 
the earth in its revolution around the sun, and this revolution 
itself being always influenced by the mutual action of uni- 
versal gravitation upon the united mass, must naturally be 
affected by the changeable position of that part of it - which 
constitutes what are called the Perturbations of the earth by 
the moon ; into the numerical details of these we do not in- 
tend to enter in this work ; they belong to a higher depart- 
ment of astronomy. The point from which the effects of 
these perturbations of the molions of the earth in its orbit by 
the influence of the moon, may most naturally be counted 
periodically; that is, what we have above called the argument 
of these perturbations, may most naturally be placed in one 
of the nodes of the moon's orbit with the ecliptic, as on this 
the situation of the lunar orbit depends; and by which, be- 
sides the place of the moon in its orbit, the situation of the 
line of attraction of the sun and the moon, in relation to each 
other, is determined. 

§ 84. Finding the influence of the moon upon the revolu- 
tion 'of the earth already so remarkable, notwithstanding the 
small mass of the moon, we are naturally prepared to see the 
effect of the sun upon the moon, in its revolution around the 
earth, so much greater, and so much more varied. Though 
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the moon, by performing its revolution around the earth, 
shews : that the preponderance of its attraction over that of the 
sun is due rather to its proximity than to its mass ; the sun, 
which exercises a far more preponderating power over so 
many planets, at so much greater distances, and of so much 
more mass, must exercise a decided influence upon all the 
details of the motion of the moon, in conformity to the gene- 
ral principles of attraction ; and all the effects must be so much 
the more sensible to us, as the moon is the celestial body nearest 
to us ; her movements, in consequence, subtend the greatest 
angles, proportionally to their real magnitude ; or, simply, 
the perturbations of the moon must be the greatest, and the 
most varied that we caa observe ; therefore, we observe even 
the changes of the elements of the orbit itself, produced by 
them, and the effect of the combinations of the situations, and 
the varied coincidence of the cases. 

Thus it happens, that, in the present highly advanced state 
of the science, the tables of the lunar motions require the 
application of thirty-six equations^ (as the results of these 
variations of the mean positions, on account of these various 
influences, are called in astronomy,) for the accurate deter- 
mination of the place in which we shall see the moon at a 
certain mpment, and from a certain point of the surface of 
the earth ; for it may easily be inferred from what has been 
stated : that, in this case, the local situation of the observer 
upon the surface of the earth, in comparison with the appear- 
ance that the phenomena relating to the moon would present 
from the centre, is also of greater apparent influence than we 
find in any other part of astronomy. 

The deduction of all these details upon mathematical prin- 
ciples, is evidently the task of a highly cultivated analysis ; 
and our task here can be no more than to show the funda- 
mental effects of the solar attraction from which they are 
derived. 

§ 85. The first and most remarkable effect of this attrac- 
tion of the sun, exerted from a point extraneous to the lunar 
12 
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orbit, will at once be perceived to be necessarily, a Variation 
of its distance from the earth; varying according as the moon, 
by its position in relation to the sun and the earth, is either 
under their combined attraction, or under the influence of only 
their diflference. The first must be the case when the moon 
is in a position directly opposite to the sun, when it receives 
the attraction of both from the same side ; or rather, is more 
abandoned to the attraction of the earth alone, and the dis- 
tance of the moon is thereby made smaller, under the modi- 
fication which we shall see hereafter ; the second takes place 
when the moon being, in relation to the earth, on the same 
side as the sun, therefore, between sun and earth, and the 
attraction of the two bodi^ acts in opposite direction; conse* 
quently, as the sun draws the moon away from the earth, its 
distance from the earth is augmented. This effect of the 
sun's attraction leading the moon entirely out of the course 
which it would otherwise take, is called the Evection^ the 
maximum of which is at present 1° 30' 29",9. 

It is, in general, evident that the gravity of the moon 
towards the earth is diminished by the effect of the sun's 
attraction ; in consequence of which the moon must describe 
around the earth an ellipse of greater dimensions than it 
would describe under the influence of the attraction of the 
earth alone ; this augmentation of the distance is 3 jj of the 
radius of the orbit ; so much, therefore, the gravitation of 
the moon towards the earth is diminished by the sun's attrac- 
tion. The angular velocity diminishes yi^, as the areas of 
the sectors must be the same for equal times in both orbits. 

In the two syzigies the gravitation of the moon towards 
the earth is diminished nearly in the proportion of the radius 
of the orbit of the moon to that of the orbit of the earth. 
When, on the contrary, the moon is seen in a direction at 
right angles with the sun, this diminution is about half of that 
in the syzigies. 

Between these extreme cases, all the intermediate changes, 
which correspond to intermediate positions of the moon, 
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in passing from the one to the other extreme, must evidently 
take place ; these depend, of course, upon the angle between 
the line of attraction of the sun and the radius of the moon'a 
orbit, which are moreover in different planes, and under a 
constantly varying inclination to each other. When these 
two lines are perpendicular to each other, this effect must 
vanish, and the same influence, which acted to prolong the 
radius of the moon's orbit, will, as we shall see, produce the 
maximum of an eflect of a different kind, in two points dia- 
metrically opposite to each other in the lunar orbit ; this will 
in its turn diminish when the evection augments; so that 
these two effects are always apparent, and combined in inverse 
ratio. 

§ 86. This second effect is called the Variation^ because 
it consists in a variation of the velocity of the motion of the 
moon in its orbit ; it is evident that when the radius of the 
moon's orbit is perpendicular to the line of attraction of the 
sun, the whole effect of the sun's attraction is exercised in the 
direction of a tangent to the orbit at that place ; it therefore 
acts entirely in acceleration or retardation of the moon's mo- 
tion in its orbit ; and this place of the moon's orbit is very 
near to that in which we see it at right angle with the sun, or 
what is called in quadrature^ because the radius of the orbit 
of the moon subtends at the sun, an angle always less than 
4i minutes, which, therefore, is the. utmost limit of the differ- 
X ence between these two angles. 

When the direction of the moon's motion is towards the 
surij that is, during her motion between full moon and new 
moon, the variation is in acceleration of the motion, because 
the attraction of the sun acts in coincidence with the proper 
motion of the moon ; when on the contrary the moon's mo- 
tion is apparently receding from the sun^ that is, from new 
moon to full moon, the attraction of the sun acting in an 
opposite direction to the moon's motion, will of course retard 
it. From this it is also easy to conclude that, as in the 
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aviiGti(m, the smmUett elect, or TamliiNi^ taket place ks tba 
imo points ot the orbk at right angles mth the greatest^ wbidi 
iSy m thb case, in the sysigies. , 

^ 87. Thete eftcts of the solar attraction are of course 
isAnenced, in regard to their niagiiitode, by the gteater or 
smaller distance of the earth fro» the saa; or what is die 
same thing, by the posicxMi of the earth in its orbit ; so that, 
to speak in general terms, the orbit of the moon becomee 
enlarged, m propordcm as the earth is nearer to the snn, ami 
contrtBicted ^gain when it is at a greater distance from it. 

With this change oi position of the system of the earth andl 
die moon, therefore^ all the quantities of these iniuencee 
change anew, so as to form what is calle,d the Annual eqim^ 
Hom of ike moon; these changes evidently keep pace with 
what in the potions of the earth, or, apparently speaking, in 
the solar tables, is called the Equaiion of ike cenirOj of which 
Tablv I. line 8, gives the mauma for all the planets. 

^ 88. Under the name of the Socular Variation of the 
moon, is comprehended in, astronomy, the final results of 
the general influence of the sun upon the moon, in conjunc-* 
tion with the secular variations of the exqentricity of the 
earth's orbit. This affects of course all the variations of 
any one of the elements of the orbit that have been men« 
tioued before ; it comprehends therefore, in some measare, 
the remaining total effect of them in a long period, reduced 
to their secular value, for more convenience. 

^ 89. Though the more minute details and complications 
of influence resulting from the principles stated before, are 
of the greatest interest in practical astronomy ; it may here 
suffice, to give only some general views, and make such 
remarks as may give the means of judging in relation to them 
with' more ease* 

It will be evident that all the variations and influences in 
the Perturbations of the moon, or of its orbit j will alternately 
act in augmentation or in diminution of the quantities to 
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which they are applied, or upon which they exercise ao 
influence; but they will ultimately produce a successive re- 
trogradation of the moon's orbit : that is, produce a motion 
of this orbit in the inverse order of the signs of the ecliptic. 
The changes of the inclination of this orbit will be oscilla- 
tory. 

The attraction of the earth by the sun is more than dou- 
ble that of the earth upon the moon ; if this were not so, 
the gravitation of the moon towards the earth, at the new 
moon, would be three times that which would otherwise take 
place between the moon and the earth alone; at the full moon^ 
on the contrary, this action is to augment the distance of the 
moon from the earth. 

The diminution of the moon's gravity in the syzigies 
being double of that in the quadratures, there is an excess of 
this efiect which produces an advance of the line of the 
apsides. 

In our times the moon's motion is accelerated ; this arisea 
from the action of the sun, under the secular variation of the 
excentricity of the earth's orbit; whilst the excentricity dimin*» 
ishes the acceleration will increase, and inversely. 

Even the ellipsoidic figure of the earth produces changes^ 
or variations, in the revolution of the moon, in consequence of 
the preponderating action of the mass at the equator above 
the sphere, whose radius is the polar axis ; these being deter- 
mined both by theory and by observation, give a means' 
whence to deduce the ellipticity of the earth itself ; for thia 
they give ^ttV,? and ^zhirg by two different equations^ in neaJr 
coincidence with the results of actual measurements on the 
earth, when these results are combined so as to give the least 
possible difference ; and this determination presents the result 
of the general effect of the figure of the earth, without any 
influence of the local inequalities which may exist in the figure 
of the earth. 

^ 90. Taking into general consideration the* effects of all 
these combined influences it is clear : that they must depend 
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essentially upon three variable circumstances, or elements, 
and their combinations, namely : 

1st. The distance of the sun from the earth. 

2d. The distance of the moon from the earth. 

3d. The position or inclination of the line of the attracUon 
of the sun to the orbit of the moon. 

All these are variable, and their variations, together witb 
the reciprocal influences of those variations themselves, are 
combined in every possible manner, within certain limits; pro- 
ducing alternately the greatest or smallest effect in the place 
of the moon, and ultimately a joint effect upon the motion 
of the moon's orbit in general ; and this itself is subject to 
oscillations. 

Thus, for instance : the combination of the elements which 
will produce the greatest effect in extending the radius of the 
orbit, or the evection, will take place when in an inferior con- 
junction of the moon, that is, at New moon ; the node of the 
moon's orbit, and the apogee of the moon's orbit, are also in 
the same place, and the moon has no latitude, or is also in her 
node with the ecliptic ; for then, being in the most remote pos- 
sible position from the earth towards the sun, and the action 
of the latter the most direct, it is the most exposed to its in- 
fluence ; and the effect is exercised without diminution in the 
direction of the produced line of the radius of the moon's 
orbit. So far as this effect is concerned, the smallest radius 
would take place under the combination of the following cir- 
cumstances : the moon in opposition or full ; her latitude 0° ; 
and the perigee and the node in the same point; all these 
would, however, be modified by the position of the earth in 
its orbit, and the moon would be in the nearest possible posi- 
tion to the earth, when, in addition to the foregoing circum- 
stances, the distance of the sun and earth is greatest, or the 
sun in apogee. From these extreme cases to the zero of this 
effect, which, as stated, takes place near the quadratures or 
quarters of the moon, under the complete combination of all 
circumstances, it is hardly necessary to say that the combi- 
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UHtions of the temporary effects, which determine any inter- 
mediate situation, are varied in a very great degree. 

§ 91. Such would be the result of these different effects, if 
their causes were to produce them instantaneously; but the 
maxima or minima and the gradual increase or decrease of all 
these effects, as to their appearance, depend on a succession 
of continued actions of the attraction, which need time to 
reach their accumulated and full effect, and to become appa- 
rent to us ; therefore, all the phenomena, as above stated, cor- 
respond, when observed, to places and times different, and 
retarded, from those stated, as their mathematical point of 
action ; and for this retardation it again becomes necessary to 
account in the calculations of the places of the moon, for any 
given moment. 

'^ 92. We have seen in speaking of the planets, and the 
figures representing their orbits show : that to determine the 
place of a celestial body, it is necessary to refer this position 
to certain determined points in the circumferences of two 
great circles, or planes, perpendicular to each other, for 
which the plane of the ecliptic, and the plane perpendicular 
to the same, passing through the celestial body itself are 
selected. The effect of all these influences is therefore to be 
considered in the same manner, and reduced to that which 
they represent in these two planes, or what is called in longi- 
tude on the ecliptic, and in latitude perpendicular to the 
same. Under the varied inclinations which both the orbit of 
the moon, and the direction of the sun's attraction have to 
these planes, the reduction to them again occasions new com- 
plications ; still, it is in this form that they are all recorded 
and treated of in the tables of the moon's motions. 

^93. The proximity in which the moon presents to us all 
these varied effects of universal gravitation reciprocally cros- 
sing each other in their periods, and influencing each other in 
various ways, renders them greater and more obvious to ob- 
servation than the corresponding effects in any other part of 
our solar system ; they arei therefore, more difficult to deve- 
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lope from each otber^ to submit to regular calculation. At 
the same time they furnish the means to perfect the theory of 
this mutual influence of the celestial bodies on each other's 
motions ; and from unaccountably irregular, as the motions 
of the moon appeared to the earlier astronomers, the present 
advanced state of the science, with the assistance of a highly 
cultivated mathematical analysis, have brought the results 
of the theory and the observations to a highly satisfactory 
coincidence, and derived from it great results, not only for 
theoretical science, but for the important solution of the prob- 
lem of determining the position of places upon the earth in 
respect to longitude, the solution of which, was wanted in 
order to determine precisely the position of places on the 
globe, for which the latitude alone is insufficient. 

From this same proximity and the apparent magnitude of 
the perturbations in the moon's motion, it necessarily arises 
that her apparent diameter is so sensibly affected as to 
require their influence to be taken into account ; and this is 
still more necessary in the case of the lunar parallax ; for this 
last is much greater, inasmuch as it is equal to the semi- 
diameter of the earth, as seen from the moon, which is 
nearly one degree. It is evident that this latter quantity must 
even be difierent for difierent radii of the earth, which decrease 
from the equator to the pole. We shall see this more clearly 
in its place, but we may be aware of it from the fact already 
stated that the earth is an ellipsoid and not a sphere. 

§ 94. We have seen that the sun is the origin of all the 
perturbations of the moon above enumerated ; and from this 
arises the necessity, when it is desired to determine the place 
of the moon, to determine previously the apparent place of the 
sun with accuracy, in order to obtain the elements of the 
changes of the moon, which will correspond to that situation. 

^ 95. Since the theory of the moon's motion has been ren- 
dered more perfect, and the knowledge of her position has 
become in some measure a daily want, not only in science, 
but in the practice of navigation and geography, her posi- 
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tioD, the temporary rates of her motion, her diameter pan4« 
lax, &c. are marked in astronomical ephemerides, at iutervals 
not greater than three hours distant from each other ; not 
only these but even her direct distance from the sun and seve- 
ral well determined fixed stars, are given at the same inter- 
vals of time, for the immediate use of the navigator, &c. 

^ 96. A remarkable diflerence between the planets and the 
satellites lies in this circumstance: that, while the former 
l|i^ve all a rotation around an axis within themselves, indepen- 
dent, and, as far as we can yet see, not proportioned to the 
time of the revolution of the planet, we find on the contrary 
that the moon turns always the same side towards the earth* 
From this it arises that the duration of a day and night upon the 
moon, as dependant upon its rotation, and consequently also 
the position of the sun and that of the earth, for any particu- 
lar point of the moon, is confounded with the synodic revolu- 
tion of the moon ; that is, they are of the same duration ; anfl 
to speak the same' language as we would apply to the earth, 
the year and the day are of the same duration in the moon* 

Another result of this circumstance is, that the same hem- 
isphere of the moon is always turned towards the earth ; it is 
in fact well known that we always see the same configuratiop 
upon its surface, under equal quantities of illumination, but 
within the limits of certain small oscillations which will be men- 
tioned hereafter. As a consequence of this, we find, from the 
principles of attraction, that the moon must be of an ellip- 
goidal, or rather oval form, elongated in the direction of the 
earth. And if, from the small density of the moon, we should 
allow ourselves to ascribe to it a capability of yielding to t 
variation of this attraction, we might conclude a variability 
of the shape of the moon, according to its position in relation 
to the sun and the earth, on account of the unequal effect of 
the attraction upon the two hemispheres; of this, however, we 
have, or perhaps can have, no indication from observation, 
jind this phenomenon must remain invisible to us, because we 
13 
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always see the projection of the great circle perpendicular to 
this elongation. 

For the same reason, also, the earth is only visible to one 
half of the moon ; the effect of which must make a great 
difference between the two hemispheres of the moon, as the 
part turned from us must be forever deprived of the reflected 
light of the earth ; and, therefore, of any relief of the dark- 
ness of its long night, by a phenomenon similar to our mooo- 
light, but much superior in magnitude and probable effect ; 
while the part turned towards the earth has a regular, suc- 
cessive, and proportional exchange, between the direct Ugfat 
of the sun and the reflected light of the earth. 

§ 97. The moon being by far the nearest to us of all ce- 
lestial bodies, increased optical means have enabled us to 
observe the surface turned towards us, with great minuteness ; 
we have as yet, however, derived from this contemplation 
rather food for the imagination, than any actual and precise 
knowledge of facts, in respect to the details of its physical 
constitution. 

We see upon the moon's surface what we call spots ; that is, 
parts reflecting less light than others ; and these differences 
of light seem to be constant in their form, and without per- 
ceptible variation in their light. The different parts, or fi- 
gures, which they present to us, have received names, and 
their positions have been determined by latitude and longitude, 
like the places on earth, and perhaps more accurately than 
some of our cities. We have a Selenography, (so the geo- 
graphy of the moon is called,) as we have a geography, and 
maps made with great care and precision. The parts dis- 
tinguishing themselves by peculiar light or shade, have re- 
ceived the names of mountains, volcanoes, seas, marshes, ac- 
cording to the ideas and appearances which they presented 
to the observers. There the astronomers have recorded the 
memory of th6se men of former times, whom jealousy and 
ignorance hardly allowed to mention among those who dis- 
turbed the human society^ and retarded its advancement 
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towards civilizatioD, by the broils of their ambition, or their 
sordid stupidity, in the history of the misfortunes of the hu- 
man race — its boasted political history. On entering the 
moon we find ourselves in the society of the philosophers, 
whom the vulgar insult, while they enjoy the advantages ob- 
tained by their talents and intellectual exertions. 

If any general consequences are allowed to be drawn from 
the observations of the moon's surface, in this respect, we 
may draw the general inference: — that far from finding any 
reason to refuse to it inhabitants with intellectual, and, we 
will hope, moral faculties, all observations equally lead to the 
supposition, that physical circumstances and means, not 
much different from those on earth, must have aims and re- 
sults not far difierent from those we here observe; and 
nothing can prompt the ignorant to refuse this extent of power 
and benignity of purpose to the deity, except the fear of 
seeing their arrogance humbled before the qualifications of 
beings to whom they might not dare to compare themselves. 

§ 98. By the attentive observation of the eflfect of the 
twilight upon the part of the moon bordering the illuminated 
part, it has been found to extend over 2° 34' 25" of the cir- 
cumference of the moon ; this gives to its atmosphere an 
elevation of 0,0002533, or -^-^ifj parts of the radius of the 
moon ; from this observation, we evidently obtain only such 
an arc, and consequent elevation of the atmosphere, as will 
intercept a sufficient part of the solar light to produce an ob- 
jicurity discernible by us. 

The small density of the moon must also naturally lead to 
a lesser density of the atmosphere than ours, as has already 
been observed, in this respect, for the sun ; in addition to this, 
we must also expect a smaller extension of this atmosphere, 
in consequence of the small mass of the moon. 

The refraction of light in the passage through aeriform 
or gazeous substances, being only a fractional efiect of their 
density, we must not expect that the observation of this efiect 
can ever serve as a very accurate mean of determining the 
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atmospheres of celestial bodies, either in extent or density; 
and it would be of little interest to make here a supposititious 
calculation upon this subject. However, the observations 
hitherto made lead to a horizontal refraction of 3^ seconds, 
which, considering the small difference of density between 
the sun and moon, appears to come in support of the ideas 
given above upon this subject. 

^ 98. We are already habituated to see every movement 
of the celestial bodies affected by periodic chahges, or oscilla- 
tions on both sides of a certain mean state ; whether we refer 
to the actual motions of heavenly bodies, or to the appear- 
ances which they present to us ; such is also the case with 
the appearances of the moon's disk, which, by its proximity 
to the eafth, presents always less than 180® of its circom^ 
ference to an observer on the earth's surface ; for instance, 
under a diameter of 32', only 179® 28' of its circumfbrenCe. 
With a nearly apparent equality of the general appearance^ 
this disk is however subject to changes, observable only 
on the borders, and depending on various catises; these 
changes are called Librations, and are as follows : 

1st. The libraiion in longitude. We have stated, that the 
revolution of the moon is equal to what might be considered 
a rotation around its axis, in relation to the sun; because it 
occasions every part of the moon to be successively pre- 
sented to the sun. But, as we have seen to occur upon the 
earth, in respect to mean and true solar time, the different 
velocity vvith which the moon arrives successively in the suc- 
cessive superior conjunctions, or full moons, where we see it 
in full lifzht, occasions that these full lights present us with a 
surface of tlie moon, varied in proportion to this difference 
of coincidence between the true and mean return to the full 
moon ; this change progresses therefore only a small step, as 
we might say, in each revolution of the moon, or what we 
call month ; it depends on the revolution of the moon's orbit 
itself, or what is called the line of its apsides ; the revolution 
of these we have stated to take place, in relation to the suoi 
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in ft period of about 3231^ days, or about 118 changes of 
the moon ; the magnitude of this change of appearance 
amounts to about 8° of the moon's equator, and is sensible 
only in a small change in the appearance of the spots in the 
moon, east and west, near the equator, if we may thus ex- 
press ourselves. The whole change of appearance, there** 
fore, returns in the same order after the period stated ; and 
since the time that observations have been made upon the 
moon, accurate enough to determine it, there has not been 
found reason to suppose it productive of an ultimate pro* 
gressive change. 

2d. The libration in latitude is the apparent eflect which 
the inclination of the orbit of the moon to the ecliptic pro- 
duces to a spectator in this plane ; the moon being alter* 
nately north or south of the ecliptic, in the course of its re- 
volution, we naturally see more of the southern or northern 
hemisphere in proportion to this deviation of the moon in 
latitude north or south; the epoch of this libration must be 
that of the revolution of the moon in relation to its nodes, 
and its magnitude must of course, on each side of the mean 
situation, be equal to the inclination of the lunar orbit to the 
ecliptic, or about 5° 8'. 

3d. The third libration is similar in its effect to the nuta- 
tion of the axis of the earth, as we have described it; and of 
course affects both the preceding apparent nutations. The 
inclination of the equator of the moon to its orbit, and of 
this to the ecliptic, furnish three planes, intersecting each 
other in the centre of the moon, which are found to have one 
common mean node ; of these three planes, that parallel to 
the ecliptic is always between the two others; it makes, with 
the lunar equator, an angle of V 30' 11", and with that of 
the lunar orbit, the angle of 5° 8' 38", as given before ; their 
common node is affected by a retrograde motion, the period 
of which is 6793,39 1 days \ during this period, the pole of 
the lunar equator and that of its orbit, describe a circle 
around the pok of the plane parallel to the ecliptic, in such 
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la manner^ as always to preserve their respective position in 
the same great circle of the sphere. The period of this nu- 
tation is subject to various inequalities, and follows, besideS| 
the variations of the inclination of the moon's orbit* 

4th. The daily libration is the effect produced by the change 
of the parallax of the moon. On its rising, the observer 
stands upon the end of the earth's radius, perpendicular to the 
line of centres ; he sees therefore, on the surface of the moon, 
farther than the radius perpendicular to this same linei by 
the amount of the difference between the moon's parallax 
and its radius; both these quantities change in magnitudei 
and the position of the plane, in which the parallax changes 
likewise, becoming smaller as the moon is more elevated, and 
increasing again after the greatest altitude in another direc- 
tion, other parts of the moon become yisible in consequence 
of this, which forms the daily libration^ and is evidently only 
sensible on the edges parallel to the horizon. 
': It is evident from all that has been said in relation to the 
motions of the moon, either real or apparent, that all the 
epochs and magnitudes of these librations are subject to os- 
cillatory changes, or differences, which, in fact, do away with 
all epochs, and reduce their determinations, like all others in 
the present more advanced state of astronomy, to the mere 
calculation of the real or apparent state from the data, ground- 
ed only upon the general epochs of the mean motions of the 
heavenly bodies concerned. 

' .^ 99. The variation of the appearance of the illuminated 
part of the moon forms such a striking phenomenon, that no 
spectator can have failed to follow it in all its details ; it 
therefore hardly needs to be minutely explained, as the suc- 
cessions of this illumination in every month follow so evi- 
dently the position of the moon in respect to the sun. 
'. The figure in the middle of plate III. gives an idea of the 
successive state of illumination, which the moon must present 
to the earth in the course of its revolution, according to the 
Angle under which we see it from the earth ; the illuminated 
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part of the moon is always that which lies within the circum- 
ference of the small sector of a circle, drawn around the sun 
with a radius equal to the distance of the moon from it, while 
we see from the earth always that part of the moon which 
lies within the circle around the observer on earth, drawn with 
the radius of the moon's orbit, and which includes so much 
a greater part of the enlightened hemisphere of the moon, 
as our line of vision coincides^more with the cone, or line, of 
illumination from the sun. Opposite to each place in the 
mooti's orbit is marked, in the figure, the appearance which 
that situation presents to us. 

When the moon is in the straight line between the sun and 
the earth, or very near it, the dark part of it being turned 
towards us, the great light of the sun renders the faint illumi- 
nation, which the reflected light of the earth must occasion in 
the dark part of the moon, imperceptible, notwithstanding this 
illumination is then the greatest ; then of course we' do not 
see the moon ; but the motion in its orbit in one day bringing 
it to a distance of about 13° from the sun, it becomes visi- 
ble, by shewing the illuminated part of an equal number of 
degrees on the side towards the sun ; the fainter light occa- 
sioned upon the dark part, by the reflection from the earth, 
renders the whole surface of the moon discernible, in a fa- 
vorable state of the atmosphere. 

This beginning of the appearance of the moon, which is 
called the New moon^ occurs, as in the case of all the planets, 
when she first becomes visible, after her proximity to the sun, 
in the western horizon, after sunset. The time of the stay of 
the moon above the horizon after sunset, and the magnitude 
of the illuminated part of the moon, alike increase rapidly 
every day ; the first about three-quarters of an hour every 
day ; the latter about 13° of the moon's circumference ; so 
that in about one week the moon reaches a position about 
at right angles to the sun, and an illumination of about half 
its apparent disk. With the augmentation of the angular dis- 
tance of the moon from the sun, the illuminated part of th< 
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MOOD becomes more vitiblei and the fainter Ulominatioii of (he 
dark part, by the reflection of the earth, becomes gradotUy 
entirely obliterated. The moon, having arrived at the po- 
sition in its orbit directly opposite to the son, and therefore 
rising at about the same time when the snn sets, it appe%fi 
completely illaroinated, and embellishes the spectacle of Ae 
lieavens the whole night : it is then Ftdl nu>on* From tUs 
posiUon, the moon, continuing her apparent course in t)ie 
same direction, begins to remain above the horiton m the 
noming after the rising of the sun ; and at the saine time 
approaching to the sun on the opposite, or eastern side, grf* 
dually presents us daily more of its dark part on the west 
side, and resumes the appearances which it had presented 
between new moon and full moon in an inverted order, during 
its revolation between full moon and the new moon, wU^ 
brings it agam to the proximity of the sun, whence we begui 
the description of its appearances. 
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CHAPTER IV. 

Of the Eclipses of the Sun and Moon. 

§ 100. In consequence of the revolution of the moon's 
orbit, and its inclination to the ecliptic, new and fall moon 
will occur successively in different parts of the moon's orbit; 
and, therefore, at different distances from the plane of the 
ecliptic. 

When the JVew moon takes place near the nodes of the 
lunar orbit, the apparent angular distance of the centres of tbt 
sun and moon may be less than the sum of their semi*diame« 
ters ; and if such is the case, as seen from the centre of the 
earth, or even from any point on the earth's surface, it is evi« 
dent, that the interposition of the moon between us and the 
sun will make it appear as projected upon the sun ; this pro* 
duces what is called a Solar, eclipse. 

The earth, receiving its light from the sun, must necessarily 
project on the opposite side a cone of shadow : this extends 
farther than the orbit of the moon, as may be easily shown 
by calculation. If, therefore, at the time of Full moon, the 
distance of the centre of the moon from the axis of this cone 
of shadow is less than the sum of the radii of the moon, and 
of this cone of shadow at the place where the moon passes it^ 
the moon will be darkened by this shadow. This passage of 
the moon through the earth's shadow constitutes a Lunar 
eclipse. . 

As the light of the sun does not emanate from one single 

point, but from all the points of an extensive surface, each of 

which would form its own cone of shadow behind the earthy 

the crossing of all these cones will form, not only a cone 

14 
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whose base it turned towards Uie sun, which tenmnates at a 
ciTtaiii point behind the earth, and whence the whole of the 
sun's light is excluded ; but also a truncated cone whose sec- 
tion is constantly increasing behind the earth, and which in- 
elndes every gradation of shade according to the greater or 
less portion of the sun that is apparent from any point at m 
certain distance from the axis of the cone. This is called the 
penumbra, and its limit must be very indistinct and uncertaiiu 
It may evidently happen, that the moon passes only through 
Ihtt cone of the penumbrai and may only suffer a partial 
ioM of iu light. 

: ^ 101. A lunar edipn being an actual event, or phenom^ 
aon^ not a mere appearance depending on the relaUve utua- 
tion of the spectator, happening therefore at an absolute mo* 
aieu't of time, at which different observers in different placet 
wpon the earth, will be in different points of their rotation in 
relation to the sun ; these different observers counting, as wie 
have seen to be a general principle, each his time from Uf 
position in respect to the sun, they will, as we may say, register 
the moment of this event at different times ; and this differ^ 
ence of the time, counted at two places at the same absolute 
moment, constitutes their difference of longitude. Thus, 
lunar eclipses would be the easiest mode of determining the 
difference of longitude upon earth, if their observation were 
capable of that degree of accuracy which the present state of 
the science requires ; they were, therefore, in the infancy of 
astronomy, before better means, and more ability in the neces- 
sary calculations, were at the disposal of astronomers, as valua- 
ble as they are now scientifically uninteresting, and, in conse- 
quence, neglected. That the moments of contact of the moon 
with the actual cone of the shadow of the earth must not be 
very distinct, will easily be concluded from the natural cir- 
cumstance, that from the outside of the penumbra to this cone 
the light must diminish by a gradation corresponding to the 
magnitude of the sun's disk shut out from the moon, upon 
which the apparent darkness depends. 
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The radius of the section of the cone of shadow, at the 
place of the moon's passage through it, is always equal to the 
difference between the sum of the parallaxes of the sun and 
moon, and the radius of the moon ; and these depend on the 
distance of the moon from the earth, and the distance of the 
earth from the sun. These quantities determining the latitude 
of the moon at which an eclipse can take place, correspond 
to a certain distance from the nodes on either side, and the 
limits of their variation determine the limits of the distance 
from the nodes in longitude, at the time of the conjunction of 
the moon, in which an eclipse of the moon is either certain or 
possible ; at a greater distance the eclipse is impossible. 

The certainty of an eclipse of the moon is within 7° 47' of 
'distance from the nodes ; and the impossibility commences 
at 13° 2r, and excludes all greater distances. 

The duration and magnitude of these eclipses depend on 
the same elements ; and the first of these, besides, on the ve- 
locity of the moon at the moment, by which it would of course 
pass the section of the shadow at a quicker or slower rate. 
The diameter of the cone of shadow at the place of passage 
of the moon varies between 37f minutes and 46j minutes. All 
these elements must, therefore, be taken into account, if an 
accurate calculation of an eclipse is required, for the purpose 
of predicting it, with its peculiarities. 

The cone of the actual shadow of the earth is, at a mean, 
about 110 diameters of the earth in length, or 36 times the 
radius of the moon's orbit ; the vertical angle of this cone is 
Sr 13". These elements of course vary with the distance of 
the earth from the sun. The moon's distance varies with the 
very variable ellipticity of its orbit. Certain combinations 
of the apogee both of the sun and moon, and the influence of 
the refraction of the atmosphere of the earth may occasion 
the moon to pass only through the penumbra, and the shadow 
will be modified, by the passage of the light, from the part of 
the sun not actually covered for the moon, through the at- 
mosphere of the earth. The shadow, or apparent colour of 
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Aa QHKNiii io tUi oaie^ having been observed to have a re#di 
btiey we may eonclade that the earth's atmosphere admits the 
j^aisagia of the red rays of light in preference, as the lighl 
Alls mixed with the shadow must pass in a great part through 
odr almoiphere« If the eclipse should take place in the greats 
•st fJMdinlity eif the moon to the earth, and of tliis to the waUf 
Aa^Vioda may be plunged so entirely in the full shadow of 
$km eartfaf as ovsen to become invisible. 
•J .Hie figures 6 and 7 in Plate V. which are intended for 
Hm- explanation of the eclipses of Jupiter's sateUites, also 
gerOi as idea of lunar eclipses, the phenomena being eat- 
actly. . •iioilar, with this difierence only: that the smaller 
^Kattater of the earth, and its greater proximity to the 
ini,r occasion the cone of the true shadow of. the earth t» 
be so much shorter, and the penumbra, on the contrary, t» 
qpread so much wider* Besides, by our proximity to that 
f^nomenon, we can observe details which become obliterated 
at the greater distance at which we see the occultationi of 
Jupiter's satellites. 

^ 102. The passage of the moon between the sun and the 
earth, sufficiently near to the line joining their centres, to tti- 
Ureeptfrom any pari of the Earth the light of any part of the^ 
Sun produces a Solar eclipse ; this furnishes one of the most 
interesting and most important observations of our astro-* 
oomy. 

This phenomenon is therefore properly rather an optical 
projection of the moon, or part of the same, upqn the appar 
rent disk of the sun; such as will refer to the visual lines 
drawn, from the point of observation on the earth's surfiice, 
to the. respective parts of the moon's circumference, and pro- 
longed to the apparent disk of the sun. From this point of 
view it will be most proper to deduce the general cousidera-* 
tions which we have to present upon this subject. We 
9hall only state as facts the numerical data which may- 
be needed, the details of these belong to calculations into 
wMch it is not our object to enter. 
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Every point of the earth's surface presents itself as the ver- 
tex of a cone based upon the great circle of the moon perpen- 
dicular to the axis of vision passing through the centre, and 
the investigation to be made is, whether and where the pro- 
longation of this cone beyond the moon will meet the sun. 

The moment for which this fact is principally to be ascer- 
tained is that in which the moon passes the circle of latitude, 
drawn through the centre of the sun, which.is called conjunc- 
tion, because near that place and time the greatest proximity 
of sun and moon will take place. 

The general phenomenon is of course here again, as in all 
<^ses, referred to the centre of the earth, and the calculation 
of this appearance, for any point upon its surface, must evi- 
dently take into view the place this point occupies in its daily 
rotation in relation to the sun, and its position upon the 
earth's ellipsoid, upon which the parallaxes depend. These 
elements are constantly changing ; and their effects are so 
much more complete as the changes take place in direction» 
crossing each other variously, as well as different from that 
of the relative apparent motion of sun and moon. The 
diameters of the sun and moon are equally variable, espe- 
cially the latter ; they form the quantities which are to be com- 
pared with the apparent positions of their centres. These 
variations of all the elements of the calculation oblige us to as- 
certain their corresponding values for every moment of the 
duration of the phenomenon, the length of which is of course 
dependent on the proportion between the magnitude of the 
part of the sun covered by the moon in its passage, and the 
relative excess of the moon's motion over that of the sun; 
it is therefore usual to calculate these elements and their va* 
riations for every hour in the neighbourhood of the time of 
the phenomenon, whenever it is to be foretold for a certain 
place, or when the result of actual observations are to be 
applied. 

.. ^ 103. In Platb v. figure 4, the section of the cone 
diftWQ from the centre of the earth tangent to the moon, and 
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of which the dotted fine is the central axis, being ^mppbfcd 
to meet the sun, represented by the greatest circlci will project 
the moon to an obsenrer in the centre of the earth, at the 
moment of conjonction, in the circle : L, I, K^ H. 

It must be observed, that, for the sake of ease in represent-' 
tug the appearance we have taken the liberty to represent 
diese projections in the figure as circles, although, as they am 
perpendicular to the plane upon which the figure is in other 
respects drawn, they would become mere straight lines. 
. This circle, L, I> K, H, would lie upon the sun, except 
she part L, I, K, A, An observer at the point where the 
axis of the cone (the dotted line) cuts the circumference lof 
die earth, would see the eclipse at the same place withoot 
any influence of parallax, and with the sole difference of WBt 
increase in the diameter of the moon proportioned to the di- 
miaution of the distance of the whole radius of the earth; he 
would see the phenomenon exactly in his zenith; snch a* 
point can therefore only be within the tropics, and furnish « 
very limited case. ^ 

An observer in the point marked t, in the circumference 
of the circle representing the earth, will of course see the 
moon projected in the circle, C A. &z^c. completely within* 
the sun, which produces what is called an Annular eclipse^ and 
it is easy to see, that, if by the changeable ratio between the 
diameters of the sun and moon, the latter happened to be 
larger, he might see no part of the sun, and therefore have 
what is called a Total eclipse, even of some duration. The 
phenomenon is of course affected by the parallaxes of the, 
sun and moon, and the augmentation of the diameter 
of the moon^ due to the difference between the centre of the 
earth ieind the point t, in the position in which it may then 
be in its daily rotation, and in respect to the sun and moon* 

If we remove our observer to the point t, the moon will 
appear to him in relation to the sun, represented by the circle 
D, F, L, E, K, which will hide only the part I, L, E, K, of 
tiie sun, and the same eclipse which appeared annular to the 
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observer in t, will be only small for bim; and ibis difference 
will be due to the apparent effect of the parallax, and the 
change of the apparent diameters due to the point t, compared 
to the point t. Such will evidently be the case for any 
other point of the surface, every observer seeing the moon, 
projected differently, also sees the eclipse differently, or 
what is usually called different phases of it. 

What has been said here for the moment of conjunction, 
evidently applies to every other moment of the phenomenon, 
and therefore to the beginning and to the end. The eclipse will 
begin for any point upon the earth at the moment when the 
distance of the centres of the sun and moon will be equal to 
the sum of their semi-diameters ; and it is easy to see that 
this line of the centres or semi-diameters will be differently 
inclined to the directions of the apparent motion of the sun 
and moon, according to the place of observation, and the 
direction in which the moon passes, or the apparent angle 
between the orbits of the sun and moon ; the calculation of 
the effect of the parallax for any place and time is, therefore, 
the principal subject to be attended to. 

In Plate V. figure 5, is represented the appearance of a 
transit of the moon before the sun, as it would appear to an 
observer in 1 5 and it is easy to conceive, that the change of 
position of the observer, and that of the apparent position of 
the moon's orbit, will by a combined effect vary the line of the 
apparent path of the moon in front of the sun : the first by 
the effect of the parallax of the moon, the second by the va- 
riation of the position in which the eclipse takes place. The 
moon must evidently approach the disk of the sun from the 
west, and by the effect of its greater angular velocity, it will 
pass to the east side of it in such a time as will correspond 
to the combined effect of the excess of its velocity over that 
of the sun, and the cord of the sun which it has to pass, af- 
fected by the parallax corresponding to the place of obser- 
vation. 
.. ^ 104. The great distance of the sun in comparison to that 
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of the moon from the eahh, occasions that the ai%le snbteadM 
bj the sum of the radii of the earth and moon, together with its 
'{MiMimbra, is always less than j* minntei as it b equal to the sum 
of the parallaxes of the two bodies ; this angle is the deviatioa 
from the parallelism of the two lines drawn from the soil to tfe 
earth» or to the moon ; and, therefore, its inflaence iqKNi the 
appearance of the eclipse is only small, and the limit witUn 
which a solar eclipse must, or imay, take place, is, generally 
speaking, determined by the sum of the apparent diameter of 
the moon and its parallax, which may at a mean be stated at 
9Vf or 1^ degrees. With this, therefore, the latitude of thb 
roooQ in any new moon must be compared, to detemdne 
whether an eclipse can take place, and the difierence of loO* 
gitnde of the sun and moon, corresponding to such a latidida^ 
will, therefore, give what is usually called the mean limit of 
such an eclipse. The variation of these two quantities te- 
aish the following more detailed results : — ^The etrtainiy tliit 
m solar eclipse mrnst take place at some point on the sorfact 
of the earth, is limited by a distance of 13° 33' from the 
moon's nodes with the ecliptic : the eclipse ceases to be pos« 
sible at a distance of 19° 44' from the nodes ; between these 
two limits, a more close investigation of the circumstances 
and elements must determine whether an eclipse will occmr 
or not. These limits including the whole surface of the 
earth, are of course not those that fit any particular place; 
for that individual case they become of course much narroweri 
as they not only become reduced to one point, instead of the 
whole semi-surface of the earth, but the appearances are com- 
bined in a variety of ways, according to the position of the 
place and the course of its rotation with the earth, compared 
to that of the moon in relation to that of the sun. From this 
circumstance it arises, that though the actual phenomena of 
solar eclipses, generally speaking, are more numerous than 
lunar eclipses, these latter are, notwithstanding, more frequent 
at any given place of the earth. It is evident, that the influ- 
ence of the presence or absence of the phenomenon above the 
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horizon of the place has its influence in both cases ; and even 
the refraction. By this it may happen that an eclipse of the 
moon may be visible even during the presence of the sun over 
(but near) the horizon of a place. When a solar eclipse appears 
annular at any place, it is evident that this indicates that the 
cone of the shadow of the moon does not reach that place : if, 
on the contrary, the eclipse appears total, the place is actual- 
ly within the cone of true shadow ; in the other, or partial 
eclipses of the sun, the place where the observation is made 
lies actually in the penumbra of the moon. These circum-^ 
stances show, that the cone of shadow has an approximate 
length, at a mean very near equal to, and varying more and 
less with, the distance of the moon from t^e earth. By these 
various combinations, the longest possible duration of a total 
eclipse has been found to be 7""* 58'* , and the longest duration 
of an annular eclipse of 12'"' 24'*. It is easy to see, that a 
case may occur such as to occasion an eclipse of the sun, see^i 
at a certain place upon the surface of the earth, to be not 
more than a conjunction, as seen from the centre, and with- 
out an eclipse. 

By the effect of the motion of the moon's orbit, the eclipses 
of the sun and moon will return very nearly in the same orde^^ 
in a period of 223 synodic revolutions of th^B moon ; because 
19 revolutions of the node coincide very near with this num^ 
ber of revolutions, as 6585, 32, and 6585 days 78, leaving 
only 0,46 of a day difference, consisting of 18 years 10 or It 
days, which period gives about 70 eclipses, namely, 291unar| 
and 41 solar eclipses. 

^ 105. In any use to be made of the observations of a solar 
eclipse, it is always necessary to reduce the result to the time, 
and to the other corresponding circumstances which it would 
present for the moment of conjunction, at the centre of the 
earth. Thus reduced, the observations made in different 
places become comparable, and furnish determined points, and 
fixed epochs, for the apparent relative motions of the sun and 
moon, from which their actual revolutions are calculated, ^nd 

15 
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tbni the tables of their motion and revolutions may be con- 
sdantly improved. This conjunction happens at a certain 
absolute moment of time, which, as we observed already of 
the lunar eclipse, is registered, we may say, by every ob- 
server, in terms of the time shown at his own place, and this 
time is regulated, as we have seen, by the point which the 
place of observation occupies in the course of the daily ro- 
tation of the earth ; we are therefore enabled to determine 
in retui*n, from this absolute moment, and the difference of 
tiAie shewn at any two places of observation, their relative 
position in the rotation of the earth ; that is, their Difference 
of hngitudey because the present perfection of astronomical 
tables admits these comparisons to be made with the greatest 
nicety. Since this perfection has been attained, solar eclip- 
ses are the most accurate means of determining the longitude 
of places on earth. The distinctness of the limbs of the 
0tiii and moon, the velocity of the motion, the general ease 
with which these observations can be made, concur in assist- 
ing the observation, and increasing this accuracy. 

The great achievement of astronomy, the calculation and 
prediction of a solar eclipse, is one of the first signal services 
rendered to humanity by this science, by liberating man from 
the terror into which he was before thrown, on seeing his 
Deity suddenly and unexpectedly taken away from him, and 
vanquished, as was imagined, by the monsters, his enemies. 
What state was left for man to expect if his god was conquered ? 
How different are now the feelings of civilized man on anx- 
iously awaiting the predicted second of time in which he ex- 
pects the enjoyment of seeing his calculation verified, and 
his exertions rewarded, by the assent of the heavenly bodies 
to theories of his own creation ? 

§ 106. We may be allowed hereto step beyond the limits 
of what has hitherto been explained, to give a general idea 
of a phenomenon similar to the solar eclipse, called an Oc- 
etdtaiion of a fixed star by the moon. We may suppose our 
reader acquainted with the existence of the fixed stars, as 
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points apparently steady, mucb more distant than tWmoon ; 
and the first contemplation of their number n^ght even cause 
us to wonder that the event of the moon intereepting ^e 
view of the one or the other of these stars is not more j(r^- 
qyent than it actually is. But among the many chances 
which the varied and winding course of the moon must 09- 
casion, it is evident that the phenomenon must occur, thoiigh 
the apparent diameter of the fixed star reduces the distance 
from the central position of the mooui within which tbe^p(\^ 
nomenon can take place, to the radius of the moon ^jpn^, 
and the effect of the parallax of the moon, when the \irho^e 
disk of the earth presented to the phenomenon is considered. 
The phenomenon of the Occultation of a planet by the moon, 
is evidently among these chances, and the smallness of their 
apparent diameters render it very little different from the 
occultation of a fixed star. 

These phenomena are of course not limited to a certain 
position of the moon relative to its node ; in all other respects 
they are similar to solar eclipses in their calculation, if we 
were to suppose, in what has been said above, the sun placed 
freely in the path of the moon, without regard to the eclip- 
tic, and without allowing it any diameter. The conjunction 
generally taking place at a greater distance from the plane 
of the ecliptic, alters only the proportional reduction to that 
plane, and the central conjunction in longitude. 

These phenomena therefore furnish fixed points, and epochs 
of reference, for the moon's motion in relation to the fixed 
stars ; they may equally well be transferred to the moon's 
motion relative to the sun, as the results of the solar eclipses 
upon its relative motion, may be to that relating to the fix- 
ed stars. That they equally multiply the means of deter- 
mining the longitude of places on earth, is clear of itself, 
for the appearances being in this case again reduced from 
any place of observation on the earth's surface, to the line 
of the centres of the earth and moon, and its projection on tb 
ecliptic, or what is the same thii^, to its oorrespondil 
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latitude and longitude, the time corresponding to the con- 
junction of the moon with the circle of latitude passing 
through the star, gives an absolute moment of time, to which 
the special times of different points of observation corres- 
pond ; and the difference between these is, as we know, their 
difference of longitude on earth. In respect to the perfec- 
tion of our knowledge of the moon's motions, these pheno- 
mena furnish of course very valuable results relative to the 
inclination and the various motions of the orbit, under va- 
riations of circumstances and positions which have peculiar 
value. 
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CHAPTER V. 



Of the Planets exterior to the Earth in the Solar System* 



§^107. ON^leaving the earth and its satellite, the moon^ 
to proceed to a greater distance from the sun, we meet, at 
about one and a half times the distance of the earth from the 
sun, the planet Mars, which performs its revolution around the 
sun solitary, unaccompanied by any satellite. His apparent 
diameter must evidently be very variable, as we see him in his 
opposition to the sun at only one fifth the distance he was when 
near hb superior conjunction } in this last position, however, 
he is invisible to our present optical powers. This diameter, 
when Mars is in opposition, is 18^^,3 and it diminishes to 
about 2'\ The mean diameter is about 9''. 

His' real diameter is little more than half that of the 
earth, and his other dimensions proportional; the mass is 
only about the seventh, or eighth, part of that of the earth, 
while the density resulting from this is, from the first some- 
what more, and from the latter somewhat less than that of 
the earth. The first of these dimensions are the results of the 
latest calculations upon the perturbation occasioned in the 
revolutions of the earth^by this planet, for the absence of a 
satellite deprives^us, as in the case of Venus, of the means of 
direct determination. 

Mars distinguishes himself from the other planets by a less 
brilliant lights of a reddish hue. According to the theory 
elucidated in speaking of the sun, we might consider this as 
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a result of his less mass and greater density, which would 
endow him also with less proper heat and light ; at the same 
time his distance from the sun deprives him of the advantage 
of the denser light of the sun, which Venus and particularly 
Mercury, notwithstanding their small mass can reflect to us. 

<^ 108. The day of Mars, or his rotation upon his axis, is 
nearly 40" longer than a day of the earth, and the diameter 
being smaller the velocity of a point in the equator is much 
less than upon the earth, his ellipticity is assumed at tIt* 

The inclination of the plane of his equator to that of his 
orbit being 28° 38', while that of the earth is less than .23^*' 
the variation of the seasons upon Mars must be greater 
than upon the earth. 

Mars performing his revolution outside of tJie orbit of 
the earth, the visual ray from the latter can never make a 
tangent to his orbit^ therefore he can never present to us the 
variety of phases which the inferior planets do ; still we ob- 
serve some change in the appearances, as must neceissarily 
follow from our proximity to him, and the diflerent positions 
m which we see him in relation to the sun. The dark part 
of Mars can never exceed the angle under which this planet 
will see the earth in her greatest elongation, that is between 
41 and 42 degrees of the planet's circumference. This cir^ 
cumstance affects the apparent diameter of the planet; which, 
besides, presents itself under various inclinations, arising from 
the inclination of the orbits of the Earth and Mars ; and with 
this, the varied inclination of these towards the equator, in 
parallels on which all the heavenly bodies pass daily before 
us, concurs to render the determination of his diameter dif- 
ficult and complicated, except in his opposition to the sun, 
when we see him, of course, in full light. 

Observations with great magnifying powers, have dii^ 
covered inequalities upon the surface of Mars, of considera- 
ble apparent magnitude, but generally speaking we are in 
considerable ignorance in relation to the more minute detaib 
of his constitution. 
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^ 109. The four small planets of modern discovery, which 
are next met with after Mars in our solar system, VesiOj Juno, 
Ceres and Pallas^ have presented us with much novelty in 
their revolutions, arising from their great eccentricity, the 
great inclination of their orbits, and the particular manner in 
which they intersect each other, subjects of which we have 
spoken in the proper place. They exhibit to us apparent 
diameters so small, that our powers of vision, although so far 
increased beyond what was considered possible a century 
since, as to furnish the means of these discoveries, have not 
yet been able to inform us of any peculiarities they may pos- 
sess* 

For the same reason they appear by no means brilliant, 
but, like fixed stars of from 5th to 9th magnitude; it has not 
yet been possible to observe their rotations^ still less any 
other peculiarities. The greatest apparent diameter of Juno 
is little more than 3"^ that of Ceres, 2",5, but that of Pallas 
may amount to 6'',5, and Vesta, that appears the 3mallest, has 
not yet been determined. These determinations, however, 
indicate for Pallas, a real magnitude greater than that of 
Mars, being near two-thirds of that of the earth. Ceres 
presents^ sometimes, a nebulosity which exceeds her diameter 
above &\ This is a phenomenon otherwise peculiar to comets 
alone. The proximity of the orbits of these small planets 
to Jupiter, the largest planet of our system, occasion an in- 
fluence of the latter upon their motions ; and this is so much 
the greater, as the excess of his mass is greater, and so much 
more complicated as the respective positions of the orbits 
subject these to a greater variation of their distances. Thus, 
for instance, in the case of Pallas, four hundred corrections, 
<»r equations^ occur in calculating a position, among which is 
one depending on Jupiter, that amounts to one whole degree. 
Thence the discovery of these planets has given occasion for 
a considerable perfection in theformationof the astronomical 
theories. 

On the other hand, the perturbations of the course of Ju- 
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piter in his orbit, appes^red so fully accounted for by the in- 
fluences of Saturn, Mars, and Eai*th, that no suspicion, ari- 
sing of any other influence, neither there was any suspicion 
of their existence then, nor has there been any influence upon 
the neighbouring orbits discovered since their discovery, 
though in principle this must exist, but be as yet below our 
power of accuracy in observation. 

But it may easily be conceived, that to observe particulars 
upon bodies presenting themselves under such small angles 
is attended with no small difficulties, as great magnifying 
powers of telescopes are required, which equally magnify 
the apparent motion, so much that it becomes very diflicult 
to follow the planet in its course, with sufficient steadines to 
allow close and sharp observation ; the discovery of these 
details therefore appears to be reserved for the future im- 
provements of astronomy. We have, therefore, as yet no 
determination of masses, densities, or other such data, the 
discovery of which we can only hope from the close investi- 
gation of their mutual influence in their respective revolu|ions. 

<^ 110. Jupiter the next planet in our system, after the 
four small ones lately discovered, is the largest of them all ; 
and being accompanied by four satellites, or moons, presents 
us a whole system in itself. His greatest apparent diameter 
as seen from the earth, is 44", 5, the smallest 30", while if we 
could see him at the same distance as the sun, he would ap- 
pear under an angle of 3' 06",8. The sun, as seen from Ju- 
piter, subtends a mean angle of no more than 6'. 3",5. From 
the sun he must appear under an angle of 36",3, or more than 
double the angle subtended by the earth, notwithstanding the 
distance of Jupiter is more than five times as great. The 
volume of Jupiter is near 1281 times that of the earth, while 
the mass is only 309 times that of the earth ; this might 
again be considered as a strong proof, that in the celestial 
bodies, the heat is in proportion to the masses, and occasions 
an expansion of their mass, or diminution of density. This 
last is in Jupiter only between one-quarter and one-third of 
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of that of the earth, and little more than that of the sun.— - 
He is also the most brilliant of all the planets ; which ap- 
pears to corroborate the general principles expressed on this 
subject in treating of the sun, for we may suppose, tEat this 
brilliancy, at so great a distance from the sun, where Jupiter 
receives only so small a cone of light from the sun as 36'',3, 
may in part be due to the state of the planet itself. Perhaps, 
in order to weigh and compare all these effects with more ac- 
curacy, we should take into consideration the whole of the 
system of Jupiter, with his satellites, rather than the planet 
alone^ for we are already shewn, by the example of the moon 
and the earth, which we have discussed at length in the pre- 
ceding chapter, that in all cases where any external influence 
upon such a system comes into consideration, the action is 
upon the whole mass of it, and in all mechanical effects, is 
referred to the centre of gravity of the system ; and, recip- 
rocally, the reaction is that of the system, as well in quantity 
as in relation to the point from which this action proceeds. 

§ 111. Jupiter has, of all the planets, the most rapid' ro- 
tation upon his axis, the day being only 9** 65"*-, 34*-; he re- 
volves therefore near two and a half times while the earth 
revolves once; hence the velocity of a point in his equator 
becomes twenty-six times greater than that of one on the 
equator of the earth ; and it occasions a flattening of the poles 
of yVtj or about seventeen times as great as that of the earth ; 
this velocity also occasions the fall of heavy bodies at his 
equator to be diminished by a one-ninth part of that at the 
poles. 

The plane of the equator of Jupiter is inclined to that of 
his orbit under an angle of 3° 6' 31"; the inequality of the 
seasons must therefore be very small, and each parallel of 
Jupiter must have almost a uniform season ; while the number 
of his satellites must vary and repeat the agreeable phenomena 
of the moon on earth, in manifold combinations, maintaining 
a constant illumination similar to our moonlight, and repeat- 
ing the pbenomena of eclipses with considerable variety, 
16 






both in rriatioA to the inn, and in rt^latioa^i tQ tbfSfi iMmi 
aipong leach other. Similar to what we haye obtueryed ilb 
relation to the equator of the sun and the planetary f rbitet 
the orbits of the satellites of Jupiter are about equaUj distrir 
buted on both sides of the orbit of the planet* 

The lace itself of Jupiter presents most generally twp, 
threei or even four belts of shade, nearly parallel to bis eqn^r 
tor ; but as they are not constant, and appear often to have a 
vovement of their own, they are not considered ap belppgios 
to the body of the planet itselfi but rather as an atmospherie 
phenomenon upon its surface, to which the rapid irotatim a( 
the planet may have a tendency to give this peculiar fona 
in the appearance of belts as we see it : other speculaliona 
have concluded, from their variability, an unsettled statf 
of the mass of Jupiter, and that it is still subject to someak 
teration by the rapidity of his rotation. The same circuiaT 
stances, of the small density of Jupiter, ant- the necessari^ 
still smaller density of bis atmosphere, will not aflbrd m anyi 
opportunity to observe the refraction of his atmoqplieref ajnd 
we have as yet no traces that may direct us in this inqMiry^ 

^ 1 12. Since the earliest discovery of the telescope, w# 
have become the spectators of the direct system of celestial 
bodies which Jupiter presents to us, in imitation of the systiemi, 
of the planets, and have witnessed the details of the phene^ 
mena that must accompany it, viewed at a distance. Its 
movements take place in such a small space, and in periodi 
so short, that we are enabled to study the general prindiplei 
the more easily, as its proportional distance is peculiarly fy& 
vourable, at least during a considerable part of the ^evoln- 
tion of Jupiter or the earth. 

The orbit of Jupiter being but little incliued to that of tim 
earth, and as the orbits of these satellites do not deviate 
much from that of Jupiter, they present themselves to m^ 
view under the form of very eloogated eUipses, apprpiqLchJijpg 
more nearly to a straight line, as the earth is ueai'ei? OM^of 
its nodes with the plane of Jupiter's equator* 
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The principal facts in regard to the satellites of Jupiter, as 
well those relating to the elements of their orbits as to the 
Satellites themselves, are collected under their proper heads in 
Table III., as far as their small appearance at our distance 
from them has hitherto enabled us to ascertain. The dif- 
ficulty, which it is easily seen a minute inquiry into these 
details must have, and the practfcal use which was immedi- 
ately made, after the discovery of these satellites, in the de- 
termination of longitude on earth, by the observations of 
their eclipses in the shadow of their primary, corresponding 
to our lunar eclipses, have given to this inquiry a peculiar 
turn, and an interest which has lost much since the discovery 
of more accurate means for the determination of the lon- 
gitudes, but which the progress of the science, and more 
perfect optical means, will review upon a more scientific 
basis. 

The satellites, in their revolutions, follow exactly the same 
laws and consequences of attraction as the primary planets y 
therefore, what we have stated section 9, under the name of 
the Laws of Kepler, applies to them in full ; hence these 
orbits are elliptic; but the situation in which we can observe 
them is not very favorable for the observation of this ellipti- 
city, and therefore it has as yet been observed only in the or- 
bits of the two outer ones. 

§ 113. In Plate III. the leftside figure represents the 
sefni-circumferences of the system of Jupiter's satellites in its 
proper proportional magnitude, compared with the earth and 
the moon's orbit, also with the magnitude of the sun ; they are 
purposely thus united, in order to shew their several propor- 
tional magnitudes. 1'he small innermost circle representing 
die earth, and the next Jupiter, the first satellite is very nearly 
at the same distance from Jupiter as the moon from the earth. 
The semi-circumference of the sun falls outside of the second 
iatellite, and only the orbits of the third and fourth are at a 
greater distance from Jupiter than the radius of the sun ; 
die fourth ' is diB taut about U diameters of the son. Below 
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this figure will also be found a section perpendicular to the 
plane of the orbit, shewing the inclinations of the orbits and 
that of the axis of Jupiter, in a similar manner as Plate II. 
represents in the case of the primary planets of our solar sys- 
tem in general. Above the figure is placed the appearance of 
this system as it appears from the earth, when viewed under 
about the greatest inclinatibn. 

The expression of the distance of the farthest satellite in 
the same unit as the distances of the planets from the sun, 
that is in the radius of the earth's orbit, which is found in the 
fourth column of Table III., is 0,0116, or hardly more 
than tH of that distance. This shews that, for instance in 
our Plate I., where the radius of the earth's orbit is half an 
inch, this whole system would be represented on the same 
scale by five thousandth parts of an inch, or by a mere point* 

These satellites revolve with considerable rapidity in orbitB 
of small inclination to the equator of Jupiter, which all lie 
between this equator and the orbit of Jupiter. 

As seen in Table III., the first satellite performs one re- 
volution around Jupiter in about one and three-quarter days, 
the second in about three and a half, the third in seven days 
and about four hours, and the fourth in about sixteen and 
three-quarter days ; the inclination of the orbits to the equa- 
tor, as equated, are of the First, ----- 6"^5 

Second, 1' 5" 

Third, ----- 6' I",6 
Fourth 24' 4" 

§ 114. If the simplest case of the mutual influences of the 
attraction in a secondary system, which we have treated in 
the third chapter, of the earth and moon, has already shewn 
us a considerable complication of effects, we certainly must 
expect still more in the case of the system of Jupiter, with 
four satellites so near to the great primary, that the nearest 
subtends an angle, or shews an apparent diameter, of about 
one degree at Jupiter, while the sun itself appears only under 
an angle of six minutes, that such a system must4)resent 
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B great complication in the results of their mutual attrac* 
tion, and, we might say, in some measure assimilate the orbits 
mutually to each other, under considerable oscillations. In- 
deed the investigation of this theory requires thirty-one dif- 
ferent arbitrary quantities to be determined by successive sup- 
positions, and approaches to truth ; which is so much more 
difficult, as they represent to our observation only minute 
quantities, from which to deduce them leaves a considerable 
chancy ; as yet, they are sensible to us only by the retarda- 
tion or acceleration of the eclipses. The simple statement 
of a few general results may suffice. 

The inclinations of the planes of the orbits are not exactly 
constant, as we have already seen in the case of the moon, 
and they partake of the motion of the nodes of the equator 
of Jupiter, in his orbit, besides periodic variations, exactly 
as we have seen in the moon's orbit and that of our equator. 
To determine these quantities by observation is a matter of 
great nicety, or it may rather be considered as within the 
reach of theory alone. 

The third and fourth satellites have two 'equations of the 
centre, the one depending upon the influence of the satellites 
upon each other, and the other on that of the planet. In 
the mean motions of the satellites, the following peculiarities 
are observed, viz : the time of the mean motion of the first 
satellite, and twice the time of the mean motion of the third, 
are together equal to three times the mean motion of the se- 
cond. The mean longitude of the first satellite, and twice 
the mean motion of the third, less three times of the second, 
gives always two right angles. These relations are always 
rigorously true, and a mathematical consequence of the mu- 
tual influence of the four orbits upon each other ; so that even 
the variations- of long periods, which these orbits have like 
that of the moon, are subject to them. 

The inequalities of the fourth satellite are as follows; that 
like the annual equation^ depending on its mean anomaly, 
amounts to 1' 53'',3; that similar to the Eveciion amounts to 
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Sl'^69; and that similar to the Variation, to 4'',21; in their 
greatest values. 

^ 115. The revolutions of tliese four satellites around 
Jupiter, must evidently occasion the occurrence of pheno- 
mena analagous to what we have mentioned in the last 
chapter, as eclipses of the sun and moon at the earth ; they 
occur so much the more frequently, as the body of Jupiter is 
greater, and the satellites are not only more numerous, bat 
perform more rapid revolutions around it, in orbits but 
little inclined to that of their primary planet. At Jupiter, 
therefore, these phenomena must be of daily occurrence, 
imder either the one or the other of the above forms ^.and op- 
portunities for determining the longitude of places upon Ju^ 
piter's surface, by their means, must consequently be more 
numerous also, and more susceptible of accuracy. 

To us, spectators from the earth, the observation of the 
passage of a satellite through the cone of the shadow of Ju- 
piter, corresponding to our lunar eclipse, has been for a long 
time one of the most accurate means for the same purpose ; 
h presents an instantaneous phenomenon, registered, as we 
have seen above, under different apparent times in different 
meridians, which has the advantage of not being under the 
influence of any parallax, as by Table IL line 26 and 27, 
that for Jupiter never exceeds 2" in the arc, a quantity 
which, in this case, is entirely without influence ; that it must 
be affected by the power of vision, that is, the good quality 
of the telescopes, and the state of the atmosphere, will appear 
from the simple reflection, that the gradual obscuration of 
the satellite, like that of the moon in its eclipses, will permit it 
to be seen longer by a greater power, when it is immersed 
in the cone of shadow, and earlier again when it goes out of 
it, or at what is called the Emersion, They are still of con- 
siderable interest, not only on this account, but in a ge- 
neral point of view. 

$ 1 16* Plate V. figures 6 and 7 give the general repremsoh 
tation of the circumstances of these phenomena, theftmas 
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referred to the plane of Jupiter's orbit, or equator, or the 
planes of the revolution of the satellites, which, for this pur- 
pose it is not necesary to distinguish particularly ; the latter to 
a plane perpendicular to this. The cone of shadow of Jupiter 
is of course always in a direction opposite to the sun, and is 
determined by the proportional magnitude of the sun and of 
Jupiter ; it extends, in consequence, to about forty-seven times 
the distance of the fourth, or outermost satellite ; the angle of 
its vertex is only 6' 37",5. The position of the satellite, in 
relation to this cone, in respect to its distance from the pri- 
mary planet, and from the central line of the cone, evidently 
determines both the certainty and the duration of the eclipse^ 
ia conjunction with the velocity of the satellite in its revolu- 
tion, and to the spectator on earth ; it is also ajSected by the 
individual influences remarked in the preceding section.-— 
As in the eclipses of the sun and moon upon earth, the 
latitude of the satellite, at the time of this passage, deter- 
mines the chord of the circular section of the cone through 
which it will pass; the small inclination of the satellites to 
the orbit of Jupiter, and its considerable diameter, occasioq 
that the two inner satellites, that is, the first and second, caQ^ 
i^ever pass without being eclipsed ; this has been indicated in 
figure 7, by the strong perpendicular line drawn in the shadow 
at the distances of these orbits ; similar lines drawn at the 
distances of the third and fourth satellite, shew that the effect 
of the inclination of their orbits may bring them in the e}i^- 
treme position of their latitude to pass without being eclipsed j} 
and from this, to the longest passage through the centre of 
the cone^ all intermediate variations may take place, so that 
these two satellites, and particularly the fourth, has been ob-. 
served to disappear only for a moment, or even only to be? 
come faint for one observer, while another did not lose, 
sight of it ; notwithstanding this, a mean duration, ra.ther 
referring to the proportional velocity of the se^tellites in thea; 
oxbljLf a^4 th,e diametqr of the cone of shadow, ha^ been 94t 
mittjed; ?^ foU(^s : 
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A* ml #• 

For the Ffrst Satellite, 1 7 62. 

Second, 126 3. 

Third, 1 46 60. 

Fourth, 2 22 56. 

§ 117. In describing the synodic revolution of Jupiter, 
we have seen that near his superior passage, that is, when be 
appears to us on the same side as the sun, he becomes invisi- 
ble, except with peculiar means, and under peculiar circum- 
stances. For the same reason, the satellites and their eclipses 
must be invisible to us; the same must be the case when near 
the opposition of Jupiter, the cone of his shadow is hid from 
us behind the body of the planet. The more minute details 
will be evident from Plate V., figure 6. The angle through 
the centre of Jupiter, on both sides of the axis of his cone 
of shadow, being made equal to that which we find in Table 
v., as the greatest elongation of the earth from Jupiter, vis: 
about 11° 6*, and parallels to these lines being drawn 
touching the circumference of Jupiter, these will cut thecooe 
of Jupiter's shadow and the orbits of the satellites, in such 
places as to shew the general conditions of the visibility 
of these eclipses. The part of the earth's orbit which falls 
in the cone of light between the Sun and Jupiter, which is the 
prolongation of the cone of Jupiter's shadow, is 26' 2" on each 
side of the axis of this cone, or the point of the opposition of 
Jupiter, and in this, therefore, the respective situation of the 
planets excludes the visibility of any eclipses. Within these 
two limits and their corresponding equal angles on the op- 
posite side of Jupiter, the effect of the position of the earth 
upon the visibility of that part of the orbit of each satellite 
lying in the shadow, will easily be seen from the figure; for it 
is evident that the appearances will correspond to the angle 
which the visual line of the observer from the earth makes 
with the cone of Jupiter's shadow ; the effect of this angle 
must of course be different for the different satellites, and 
this difference, as well as the details of the general pheno- 
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menon of each, will depend-on the proportion of this angle 
and the angle under which Jupiter appears to the satellite. 

The Earth, and Jupiter with his satellites, performing their 
revolutions in the same direction, when the earth, in her 
course, is approaching to Jupiter, and therefore towards the 
above-mentioned cone of light, as appears in the figure from 
the lower side, the entering of the satellites into the cone of 
shadow from the same side, will be observable by us; this 
motion of the earth corresponds in appearance to Jupi- 
ter's approach to his opposition, thence it is stated in as- 
tronomy, that, before the opposition^ we see the Immersion of 
the satellites. The part of the earth's orbit within the cone 
of light, is passed by the earth in less than sixteen hours ; 
after which the appearances change, the earth again re- 
ceding from Jupiter, as in the figure, in the part above the 
cone of light ; the other side of the shadow is now visible, 
which presents the re-appearances of the satellites; Jupiter 
appears to go again from opposition towards conjunction, 
and we say, from the opposition to the conjunction of Jupiter, 
we see the Emersions of the satellites. The intersections of 
the lines drawn tangent to Jupiter and the earth's orbit, with 
the sides of the cone of his shadow, show immediately, that, 
speaking in general terms of the first and second satellite, 
we can never see both the Immersion and the Emersion of 
the same eclipse; for, before the opposition^ the body of Jupiter 
will hide the Emersion^ and, after the opposition^ it will hide 
the Immersion^ as is indicated in the figure by the tangential 
lines cutting the respective opposite sides of the cone of 
shadow outside of the orbit of these two satellites. We may 
see both the immersion and emersion of the same eclipse 
of the two outer satellites, the third and fourth, when the 
earth is in a part of its orbit sufficiently distant from the cone 
of light and shadow^ which we see decides so much of the 
appearances of these phenomena. These may even appear 
to take place at some distance from Jupiter, as follows from 
the larger range of the orbit of the fourth satellite, inter- 
17 
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sected by the angle of the tangents and the sides of the cone 
of shadow. 

The numerical value of these angles depends on the great- 
est elongation of the earth as seen from Jupiter, «nd the angle 
which he subtends for each of the satellites ; and is easily as- 
certained from Table III. The first satellite seeing Jupiter 
under an angle of 19^ 54', does not, even in the extreme 
elongation of the earth of 11° 5', admit of our seeing both 
tides of the cone of shadow at its orbit; the second, seeing 
Jupiter under an angle of 12° 58', is in the same case ; the 
third, from whi^h Jupiter subtends an angle of 7° 55', stiU 
leaves an angle equal to the excess of this, above IV 5', 
iHthitt which, counted from the point of greatest elongation, 
both emeriion and immernon of the same eclipse will be vi- 
sible firom the earth ; for the fourth satellite, whence Jupiter 
fobtends an angle of no more than 4° 30', this angle leaves 
Im excess of 6° 35', which evidently includes a part of the 
orbit S9 much the greater, as it is doubled by applying it to 
both sides from the point of greatest elongation, and as the 
motion of the earth is very much inclined towards its direc- 
tion. 

As we have always taken the full diameter of the section 
of the cone of Jupiter's shadow, as the object of comparison 
in these determinations, it will easily be conceived that these 
quantities are affected by the jovicentric latitude of the sa- 
tellite, at the time of its transit through the shadow ; this' 
also affects the duration of the eclipses themselves, and they 
vary more in the case of the third and fourth satellite than 
in that of the second, of which latter, it is so very rare to see 
both immersion and emersion, that it is never calculated, 
and is considered, in our present state of information, as 
merely accidental. 

^ 118. We have seen that the theory of the motions of the 
satellites of Jupiter is complicated, and that it requires a 
number of data to be determined from observation, which the 
small apparent magnitude they present to us renders difficult 
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to determine ; and all this appears to be included within an 
angle of only 16' 32", which is all that the system of Jupiter 
subtends at the earth. All, therefore, that we can say of 
the eclipses of Jupiter's satellites has not that degree of ac- 
curacy which so many other parts of astronomy have obtain- 
ed ; stilly in consequence of the use of these investigations in 
determining the times of the occurrence of eclipses, the deter- 
mination of their epochs has much engrossed the attention of 
astronomers : the observations besides depend so much on the * 
optical means employed in them, that they are not compar- 
able with satisfaction. 

However, an attentive observation of these eclipses has led 
to the discovery of a law in nature unsuspected before, and 
the effect of which had perplexed accurate observers in 
other branches of astronomy. The disagreements of the pre- 
vious calculations with the actual observations showed a re- 
gular variation, increasing with the distance of Jupiter from 
the earth ; this distance may evidently vary the whole dia- 
meter of the earth's orbit, that is between 4 and 6, nearly. 
The propagation of light had been considered as instan- 
taneous for any distance, because its propagation through the 
short distances we can observe it on earth is not perceptble. 
On the contrary, applying to it the principles of all mechani- 
cal effects, that of succession and time needed to perform it, 
the inequalities showed themselves capable of computation by 
ascribing to light such a velocity as would enable it to pass 
the diameter of the earth's orbit in IG*"- 14'- of time. The 
same result was almost simultaneously obtained from a dis- 
crepancy in the observations of the fixed stars, which produ- 
ces a change of their apparent position, in a direction parallel 
to the ecliptic, of 40 j", in the extreme of two opposite positions 
of the earth in her orbit ; or of 20",25, for the maximum of 
reduction to the centre of- the orbit or the sun ; this last 
phenomenon is called the Aberration of light. The discovery 
of these two phenomena of light concurred in giving to it 
a velocity of 10313 times as great as that of the earth in its 
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orbit* The influeoce of the progressive motion of light is 
now therefore well ascertained, and we shall have to speak of 
it in another place. 

^ 119. The satellites of Jupiter are small in propifr- 
tion to their primary, though they are larger than the moon, 
and some at a considerable distance from himi the farthest 
one in particular ; hence, the phenomena which at Jupiter will 
produce an eclipse of the sun, by the passage of one or the 
other of the satellites before him, so as to hide it partially 
or totally from some point on the surface of Jupiter, though 
more frequent than the preceding ones, must remain unno- 
ticed by us, with our present optical powers ; for it is evident 
that they can present to us only a dark spot of very small 
nze, or a mere penumbra upon the illuminated disk of Ju- 
piter, of uncertain observation \ it may, however, be reserved 
for posterity to become spectators of this phenomenon also. 

Besides these phenomena, corresponding to our solar and 
lunar eclipses, Jupiter must still have those of the eclipses of 
his different moons by each other, which of course must be in- 
visible to us. The occultations of fixed stars by the moons, 
must likewise evidently be more numerous ; and the effect of 
the parallaxes of these moons, which are evidently the half of 
the apparent diameters of Jupiter, from each satellite, as given 
above, must introduce in these phenomena a still greater 
variation, in relation to the different localities, than that we 
observe upon earth ; the same circumstances will also occa- 
sion the occultations of planets by one of the mo^ns to be 
more frequent at one place than at another of the surface of 
Jupiter. 

^ 120. Jupiter, with his satellites, exhibits to us a central 
body of considerable magnitude with smaller ones revolving 
around it ; it therefore presents phenomena corresponding to 
those we have described above of Mercury and Venus in rela- 
tion to the sun, namely, transits of the satellites before 
their primary planet, as seen from the position of the earth ; 
over this also the passage of the satellites, in what we might 
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call their superior conjunction in relation to the earth, that 
is, when any one of them passes apparently behind the body 
of Jupiter itself, is visible to us ; however the light of Jupiter 
is sufficiently strong to obliterate that of the satellite on its 
approach to the limb of the primary, so that these observa- 
tions are but seldom very successful. 

The time of any one of these phenomena, for any part of 
the earth may be considered as the same, because the paral- 
lax which, as we see Table II. line 26 and 27, is only be- 
tween one and two seconds for Jupiter, may be considered as 
the same for the satellites, and is in this respect entirely 
without influence. A more cultivated theory of these satel- 
lites, and a still greater perfection in our optical means^ which 
are both constantly in progress, give us reason to hope that 
all these phenomena will again become useful in the determi- 
nation of the longitude of places upon earth. Now the ob- 
servation still requires that the optical means employed by the 
observers should be equal, to render the observations compa- 
rable with a degree of accuracy any thing like corresponding 
to that of other observations of the same kind. 

^ 121. Saturn J the next planet in our system as we recede 
jDrom the sun, presents us with a system much more exten- 
sive than Jupiter ; as he has seven satellites^ and, moreover, 
presents us with a peculiarity entirely unique in the solar sys- 
tem, and an instance of the only form different from the 
spheroidic, in which matter free in space, subject to a revolu- 
tion in a curve, and a rotatory movement upon an internal 
axis, can be in a state of equilibrium ; namely, aflat circular 
ring J of small thickness, with breadth and extent appropriate 
to the mass. With all this train, Saturn performs his re- 
volutions around the sun in the manner described in the first 
part of this bookw 

The disk itself of Saturn presents us some inequalities of 
shade and light, similar to all celestial bodies whose diame- 
ters we are able to observe ; but the great distance of the 
planet rendering them rather faint, they have nothing par- 
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ticularly remarkable. In his greatestproidmity to the earth, 
he it always mote than four diameters of the earth^s orbit 
firom us ; notwithstanding this, he appears with a light next 
in brilliancy to Jupiter. The apparent diameter of Saturn 
varies between 16",3 and 20'',12; seen at the distance of the 
•on, it would subtend an angle of 2' 52", or about ^^ of that 
of the sun. The sun will appear to him under an angle 
of about 31 minutes ; and to an observer in the sun he will 
appear, notwithstanding his ninefold distance, under a great- 
er angle than the earth, namely, little less than 18"; his 
real^diameter being nearly ten times that of the earth, all the 
otjlber dimensions dependant on this follow, as in Table IL 
line 6 to 11. The mass which the most modem determina- 
tions give, of 115 times that of the earth, has long been con- 
iSd^red as about 93 times that of the earth, and gives to Sa- 
tiurh a density of about ^ that of the earth, as seen Table 
itlme 13 to 15. 

The revolutiori of Saturn upon his axis, under an inclina- 
tion to its orbit, of 2P 36' 27'', takes place in about 10^ 
32in. being, after Jupiter, the most rapid of all. The time of 
the revolution of his ring being sensibly the same, we may 
consider this ring as belonging to the planet itself, or at least 
as mechanically acting with it. The distance of the ring 
from the surface of Saturn is little more than the third part 
of the diameter of this planet; the breadth is about equal 
to the radius of the planet ; more accurately, the outer di- 
ameter of the ring appears at a mean distance 38",3, the 
breadth of it 6'',7, and it lies nearly in the plane of the Equa- 
tor ; thence it must act in augmentation of the flattening of 
Saturn, whether we consider it as making a part of his mass, 
or as exerting an extraneous attraction in the plane of the 
equator ; we, in consequence, find this planet to have the 
greatest ellipticity or flattening at the poles of all, amount- 
ing to about ,^, of the radius. 

^ 122. Some inequalities discovered in the ring of Saturn, 
bave given the mea^s for the determination of its revolution. 
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and, according to general principles, it may be expected to 
consist of parts like all the planets, the form of which in the 
nearer details must be determined by their gravity, and the 
facility of yielding mutually to each other, under the addi- 
tional influence of the great centrifugal force, naturally crea- 
ted by the velocity of the rotation, and the free action of it 
upon a surface nearly parallel to its direction. With strong 
optical powers, this ring is found to consist of two concentric 
rings, a distinct dark line being discovered all around, nearly 
in the middle of its breadth. By the combination of the in- 
clination of Saturn's ring to the orbit of the planet, and of 
this to the orbit of the earth, the ellipse which it presents to 
us becomes more or less elongated, and sometimes. even pre- 
sents to us no more than the edge, in which case it becomes 
totally invisible, with our present common powers of vision^ 
notwithstanding the thickness of the ring is esteemed aboat 
equal to the diameter of the earth. By the same change of 
position, the two sides of the ring are illuminated alternately, 
and we may, in consequence of this, again lose sight of the 
ring, by our viewing it from the dark* side, when it will pre- 
sent itself merely as a dark belt over the planet, or also when 
only the edge of the ring being illuminated by the sun, pur 
optical powers do not suffice to discover it ; that is, when the 
protracted plane of the ring passes through the sun, which 
happens at 5* 20° 53', and 1 1* 20° 53' ; then again the dark 
part shows upon the body of Saturn like a shadow; shortly 
before and after that phenomenon, we also see the actual 
shadow of the ring upon the planet. . The northern surface 
of the ring will be illuminated while Saturn is between 6' 
20° 53' and 1 1' 20° 53' of his heliocentric longitude, and on 
the southern side when the planet is in the opposite part of 
his orbit. The ascending node of the ring was, in 1801, in 
6* 17° 30', and it has a motion in the order of the signs.— 
The most advantageous views, or the invisibility of the ring, 
alternate in the present times as follows, viz : 
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1825, in November, south side best illuminated. 

1833, in April, ring invisible. 

1838, in July, north side best illuminated. 

1847, in December, ring invisible. 

1855, in April, south side best illuminated. 

^ 123. We know nothing positive in respect to the atmos- 
phere of Saturn ; very minute observations have of course 
great difficulties at that great distance, but we cannot refuse 
to ascribe one to him from analogy to the earth and other 
planets, and from the general principles ; the peculiarity of 
having a ring, must occasion peculiar modifications in this 
respect, as we would expect to take place at the earth, if we 
were to suppose a similar ring to surround us, at little more 
than one diameter of the earth from its centre; for according 
to Table III., it will be observed, that its distance is only 
1,166 diameters of Saturn, or 12| diameters of the earth.-— 
From this ring, the diameter of Saturn subtending an angle 
of more than 46°, it is evident that the appearance of this 
planet, always 23° above the horizon of the ring, on either 
side, must present a spectacle entirely different from any 
which the astronomy of the earth presents to us. If we 
might venture into the field of speculation in relation to the 
possible improvements of the state of the intellectuarinhabi- 
tants of Saturn, we might dare to promise to them, from the 
invention of aerostats, the advantage and pleasure of a 
communication between the ring and the primary planet — a 
thing impossible between two spheric and distinct celestial 
bodies, having separate spheres of attraction ; a peculiar mo- 
dification of the atmosphere of the planet between the ring, 
comparatively to that on the other part of the planet, must of 
course exist, under the influence of this combined attraction. 
The radius of the earth's orbit subtending an angle of only 
about 6° at Saturn's orbit, and this angle, as we have seen 
above, being equal to the part of the apparent disk, or the 
angle at the centre of the planet, which we might, in the ex- 
treme case see in darkness, we are not able to distinguish any 
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change, or what is usually called phase, of the planet. But 
the great variation of the aspect of its flattening, joined to 
the variable inclination of the polar axis towards us, of up- 
wards of 30° on each side, produces a greater and very ob- 
servable change of his disk, and we see it in full only when 
we are in the protracted plane of its equator. 

<5> 124. In Plate III, the figures at the right side show 
the system of Saturn, together with that of Uranus, in their 
comparative magnitude with the sun, the upper figure pre- 
senting the aspect of the system from the earth, under the 
most favourable inclination, the lower figure containing a 
semi-circumference of the sun upon half the scale of that of 
the figure for the system of Jupiter and the earth, it has also 
the two planets and Saturn's ring for the central figures, as the 
other has Jupiter and the earth. The section perpendicular 
to this plane, generally taken for that of the satellites, is re- 
presented by the several lines passing through the planet, 
denoting the orbits of the satellites, under their proper incli- 
nation, together with the section of the ring on each side. 

§ 125. Saturn has seven satellites ; their whole system sub- 
tends to our view an angle of no more than 17', 25", and its 
extreme radius is only 0,0242 of that of the earth; these 
satellites appear to us under an angle of less than one second, 
though in reality they must be larger than the moon, in 
order to become visible at the great distance which we are 
from them ; being, therefore, observable only with the best 
optical means, there is no probability of their furnishing us 
means of practical applications like those of Jupiter, by their 
eclipses. While Jupiter's satellites were discovered almbst 
as soon as telescopes themselves, the discovery of those 
of Saturn is of a much later date, and due to a very ad- 
vanced state of improvement. Their proportional distances 
and times of revolution, are as yet all that we know of them j 
the former are represented in Plate III. in the figures above 
quoted, and the latter are apparent from Table III. under 

• 

their proper heads ; they vai*y from about 22i hours, for 

18 



|88 PABT III. 

iaatrmott sateUite, to 79f days, for the seventh or outermost 
pot. The six first satellites lie nearly in the same plane with 
the ring. It is supposed, both from their appearances, and 
their analogy to the moon, that they always turn the same 
fide towards their primary planet. In like manner, the laws 
discovered by Kepler, to which we know that the satellites 
MM well as the primary planets are subject, render it certain 
thai their orbits are elliptic, and not circular ; sdll we have 
sm yet only a determination of the ellipticity of the orbit of 
the sixth satellite of 0,048876, as seen in Table II. The pro- 
bable smallness of the ellipticity of the inner satellites, the 
iilcUnation under whicft we see their orbits, and their great 
distance, all concur in rendering this determination difficult* 

Theoretical investigations have shown- that here, as in 
Ibe case of the satellites of Jupiter, a constant mean plane 
exists, having the node of the equator of the planet and 
the satellites constant. This has generally been found a 
phenomenon coinciding the more accurately with observa- 
tion, as the distances of the satellites were smaller ; similar 
investigations also show, that the orbits of the satellites are 
the more inclined, as they are more distant from their pri* 
mary. 

^ 126. These satellites must of course present the same 
phenomena o( Eclipses of the sun ^nd moons to their primary 
planet, as we have seen occurring in the case of the earth 
and Jupiter ; they will also exhibit to us phenomena similar 
to the eclipses of Jupiter's satellites in the cone of the sha- 
dow of their primary ; but they must evidently be much less 
frequent than in the case of Jupiter, on account of the great 
inclination of the orbits, .which must limit their occurrence to 
the time of the passages happening very near the nodes as in 
the case of the moon and the earth. Besides, the greatest di- 
gresMon of the Earth from the Sun as seen from Saturn, is 
0|ily abojAt 6^, as given in Table V.; hence, these phenomena 
ii fake place for the greatest part of the time without be* 

p|idif|b1e tf)u&; and in all cases, the eclipses of tb^ ^ratpJlit^ 
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roust appear to happen so near to the body of Saturn as to be 
unobservable, on account of his preponderating light* The 
cone of the shadow of Saturn will extend as far as about 38,6 
times the distance of the farthest or seventh satellite, or 4578 
diameters of the earth, the angle of the vertex of the cone 
will be only 17J seconds. We seldom see even the shadow 
of Saturn upon the ring, for the same reason, of our too 
small deviation from the straight line between the Sun and 
Saturn. For the planet itself, this ring must occasion the 
most peculiar phenomena, by the constant and slowly mo- 
ving shadow which it constantly maintains upon some part 
of the planet, and the changing appearance or disappear- 
ance of the satellites behind it, as seen from the one or the 
other hemisphere of the planet. 

§ 127. UranuSj the farthest planet of our solar systenii 
although his diameter is more than four times that of the earth, 
appears to the naked eye as a star of the fifth magnitude. 
He, in consequence, continued for more than a century after 
the discovery of the Telescope unknown to us. This arose 
from these instruments being yet too feeble to enable ob- 
servers to detect an actual determined disk, which could have 
called the attention of astronomers to his motion. His dts- 
tance from the Sun is nineteen radii of the Earth's orbits, 
and, therefore, his distance from the Earth varies no more 
than of the mean. This, joined to his small apparent di- 
ameter, makes the variation in his visible magnitude hardly 
sensible. He appears to subtend the angles of 4",1 and 3'',? 
in the two extreme distances ; at the distance of the sun, he 
would appear to us under an angle of 1' ]4'',5, and he sees 
the sun nearly under the same angle, namely 1' 18",6 ; the 
angle which he subtends from the sun is, of course, nearly a 
mean of the two extremes of his appearance from the earth, 
or d",84. As the earth always subtends an angle of less than 
1" at this planet, or what is the same thing, the parallax va- 
rjring only between 0",47 and 0'',42, it was so much easier for 
uf to consider it as a fixed star, while for him the earth 
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dwindles to about the same diminutive angle under which we 
■ee the satellites of Jupiter and Saturn. The latest deter- 
mination of the mass of Uranus, gives him 22,65 times the 
mass of tlie earth, it was before generally received as about 
17 times ; the density becomes by it nearly -f-^j^ of that of the 
earth, and the specific gravity of course proporUonal, both 
being little more than that of the sun, notwithstaqding the 
planet is rather one of the smaller; but it must be observed, that 
all data referring to these minutia of this planet may yet re- 
eehre considerable variations from longer-continued observa-^ 
tioDS. The other details may easily be followed in Table IL 
l%e line of his rotation has not yet been determined directly, 
because at his great distance, within such a small angle as he 
aabtends to us, the observation of any spot becomes nearly 
impossible ; but if we are authorised to conclude by analogy 
from the other planets, that the plane of the equator of Uranus 
and that of the orbits of the Satellites are not much inclined to 
each other, and that the axis of his poles remains approximately 
parallel to itself during the whole revolution, this axis would 
only make an angle of about half a degree, and therefore the 
variations of the seasons be of such immense difference from 
ours, as we might easily conclude by supposing that the 
neighbourhood of our poles of the earth, instead of being 
deprived of the sun only for about from three to six months, 
were so for the same number of j'^ears. The Torrid Zone is 
only about 1° in breadth, and the position of it changes 
from a direct exposure to the sun to that of having the sun 
only under a small angle over the horizon during a number 
of revolutions, a phenomenon which we know to be peculiar 
to the neighbourhood of our polar circles ; every part 
of Uranus would see or lose the sun for more than one 
rotation, or as we would say in usual language on earth, 
would have days or nights of more than once twenty-four 
hours. 

^ 128. According to the latest accounts, Uranus has seven 
)t$Uit€$p but we have as yet only the orbits of six determined. 
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the known elements andvdata of which are calculated under 
their proper head, in Table III. The determinations which 
we have in respect to these, are still principally due to the 
discoverer of the planet himself, namely, Herschel ; the 
second and fourth however have been more accurately deter- 
mined by other astronomers. The radius of the whole 
system of these six satellites is about -g^ of that of the earth's 
orbit, and it subtends to us an angle of only about five and 
three-quarter minutes. Its magnitude, compared with the 
sun and the system of Saturn, is elucidated by the figure on 
Plate III. The great inclination of the orbits of these sa- 
tellites of 89° 30' to the plane of the orbit of Uranus, forms 
their most remarkable feature, while the greatest inclination 
of those of other planets, namely those of Saturn, amounts 
only to about 25°. These orbits, we know from theory, 
must be elliptic ; but as yet only the eccentricity of the sixth 
has been attempted to be stated at yV j which would be by 
far the greatest that we know of. 

The eclipses of these satellites, or the solar eclipses which 
they must occasion upon their primary planet, must have the 
peculiarity of being confined to two certain epochs in oppo- 
site parts of the year, while, in the other parts of it, they 
must be entirely impossible. 

We have still, in the present state of our knowledge of this 
planet and his satellites, much to desire, and, as there is every 
reason to hope, also to expect, from the future improvements 
in astronomy, particularly the daily improving art of increas- 
ing our optical power, by which we may be enabled to pene- 
trate into the details yet remaining undistinguishableby us at 
such great distances. 
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CHAPTER VI. 



Of ihe Comets. 



§ 129. As we propose to treat in this third part princi- 
pally of the more minute details and physical constitution of 
the celestial bodies, this chapter upon the comets cannot 
afford as satisfactory results as we have been enabled to 
present in the preceding chapters. Our knowledge of the 
comets is still limited almost entirely to that of their course, 
and the elements of their orbits. Both these appear very 
variable, and have been already treated of in the fourth 
chapter of the first part ; observations upon their physical 
nature must of course be very imperfect, on account of the 
short time during which they are visible to us, and the pow- 
erful optical means which they require. 

We may suspect, from what has been seen of them in ge- 
neral, that those comets that appear the most brilliant, are 
not those that would in reality be the most important; since 
comets apparently small have been discovered, whose orbits 
being more closely connected with our planetary system, we 
may suppose them also in their mass, density, and nature 
nearer to the planets; however, their mass, concluded from 
their want of influence upon the orbits of the neighbouring 
planets, is inconsiderable. 

Their appearance as mere masses of light, and transparent, 
as we know light to be, may in future times instruct us as to 
the nature of light itself. Their permanency, now averred 
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by the accurately known orbits of a certain number, and the 
certaiQty of their return within our view, in bringing them 
under the regular action of the attraction of the sun, and 
consequently also of the planets, (the last of which has been 
calculated in various remarkable instances,) has not yet pre- 
sented us any reaction on their part ; their mass, therefore, is 
exceedingly small; thus, for instance, in the comet of 1770, 
the attraction of Jupiter in the neighbourhood of which it 
must have passed in 1767, altered its orbit so materially as 
not to make it appear the same comet ; while on the contrary, 
notwithstanding it came the nearest of any comet to the 
earth, its attraction upon us was entirely insensible. Under 
the supposition of an equality in the mass of the two bodies, 
according to the laws of attraction, the effect of the comet 
upon the earth would have been an increase of the sideral 
revolution of the earth of 1 ^ day ; observations and the 
solar tables, however, concur in proving that no alteration has 
taken place apiounting to as much as two seconds in time, 
which reduces the possible supposition of the mass of the' 
comet below ^-Vo of that of the earth. If then, notwithstand- 
ing the large diameters under which comets are occasionally 
seen, their mass is inappreciable, it must be impossible for us 
to determine their densities. 

The physical constitution of the comets thus appears to 
constitute in the great scale of the universe a link between 
the solid masses of matter and the ethereal or aeriform, and 
this SiS subject to universal gravitation as we find all that we can 
call matter on our globe. But our imagination, closely bound 
to material subjects in nature, furnishes us with no type upon 
which we might imagine animated beings to people the 
comets, and to enjoy the spectacle of the varied scenery in 
what we might call a voyage through our solar system. 

The most remarkable Comets which struck the ancients, 
before they were considered as subjects of astronomy, while 
tlie apparently smaller and, in astronomy, more interesting 
oiKM^ remiuMd still unobserved} are often accompanied by • 
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luminous train, which occasioned the denomination of cometfi 
or stellae comatae, being given to these celestial bodies, 
from the appearance which they presented. It was formerly 
supposed that this phenomenon only occurred on their going 
away again from the proximity of the sun, but this has been 
found as little constant as any of the other details accompa- 
nying their phenomena ; this appearance, usually denominated 
the tail, often extends through such an immense space as to 
subtend to our view an angle of 20°, or 50°, and its appear- 
ance is usually under a constant succession of changes. This 
train is often double, or even triple, variously inclined and 
curved. We have, however, so little that is interesting to say 
of its nature, or of the causes for its shape, that the inquiry 
appears to appertain rather to the Physics, than to the Me- 
chanicsof the heavens. 

<^ 130. Old established superstitions, prejudices, prover- 
bial expressions, and old sayings, or figurative expressions, 
have most generally their origin in some fact, or accidental 
coincidence of circumstances, which made a lively impression 
upon the untutored mind of man, and for which his natural 
propensity to inquiry led him to seek an explanation, or a 
connexion, which imagination supplied, once happily, once in 
direct violation of sound reasoning. 

The extraordinary and unforetold appearance of a ce- 
lestial body of uncommon form, could not fail to be asso- 
ciated with some nearly simultaneous unforeseen event, which 
appeared to be out of the common order of occurrences ; 
slight efforts of designing men were sufficient to give consis- 
tency and permanency to such an idea, in times when mathe- 
matical science and such events were not suspected suscepti- 
ble of connexion. The greater pretended wisdom of as- 
trology, which accounted for the combination of the common 
events of life, by the combination of the position of the pla- 
nets at the moment of its beginning, could not fail to main- 
tain also the connection of the extraordinary appearance of 
a comet with the extraordinary events of the moral world ; 
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.void > the greatest gain of the designing being always. Jb act- 
ing upon.the feav of 4Ue weak, prognostieating hana firdm 
•sin''ODeoib«ion> phenomenon must of coqrs^ olbtain the'pve- 
<ieiencie oTer^tbe tioSAing fortli the hopes^ of goodv ^ 
'i* Thisini8y»hravie<lieeii the lustory irf'the> establishment of the 
'fiar»oCrtbe>igboi|ant/.faponth^' apparition' of cbibcfts. Btk 
•(be<ic(sr9 a^p^sed. by the light of 4ciieBce>-'wer^' not scrfibred 
itoidie «way entirely, and if'teridiniif failed,* at least'jp)*o6a- 
•Mtty At'porssibUity .was yet reserved to. maintain them^ 'The 
,ooiirB^ of the. comers are various, sabject to. great varia- 
}tioii/ ahft distributed fipparently without law ; their number 
'jqipeai^s hiiyet unlloiitedi; hardly a year passes tfiat one df two 
,ave not discovered; ' > Sncb a travelleirfi^oma^eat distatiice, of 
^lisinnl&riowil mass, might in his cooj^sd i^riive' the earth ^^nd, 
if de&verctf from- the; Jeai^ '#f the partial AiS^fbrttme threhten- 
led by> alslrology, it was attempted to frtg^^ri ^> into that of 
Milie'cmivcflpsal destruction of th6 whefe •eaftft'w'ATid, even if 
ttiatfehocM not be thi consequence, krill We hnbWthat the ap- 
proach of two celesfful bodies must proportimially increase 
ttheip attraction ; hencd'a proportioifa) >ind^ea^e of danger 
inus) result for fearful nmn, 6f being«ttio&k off from his abode, 
;oir drowned' by .the seas o^rtfowing under this extraordinary 
"^ttractibn^.ourclim^tesbiaJdbe subV^eitedf or-^;:btitwhocan 
icalbulato all the misfortunes which imagiiiatiKMicail create f 
ilKe: are not even at a lOfstd find in the ancient, words of tra- 
:«li4ioDj'acc6uhts of events- corresponding to the theoretical 
iiwult of th^ effetts of gravitation jn sucl^ a case. 
i-'*-^ *l31i. Bht^as little as we may hope to change the laws of 
nature by our fears or.dept}e*eations, so much may we oalm 
^dibse* fears'byicool^calculatibn^'arida few sound .reflections, 
-sopportedby'the' conscious|iesB of moral rectitude, which 
shields from all apprehensions for futurity ; he only needs be 
learfu) who^ is cbnseions'of -deiserving no good fate^ without 
aockfi^eiiiigg, roan may await the results of the laws of nature 
^rith full oohfidence,' equable mind, and calmness. The pro- 
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4HJ»ii|ly of the cbtoce ^ the toeeliog ottwt celtttialfaoAici, 
'ftvw IB the case of their orbits croseing each other, it exceed- 
ingly small, in respect to space, on account of tktif diaimH 
tive size io proportion to the space which is girento them to 
more in, the earth occupying an are of no mototfaaii IT' of 
its own orbit) not only a simultaneously eqnal distance of tke 
comet and the planet firom the sun Is required, ^talso the 
4ame heliocentric longitude, and that the disturbing Tibiter 
«bould have n6 latitude, or at least only a £bw seooqds^ THe 
{(reat velocity of the comets, particularly near the perifaeHoo, 
where alone such an event could take place, limits thia areitt 
to the short space of time^ during which they would deseribe 
the small arc within which any effect eotdd take place i thas, 
for instance, the <comet that has come nearest to the earth, 
would have passfed the diameter of the sphere of his inftience 
upon the earth ip aboot twenty auoutes of tiaie. Tlntlfrom 
the greatest mimber of comets no apprehension at all ineed he 
felt, beeatf^e their orbits lie entirely, and coiisideraUy,.0utM4e 
of that of the earth, is besides evident by itself. 

The Masi of the comets is so small that they could exorcise 
but a trifling and even local influence upon the body of any 
of the larger planets, and particularly upon the dense earth ; 
•so that almost close contact would be required to produce any 
affect at all upon it. Notwithstanding the comets of short 
periods lately discovered revolve at no great distance feom 
the planets, not having been known, their indueaqe wmM 
not acxotinted for in the perturbations of these planets; $(i\[ 
4he motions of these planets have been so folly accounted 
for« iu conformity with the theory, from the attraction of 
^ibe other planets alone, that the attractive influence of ikm 
^ #omets may be considered as proved to be. entirely indjeoi- 
Mial. 

All this may sufficiently prove that the disastrous pheno- 
menon of the disturbance of the earth by u comet, though not 
gbiolutdy impossible by the laws of nature, and whicb may 
perhaps have happened about five or six thousand years ago. 
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u devoid of all probability for a great multitude of such pe- 
riods; during which the human species may continue to stri.t^ 
during many long series of successive generations, to improve 
its moral and intellectual worth and happiness, free from all 
possible fear on that side* 
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CHAPTER Vll. 



General Considerations in relation to the Solar Sysd 



§ 132. After having surveyed the details of the planets 
and comets of our solar system, we may with propriety take 
a general retrospective glance, in order to compare the facts 
observed, and the results obtained, and to give a general 
idea of the principles by which the mutual influence of these 
masses upon their respective motions are founded. 

What must first strike the imagination, in this general view, 
is the immense overpowering influence of the sun, extending 
its attraction to a distance where its diameter subtends an 
angle no greater than about 1' 18'',6, as is the case at Uranus } 
and even farther, if we are in any way near the truth in the 
dimensions of the orbits of so many comets, whose semi* 
axes even far outreach the distance of this farthest known 
planet of our system. 

This naturally leads us to compare it in all respects, as to 
dimension, volume^ mass, S^c, with the sum of the like quantity 
in all the planets. This comparison is easily obtained from 
Table XL, which furnishes us with the following remarkable 
approximate results : viz. 

The sum of all the Diameters of the planets is about jf of the sun's^diameter. 

Surfaces -----«« j*j---. sorfiuM. 

Volumes ------- j^j • - - volumen. 

Masses ------- -^^j^ - - - mass. 

To the sum of the masses of the planets the satellites 
have been added, estimated approximately as equivalent to 
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twenty 'five of our moon's masses, althon^:it.aaityib^;8M 
that these are already included in the estimates of thie toasiet' 
of the planets, deduced from their influence in the perturlNH 
tions they occasion in other planets. l 

In the sum total of all these magnitudes^ together wiOv 
that of the sun, the share of the earth is of course^ tmvHf 
it presents us with the following fractional magnitudei.: 



Of the Bom of the Diameters, that of the earth is about ^ 



:i: -I 

Surfaces • ..jfa .. ii 

Volumes - • - xg^ . ,,» 

Masses ----- . i . 



In this comparison, it is remarkable ho|ir niiich the'gHp&i^ 
volume of the sun, comparatively to its density, inlluencipVtIiil' 
result; the sum of -the volumes, compareid to that of' diW' 
masses, making the latter fraction more than four tim^s thhlV 
of the former, on account of the much greater denslt)^ dr 
the earth. « • f' 

The fourth Plate represents, upon a proportional seaTei* 
the disk and diameters of the planets, and a* part of that o^f 
the sun ; the inclined lines that are drawn through the C^n-' 
tres, represent the axes of rotation with their ibclinatioini' 
towards the orbits of the planets, and, in respect to the sun, 
with our ecliptic. . •= . 

The preceding chapter has given the reasons why the cometi^' 
cannot enter into this comparison, their diameters and massei^ 
not being ascertainable by our means. 

§ 133. According to the laws of universal gravitatidri, zvif" 
two celestial bodies, connected in their revolution, must *de^'' 
scribe ellipses around their common centre of gravity siiiiilii]^'' 
to each other, and in the magnitude of their lineal dimenisionir ' 
inversely proportional to their masses ; therefore, their me*' 
chanical effect is exactly analogous to that of two wei^hti^^ 
on a lever. The deviations from this result which are' obf-^^* 
served in our solar system, are due to the effect of the saiiie ' 
law of gravitation, exercised mutually upon each other 'by 
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[i h ti^l i i ir Ji iffc ■ tc»div^ snnwd the Mnw< ictaalarpqMag 
Itody, -the.iraafltbcii^^j^ iM sidled :P«frl«eta< 

If we ;«ducei by a simple] bppFdaumiile > SMilcslai^My.'^ 
UliilB iJBJuiwqikitfeteffthe.plteciB^ toitiieibri— reJfaythe 
^kfim itetieqifttCpdiAIeoale/BceonBog to dw^Mirci irioiiV 
wUch.lMlfvietaViQarijiieita.flltcw litmeljr, « §w«rii 

coitfttiictiop of ell tbe,pli|ne,u op the s^me side oCthe sun, 
ire obcdb a lever, on the one arm of which the sun, and on 
the ollM'-airthe planets are placed, each at its respective 
■lean iliHande ; for Ithis exfreme case the common centre of 
gravity-ii liraDd,lit1eSs fhiQi two diameters of the snn from 
ifH^tj^ilnft tl^KN plwetl being alw<y« distrfbutcd ia Vturidus 
#i r^ 9ffl n #'gy tf»» iW»Pi this comi«oti centre of gfavkyy «|r 
iljjj^^|lip.ifpi|jand.<be plapets mast . alwajp» be In e^oilibrioir 
sniff J^.|fEiywet,^va.fihang!S of distance from this eeniiteoC 
%^ fW^ifft'^'^W^'^ ^ tluijpiol effect; unle#a these pl«^. 
■•tary motions be so combined as to maintainiby their Joioft 
«4|fpt» the centre of gravity, of the system alwsiys hn^^tbe eeflrfre 
of the son, itself. To decide whether this is actually the case 
in, n^tiMre or not^ is a task for mathematical analysis which 
loight be of interest, because, if by this result the sun should 
be subject to any motion, as we have seen to be the case be~ 
tween the earth and moon, it must naturally have an e&cl 
nppn the apparent position of the fixed stars, which we can 
dbfermtne by no other means but by reference to the eclipUoi 
the centre of which would then become variable ; A>r we 
must consider ibe reduction or reference to the plane of 
the equator as a mere individaality for our convenieoce, on 
accoont of its c<Mocidence with the daily rotatory motion of 
the earth* This cause might occasion a part ef the smaU 
apparent motions of the fixed stars. It is, however, evident 
firom the small distance to be distributed among the vstriottsly 
cpiQbined mechanical effects of the planets, that the conlino» 
eeii^e of gravity of the system will always lie within the scm 
iti^ij aa }re;haye already seen to be the case with the earth 
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mfyi the ijMH^n$ md a^ probably: smy be 9ltiU nf^fft tl)# etnn 
wiih the other planets having 9aiellite8. '.• ';<> 

.^ 134. The combination of the law$ of gmvity^spreMrd 
io Uie.i>egi«fiii^, show that .^6 «9t/ar« o/* iA«ii9W#:4>/^-liW 
*rti99lHiiofu qf the phneti are direetly as. ike .cubeiAdf.kttf 
ihe great a^e$ of the orbtif^ an4 inversely n$\[ih€ ,eum^lf 
ihe massee of the $un and tke planet^ leftvi|9g aUiiffnl^fMl 
influences or. perturbations out of ton$ideratimv > Tlie^Vifif 
powerhig jnafis of. the sun, as compared witbrasy 'lom <>f Xb9 
planets i singly, renders the addiMon of the D^LS»,of<tb«jplaatt 
of no influence, and substitutes, in- the inveA*se;ratiOf nieritljr 
ibf mass of the sun. When both ^^lasfes^reMlnoyeaJ^A'.jUlf 
IrebUive gravitation of the siqaUef to thf^,gri9e(l«r U 4^jMr 
^um is to the greater. ;..;..;. ^;- i jjc 

In the orbits of the comets, which are.s;ill,iqa|6i|li^l^]4i%l|f 
^i par^bolif: forip <>n account of their great ec<:e^ti^city»;ltif 
Jineal. dimension to which the above proportion i%.referr#^ 
ii the parameter, which is the diameter perpiqndicula^ IP tfvf 
igu9, ^nd passing through the focus of the parabo)fi«; ;.. ;/ ^ 
• The mej^qri^ of ^he fittracting force of a cele^ti^ bodyi e^r 
«irci^ed upon,another revolving around i^ is given. byjjc^\i;flr 
locity ^hich it communicates to the latter ;: tbjs is^|i theraljw 
f^ the mass. The influence of another body, externa) j^ 4lH)ff 
4wo; is the remaining effect of that velocity, w,l\ich t|iis \^9^ 
wouldhave impressed upon it, in the absence of t^^ 9yfiTf9VI¥r 
ing influence of the other. Therefore, , whepj the pIflPft .^p 
ft satellite, this comparison may be made direcfjy.by ^ fH>Olr 
l^arison of its time of revolution with. Ahf^t; of tb^ P)a^ 
furonnd the fHUA ; in ^his way t)ie relative m^flf^ of jtbe jlmif 
bodies ctin be 4etermined. . When. the ma^a pf PfW tifif^i4 
kno w,n,. then its. nomps^rison with t^ ^n and .apoiipfeir p)mM^ 
gives the mean* W. determine the ma$^of thif ot^r. . .;, ni 

§ 135. The determinations of .the mas^s.f^ 4)|e pIaMli% 
ftXid of th^ PPfutual influence vpon their respeqtiy^ r^olut|ont 
'If^ch £oxVfi the Perturb^tione^ are, t^n^ifpr^ 4pl^f^e)y.(i;pf^ 
urcted, woA fl^pepda^ Jlpp^ e^l). oilier j^;^, WlihK w 
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irtriety of'ih^se inflaences render the mathematical problem 
of the perturbations very complicated, so that an accurate 
and genital solution is still beyond the reach of mathematical 
wlalyiis. ^his solution, in the case of the solar system, is ob- 
HMed'byan^approxiitiation, favoured by the small eccentrici- 
'l^vMid til^urti&r inclinations of the planetary orbitd; and the 
iHatlt tKabses of the planets compared with the mass of the 
-mm^ mI evein with this limitation it still requires the most 
siibtile and accurate mathematical analysis. More, therefore, 
Aui ^ genial idea of the elements, and some of the remark- 
able i^suitB is not to be expected here. These Perturba* 
ttimfMJ^otibt -depend alone upon the gross influence of the 
liislaiil^ ritiMrtiorii of the planets in their orbits, considered 
at regular, and the planets as revolving regularly in them ; 
"UleiintttMI'attractiori of the heavenly bodies is also, in this 
^tAhc,-iils'M'the general phenomena of their motions, the only 
4lH\ p<)Wer, arrd the law of its action is the same ; the dif- 
ftt^Hi (K^ctidns hi which it acts, and the different distances 

It 

at which -it fexcWfises this action, are so many variable causes 
of' disfct^jlahcy in the resulting effect ; the whole of these 
calculation^, therefore, refer to the relative geometric position 
tif the-acflng bodies and their power of action by virtue of 
thelir Ihslss, exactly as has been seen in the case of the moon. 
Oir the'corribination of these elements, therefore, depend the 
Vtoiatiohibf'the influences, and their ultimate effect at any 
•gitett time. • The variations which the elements of the orbits 
theniselves suffer, are sufficiently great to influence these 
i]f\i^iititie$ ; this again introduces a greater number of varia- 
ble arid variously combined elements into the calculation, the 
efiect of which becomes more ^ or less sensible, and returns 
moVcior less rapidly to the production of the same quantity 
in the result. In this way, periods of different lengths, that 
regelate the calculations, are formed* -« 
' 'The Periodic Perturbations depend on the situation of the 
blahets hi their orbits in respect to the nodes, or the greater 
iatts of their orbit; The Secular Perturbations depend on the 
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gradual variation of the position andeleiiientsoT thMe^bribili 
themselves, their smaller magnitude render& them sen^il^e 
t>nly after a greater lapse of time ; a regard for the' eas^ iif 
calculation has alone introduced the use of the eMtenary 
periods, with which they are no more connected than the lifc 
•df k matt is with- the year by which he coutits its length.-*!^ 
The prinicipal results of these secular variatidnd of the eittn^iAH 
pf the planetary orbits, are contained in Table 1. under thl^far 
•proper heads, and with the arithmetical sign^ +.«r — -/ ^ 
noting, the first an advance, the second a retr^adatioh) ih 
'the regular order of the signs of the ecliptic^ ot an augment 
tation or diminution of latitude. ^ 

^ 135. Among all these influences, those that have the 
most general and the most sensible efiect upon the appear- 
ances, must evidently be such as aJSTect the position of the earth 
itself, and its orbit; they act in the manner we hive seen iti 
speaking of the attraction between the earth andthemoOM, 
to displace the observer himself, and conseqUetitly ticcasiote 
a variability in the aspect of the whole uhiversei The iii* 
fluences depending on the masses of the largest planets, Jil^ 
plter and Saturn, have first been accounted foryt^th <Ml 
account of their more sensible magnitude, and the better 
determinations of the masses of these planets ; in respect to 
the earth, Venus and Jupiter were first accounted for, as moft 
influential; Saturn, Mars, and Uranus-have been taken mort 
lately into consideration. Mercury appear^ to have the least iih* 
fltience of that kind, acting, to all appearance, conjointly wttti 
the sun ; besides, uncertainty still exists in respect to hit 
mass, and causes an equal uncertainty in all the calculatibm 
depending on it. Amidst all these variable elements of th^ 
6rbits of the planets, the sum of which always produces a 
perfect balance in the whole of the system, the mean motions 
of the planets in their orbits have been found constant ; which 
may corroborate the idea, that the centre of gravity of the 
system may also be constant in the centre of the stm ; white 

all the other elements of the orbits are subject to anaugmetf- 
SO 



^Mifp^^TiPI #«in9j(ian, ultf rt^atuig like 9^ Qicillatpny motiof • 
<^|[|Mf^ f;pi^U|f|cy. pi^oyes. that, irhatever may be the naineft^f 
l^q^p|aQ^^» HiUlin cpnyieqqen^e of the|r motioD in^ tb.9 fiMme 
>4m$timi inprbUtnot mucfaiacUlied to eacb joMierj U19; irjbok 
{jmstffQ.pii^VNMft.abPPVa cert^ia iqeati tute ; tbatlh^ie o«ci)- 
JatiMf j|r« ^01161144 within c^rtaipiliiDiu; tfiatoppkiieieaii 
9iHiA-luivp.;bpeD A^m^ti HOC alt^i:«ai;ely ; t^ven |bi» ^ijreitqih 
4t9m^ Pf , Ar AppBtenily popatiMit.diimiiiutioo ^ tbe pbliqiMQr 
^, tbaje^lifrtic, ,f important to a^'altbongbvQ Jniwit« -inii^ 
tfp^l >tp Mw wlijalf 4yfteB», otcillat99 withiii certain Umim and 
4^W«4iBg to. .tl)9iiry, can never sink below 90% xMr e^oa^ 
S8? $ for the determination of ita epocbr tbe wbolfi Ufltory of 
jHl^piipmjr Ips as yet fMmitbed us with ^p ^mijl .a portion of 
Jf^j^inntiwii to allow us to pretend to a detwninatHMK pf 
^«{r9qf;<4is^rvation$ t)ie oldest obseryatidiis eii^iitled to crpdit 
ilJiAt s^f^IIhic^ikii, «bQw. it tp.bavp be^ about ^S"" 54', aboqt 
,m^ lVH^f4MHl pix years b^fpire one era» and (tt the begjp^ 
rfrfltjie flTWB^rPWtMry it WM 23** 27' 57", giving for nip^tcw 
^fpitufies a dimipution of only 86'. No fear therefore n^ed 
h^^ entertained of the evil consequences of a coincidence 
rPC tbejplanes of the equator and the ecliptic. 
>, (^ 13&., We have still, in treating of the effects of the per- 
(tlirbations, to make, as Copernicus did in forming a true 
representation of the Solar System, certain assumptions of 
.fpme of the eleraients. I'hese ought of course to constitute 
if,8y§t^m that will represent the actual state of the appear- 
japces. But when a difference between them is observed, we 
.i(re provided with the data for an inductive process, that 
inay be applied in inverse order to correct these assump- 
.tions. We thus obtain what may be called an oscillatory 
lipproximation, with diminishing variations. By theory 
>ind observation, then, stepping alternately forwards, it has, 
especially in the later advancements of astronomy, been 
proved that the application of the exact sciences to nature, 
will afford a benefit in a ratio Uke that of compound inter- 
mit ; ^s^'y improvement, or advance, becoming productive as 
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a hew principal ; for such is the progress made, thatj in; . 
most cases of importance, a single second in time, which in 
common life is wasted and abused by millions, becomes a 
quantity claiming the attention of the calculating astrono^^i 
mer; and Qven a subdivision in determining the place of la i 
heavenly body, or the time of certain phenomena. A second in; 
the arch, a quantity entirely microscopic to the human ey^ / 
and undeterminable in common life, is by no means neglect^' 
ed ; thus for instance the tables of the sun, that is to ssijr^ t 
of the motion of the earth in its orbit, made by several }ate{ 
astronomers, give results not diifering, at a mean raite, 90 
much as these small quantities, either between them^elvesiinor.. 
from nature and the actual appearances ; accuracy approach't« » 
ing nearly to this, may perhaps be claimed for the tables of; 
the moon, although this body presents us with the greatest 
angular variations for every trifling influence, whether simr 
pie or combined. The tables of the revolutions of the 
planets, the results of zeal for the science alone, without th^ 
particular interest attached to those of the sun and moon, , 
present results that are in proportion no less satisfactory ; for, 
in these the direct interest, which has prompted governments) 
to call for the perfection of the^tables of the sun and moon 
by pecuniary rewards, does not as yet exist in the present 
state of civilization. 

The want of accuracy in the ancient observations of the 
planets, and the shortness of the time whence we date accu*. , 
rate modern observations, has of course retarded the perfec-. 
tion of these tables. In the minute details relating to the pla- 
nets themselves, and the perturbations of loag periods, the 
simultaneous perfection of matheniatical theories and of as- 
tronomical instruments, the means and methods of observa- 
tion and calculation which skill and zeal for this science 
have of late produced, will probably soon bring these parts 
of the science to a satisfactory result. 

The two largest planets, Jupiter and Saturn, having been 
the longest observed, give also the best results, and therefore 



166- PAKT III. 

furnish tests for the theory of universal attraction in its de- 
tails, which they confirm in every part. By the late disco- 
veries of the small planets, fiesta, Juno, Ceres^ and Pallas,. 
between Mars and Jupiter, and the Comets of short periods 
in their neighbourhood, opportunities will be presented to im- 
prove the details of the theory of attraction, the effects of 
w1)ich they will present under more varied circumstances, in 
consequence of the greater eccentricity and inclination of 
their orbits, their intermixed course, and the great dis- 
parity between their masses and those of their neighbours, 
particularly Jupiter, the greatest of our whole system, which 
has, for instance, already been found to produce, in the motion 
of Ceres, perturbations that may amount to and vary from 
3f minutes to 10 minutes. 

^ 137. It may be proper here to make a collection of data 
and results, which are of interest and proper to be stated, in 
the same manner as we have done in respect to the moon. The 
sum of all the quotients resulting from the division of the 
mass of a pjanet by its great axis, (or considered as that of 
a variable ellipse,) is always very nearly a constant quantity. 
The sewlar variation of the equation of the centre of the 
planets, is the result of the mutual influence of the planets 
upon each other's orbits ; and such are in general the causes of 
all the variations recorded as secular. 

Retrospective calculations of the variations of the position 
of the orbit of the earth, show, that 1248 years before our 
era, its greater axis was at right angles with the first point 
of Aries, and that 2841 years earlier, this axis coincided 
with the same point, this epoch is about that at which chro- 
pologists have placed the creation of the world. 

A peculiarity in the planets, analagous to what we have 
observed in the satellites of Jupiter, is, that five times the 
ineaii motion of Saturn is equal to three times the mean 
mofioppf Jupite^; this occasions a periodic coincidence, that 
depends upon a more general equation of a long period. 

^e inclinations of all the axes of rotation of the planets 



^remain nearly parallel to themselves, and foria tBe samel 
angle with their orbits, during their revolution around the 
sun ; OH this depends the constancy of the seasons, which we: 
<:an readily conclude from this to be very diflferent in the dif^) 
ierent planets. The changes of this inclination are roost pro*; 
f)ably subject to the smaller or larger variations in all the: 
planets, analagouis to what we observe on earth, and probably 
more varied in the larger planets, under the influence of- 
more satellites and a greater flattening at the poles. r 

. According to theory, to each velocity of rotation correSf^r 
pond two diflerent ellipticities ; hence the determination . of 
the one existing depends on observation. 

The planes of the orbits of the satellites lie always between - 
the plane of the orbit of their primary planet and its equator; 
in Saturn, only the plane of the seventh satellite deviates 
much from that of the ring, the others are all nearly in the 
isame plane with it, having their nodes common with the 
equator of the planet ; in general, the inclinations of the 
satellites' orbits increase with the distance. 

§ 138. If we were to consider heat and light as a material 
emanation from the sun, as has been usual, we would calculate 
and determine upon mathematical principles the proportional; 
quantity which each planet would have, as has been attempted. 
But the futility of this reasoning appears palpable, for the 
simple reason, that the results appear not to answer any 
purpose ii^ nature adequate to the eflfect which we see. In 
treating of the sun, we have proposed a theory which ap- 
pears to fulfil the demands of nature upon principles of sound 
philosophy, and of which we have found confirmations in the 
appearances and the proportional densities of the planets. 
All mechanical eflfects of inanimate nature are exercised in 
straight lines, in which also the action of heat and light is 
directed, and we can pursue and study their mechanics or 
principles of motion, by the same methods that .we employ 
in the. cases of gravity. Upon the diflerent capacities of 
4i&rent kinds of matter^ of retaining or communicating 
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heat and ligbt, we have examples on a small scale on earth, 
but cannot as yet, by any direct conclasion, apply them 
to the celestial bodies, so as to determine absolate quan- 
tities of it, although the general principles stated in the earlier 
part of this work have acquired confirmation by a compa- 
rison with the results presented by the planets. 

One difficulty we still find in making the density of the 
tun and the larger planets coincide with what we know or 
observe on earth, in regard to the solidity of the matter 
composing these large bodies. With such a small density 
and specific gravity as we have indicated, and as has been 
generally adopted, we find no indication of that solidity 
which, in our experience, we must consider as indispensable 
to constitute a celestial body; the specific gravity of resinous 
substances presents us with a solidity only feeble in low tempe- 
ratures, and with complete soAness at the higher temperatures 
of our atmosphere, while we must, upon all grounds, allow 
to the sun the highest temperature, in order that he may oc- 
cupy the station, and fulfil the functions, we see he does in our 
system. But alh these difiicu]ties4:ease, on returning, in our 
inquiries, to the origin of these numerical determinations. 
Ingenious and careful as the operation for determining the 
specific gravity of the earth by means of the measurement of 
the mountain of Shelhalion was, it rests upon the mere svppo- 
iition of its density, relative to that of the earth, and we 
may with much more propriety refuse-to this supposition i^e 
necessary accuracy to make it a basis for conclusions so ex- 
tensive, than we may admit a result contradictory to what 
we otherwise find as a general principle. No doubt, new 
inquiries, by different means and methods, will arise in the 
present state of science, when so great an activity exists in all 
researches that mayenlFghten and extend our knowledge of the 
earth. Already, pendulum observations, made twelve hundred 
and twenty feet deep in a mine, have shown a variation from 
corresponding ones made at the* surface, which lead in result 
to a density of the earth of 7,73 times that of the surface, 
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or about.twenty times that of water, instead of 4^715, as we 
have stated before upon the habitual indications; the differ- 
ence between these oscillations having been 8"fiS instead of 
2'',46 which would follow from the former determination. 

We may therefore expect that this difficulty will be solved 
by future experiments and^ observations; and it will easily be 
observed, that the proportions of the masses to that of the 
earth, taken as unity, being all that is used in astronomy, the 
results obtained by the former supposition will not suffer any 
change, but only re-act upon our knowledge of the physical 
state of the earth, and the comparison of it, and the different 
kinds of matter we find upon it, with the other bodies of our 
solar system. 

As for the proportion between specific and sensible heat, 
upon which we might consider the question of habitability 
to depend, according to our supposition of the state and 
wants of intellectual beings, it is as yet unknown, as much 
as that of the medium in which they live corresponding to 
our atmosphere ; therefore, we may with propriety not con- 
sider ourselves as furnished with sufficiently accurate data on 
either of these questions to do more than simply acknowledge 
that sufficient general data are also sufficiently convincing 
indications of the general inhabitation of all the planets, 
though we are, as yet^ and shall ever be, unable to determine 
the respective properties of both, the state of the surfaces of 
the planets, and of that of the inhabitants, that is, the intel- 
lectual beings dwelling upon them. 



PART IV. 



OF THE FIXED STARS. 



CHAPTEIM. 



Oeneral considerations in respect to the Fixed Stars^ and 
methods of registering their position. 



§ 139. On leaving the solar system, to introduce our 
readers to innumerable systems of a like nature, of which 
we can only discern the central bodies, or, at least, tliose that 
by their intensity or abundance of light become visible to us, 
we advance from distances, though large, that are still mea- 
surable in terms of the diameter of the earth^s orbit as an unit, 
to distances immeasurable by us, and which we must call infi- 
nitCf because we are deprived of all lineal dimension, by which 
to measure them ; the Diameter of the eartVs orbit disappears 
entirely in comparison with them ; perhaps even that of Uranus; 
light itself, with a velocity hardly conceivable by us, must 
take more than six years to perform the passage from the 
nearest fixed star to our solar system ; and these bodies 
themselves be much greater than the sun, to be visible to us 
at a distance whence the earth's orbit subtends an angle o^ 

less than a second. 
21 
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Sach is the case with all the stars that adorn the spectacle 
of the heavens, except those which we have accounted for in 
the preceding parts of this work. To us all means of distin- 
guishing them fail except their apparent magnitude, which^ 
therefore, is the ground 6f thtir classification. By this they 
are principally arranged in ten classes, numbered from the first 
to the tenth magnitude. This magnitude, however, is only the 
effect of their brillihilcyi'.atid does i)ot ref^r to their real size, 
nor is it entirely the effect of a greater proximity, as far as we 
are able to judge. The stars of the^«^ magniiudej or which we 
might rather call of the greatett brilliancy^ lose their magni- 
tude by being seen Uirough powerful telescopes ; we must 
therefore attribute their apparent magnitude to the intensity 
of their light. The twmkEng^ of apparent spreading of the 
light, we know to be due to our own atmosphere ; and when 
the moon passes before any one of them, the angular velocity 
&f ^he*iiM6nls sirffi'cient to Make the disappearance of all 
stars equally Mitantaneous. -"' 

% 140. If we contemplate the spectacle of the stars pre- 
sented after the sun has sunk below our horizon, we find every 
successive evehirig ho more than a slight difference between 
the time 6f thl^ir appearing above the eastern, or disappearing 
below the westei'h horizon, while all the relative positions not 
heretofore recorded, appear permanently fixed, and subject, 
besides, only to that apparent motion, which we know to be 
the effect of the rotation of the earth, or the day, simulta- 
neously with which the spectacle also renews itself. Of the 
gradual change, arising from the successive appearance of 
the stars in the east after sunset, while others cease to be 
visible in the west, we are already apprised, as a natural ef- 
fect of the gradual progress of the earth in her orbit ; for 
we have seen that the day, reckoned under the influence of 
the sun, is not the same as that referred to the fixed stars, 
while distinguishing, as we have done, between astronomical 
and solar days, or time; this has already given the measure of 
the daily difference, which is the element that governs the 
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successive appearances or disappearances of the fixed stars, in 
our starlight nights. 

These phenomena are therefore ah'eady explained. By the 
adoption of the revolution and rotation of the earth they be- 
came unavoidable consequences : before these were admitted^ 
the first appearance or disappearance of a star, compared with 
the setting or rising of the sun, formed an important part of 
astronomy, and was therefore observed and recorded as such 5 
but to repeat any part of this subject here, would be as user 
less as the recital of the old and exploded theories of the 
Ptolemaic and Tychonic systems. We may suppose our 
readers sufficiently acquainted with the general appearances, 
and with the bearing of this subject, both by common observar 
tion and from what has been already said ; we, therefore, 
devote this part rather to the developement of the finer efiects 
and results obtained by astronomy, and which are more pecu- 
liai'ly due to the latest times, and to more perfect instruments. 

^ 141. In sections 11 and 12, we have stated how the 
positions of the heavenly bodies are registered by Longitude 
and Latitude^ when referred to the Ecliptic, The permanency 
of the fixed stars in the same position, however, presents a 
mode of registering them more easy and simple, both in the 
determination and in practical application. The apparent 
^notion presented by them, in consequence of the daily rota- 
tion of the earth, furnishes means to determine their relative 
position, by the difference of the time of their passage through 
a given plane, which, as we have seen, the meridian of any 
place presents to us with great facility ; and the arc perpendi- 
cular to the equator and passing through the star, will at that 
moment coincide with the meridian itself; hence, the distance 
from any determined point in the meridian will also give the 
means required for the second datum, namely, the distance 
from the plane of the equator; such a determined point is the 
Zenith of any place, namely, the point of the heavens equally 
distant from the horizon on all sides, and consequently in the 
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neridttn itself; to this point observadon and catenlation can 
refer both the ttar and the point of tbe ecliptic, where the 
perpendicnlar arc through the same will meet it ; the dijSer-* 
ence between the two will evidently ^ve the distance from 
die equator, as reqmred. The diiSerence of the time of the 
passa^ of an^r tiro stars through the meridiani will give what 
is called ii| astropomy their difference of Right Ascension. 
It is also usual to refer these determinations to the ascend- 
ing node of the earth's equator with the eclipdc or 0® T ; that 
iS| the poution of any star in right ascension is reckoned from 
this point. The star's dbtance firpm the plane of the equator^ 
in the arc perpendicular to it, at the point thus determined, 
is called its DedimUion* Thus we have again the posidon 
of the star determined, upon the same principles as it is by 
longitude and latitude, relative to the plane of the ecliptic. 

^ 143. But before these mathematical determinadons were 
introduced, or, we may even say, were possible, a method 
of distinguishing the fixed stars was introduced, which habit, 
and ease of language in designating them, has preserved ever 
since; namely, to designate certain groups of them by the 
denomination of animals, memorable men, or objects, the 
fijB^res of which were traced around them. These groups are 
called Constellations, they evidently extend over the whole 
surface of the celestial sphere ; the same means which we have 
related, in reladoQ to ^he Zodiac, in the first chapter of this 
work. 

To make the enumeradoq of these constellations here, 
and to show the ipethods devised to assist the memory in 
recollecting, and facilitate the means of finding them, is not 
SO closely connected with the elucidation of the Principles of 
tfie Sj/stem of the Universe^ as to induce us to enter into the 
details of this part of practical astronomy, which is desig- 
nated by the name of Astrognosy; it may suffice to state 
that the best n^eans of acquiring this knowledge is what 
Is called tbe Al^nments^ which, by forming regular geome* 
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trical figures, of determined proportions, within those of the 
constellations, greatly augment the means of reference, and 
facilitate the recollection of the corresponding appearances* 
Within the constellations themselves, the stars are desig- 
nated in two different ways, by letters of different kinds, 
and by peculiar names ; these last are Arabic, both in lan- 
guage and origin, and date from those times, when, the 
nations from which we boast our origin being plunged in 
ignorance, the spark of astronomical science was maintained 
by that people, now fallen back by the advance of other 
nations, who in their turn, perhaps, prepare themselves for 
the same fate. 
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CHAPTER II. 



Reductions of the positions of the Fixed Stars, ffuiation, 

Aberration^ Precession^ ^c. 

^ 143. Notwithstanding the general appearance thas pre- 
sents a stability between the relative positions of the fixed 
stars, this again, on more close enquiry, is by no means the 
case ; more accurate observations have discovered changes, 
some of which have been accounted for, and are periodic ; 
and others only lead us as yet to suspect, that the variations 
to be accounted for, will be of a much more delicate nature 
than those we have treated of hitherto, as they may, under 
very small appearances, imply eflects of very great magni- 
tude ; therefore, until the later times of more improved sci- 
ence, the appearances were the only object of inquiry, and 
the injurious conviction that these stars were fixed often caused 
their real motion to be ascribed to an error of observation or 
calculation. To suspect this was so much more plausible, as 
the observation is always mixed with the irregularities of 
which mention has been made in speaking of the earth as a 
planet ; for it is evident, that the efiect of the nutations of the 
earth's axis, the relative velocity of light, and of the earth in 
her orbit, the variation of the obliquity of the ecliptic, and the 
efiect of refraction under difierent states of the atmosphere, 
must all combine in a variable result, producing temporary 
appearances, from which it is as difficult, as it is necessary, 
to disengage the observations, in order to arrive at some regu- 
rity . It was also natural at first to suppose, when the revolu- 
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tion of the earth around the sun was determined, that a change 
must result in the appearances in consequence of it ; which, 
from the similarity of principle with the parallaxes, resulting' 
from our position upon the surface of the earth, was called the ' 
Annual parallax; this, therefore, has been an object of in- 
quiry even until lately ; in fact, if we consider the sun as k 
fixed star, around which the earth revolves, we must reduce 
the appearances of other fixed stars to this centre, in the same 
manner as we have done in the beginning, in rendering an 
account of the motions of the planets around the sun, to dis- 
cover the regularity of the whole system, either at rest or id 
motion, which they may present. But if in that case our 
knowledge has enabled us to start from a determined result 
of the science, retracing the steps of discovery, and to ob- 
tain as a final result the satisfactory explanation of the ap- 
pearances, we are not yet able to follow the same manner of 
proceeding here; we can as yet but collect appearances, and 
by accounting for the influences which we are acquainted 
with, reduce them to that state in which the resulting system 
is to be compared with observations, to test its truth or 
fallacy, or, by the regularity of the deviations, lead to any 
true system that may lie hid in it. 

^ 144. Our first task, therefore, is to show the principles 
of the Reductions^ or Corrections, to be applied tb the obser- 
vations. We may here, as we did hitherto, neglect treating 
of the Refraction, or the deviation of the rays of light in our 
atmosphere, which, as a local phenomenon of the earth, may 
best be treated of there. Those alterations of position which 
the earth suflers, either as temporary perturbations, or as an 
ultimate progressive result of them, must become apparent 
in the position of the fixed stars, in a manner combined by 
the relative direction of the perturbations and that of the fixed 
star observed. We have seen above, that the variation in the 
position of the moon's orbit occasions what is called a A«- 
tation of the earth*s axis by the moon, by which this axis' 
describes a small ellipsei the position of which is accounted 



for firpiD. tbe:pDtidoo of the node of tbe moon-j tbe atigfef 
therefore, between this and any fixed star observed from the 
earth, forms what we have befojre called the ^^^gumtmt of the 
effect of this natation upon the star ; that is, it determines the 
quantity of this efiect for the time ; the quantity of this in- 
flpence is of course again reduced to the apparent effect pro* 
dficed, as referred to the plane of th^ ecliptic or equator, and to 
tbe arcs perpendicular to them, passipg through the respective 
stars. Hence arises the nec^sity of tables, either of a ge- 
neral nature, which would furnish the means to calculate, for 
any point of the heavenly sphere, the .effect of the nutation 
for certain positions ofjhenode, at certain disUmces firom 
each dther, and to which the known position of :any star is 
to be compared; or of special tables for each staic» giving 
this effijct, in all the directions desired, for tbe^different poisi- 
tipns of the node of the moon ; for both cases a considerable 
work is evidently required tp give to the results all the accu- 
racy to be desired* 

In this, we have an example of a kind of ti^bles necessary 
10 astronomy, different from those quoted as recording the 
motions of the planets, namely of such as present the results 
of calculations of effects under certain given circumstances, 
which, therefore, need only to be applied to tbe case ; of 
such, a number are necessary to facilitate tbe work of the 
astronomer, and by the aid of which, therefore, the science 
progresses more rapidly. 

All that has been said here of the Lunar nutation evidently 
applies equally to the Solar nutation^ with the difference of 
the argument only, which in this last is of course taken 
from the position of the sun, compared to that of tbe star. 

Not to repeat here what has already been said, we refer, 
for tbe magnitude of these effects, to the place where in 
treating on the earth we have already stated them. 
. This effect of the nutation evidently cannot take place 
without a corresponding influence upon the obliquity of the 
ecliptic} this obliquity is therefore subject to . an oscillation 
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Affecdog the plane of reference, when the stars are regtsMfnl 
by their Right Ascension and Declination^ bnt this evidently 
must not be attributed to the ecliptic itself thoughi in f#* 
ducing the places of die stars to it, account must be kept of 
the angle contained at the moment between the two planeUt 

It will be observed, that the effect of the nutation upon thf 
position of any star at any moment, depends on the ang^ 
between the star and the direction of the axis of the ear^b 
This, like all effects of this nature, as we have seen hereto 
fore, it is usual to represent by its two resultants, for either thf 
ecliptic or the equator, and the arcs perpendicular to tbenu; 

§ 145. As one of the final results of the attractions of per* 
turbation upon the earth we have stated in its proper placet 
that at the present period a diminution of the obliquity ofih$ 
^liptic is taking place, which amounts to near 50" in a cen^ 
tury I and further, that the point of intersection of the two 
planes of the ecliptic and the equator, or the Equinoctial points^ 
is affected by a retrograde motion upon the ecliptic, or what 
is the same thing, that the point of 0^ T, (from which, at 
we have stated, both Longitude and the Right Asctnnm 
are usually counted,) moving in the ecliptic in the inverse 
order of the signs, occasions the return of the appearanceti 
as counted from that point, to precede in every revolution 
that of the stars themselves. This effect is called the Pro* 
cession of the Equinoxes^ and requires to be taken into ac- 
count in the determinations of the positions of the fixed stars ) 
this is done in such a manner as always to state the position 
of the stars, at any moment, from the point 0^ T occupiee 
simultaneously ; this effect amounts to about 50t seconds wt^ 
nually, and may be represented by supposing a revolution of 
the axis of the earth to take place around the pole of the ecUp^ 
tic, the epoch of which, according to the present data, wouM 
be 25750 years. By this motion, for instance, the pole star 
win be, in the year 3102, nearest to the pole, or only 
%r 32^65 from that point. 

^ 14$. These infli^ces being accomted for, the observa^ 
23 
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id<MM stSn leave a variation from the calculated resnhi die 
ei>ocb of which corresponds with the revolution of the earth 
around the sun, or the year ; this effect, however, does not 
correspond to an annual parallax. Bradley, inquiring into 
this, was lead to the same discovery which Huygens had made 
libout the same time, from the variability of the times of the 
eclipses of Jupiter's satellites, namely, the gradual propaga^ 
Hon of light. 

* The earth, in the course of her yearly revolution around 
the sun, must see every fixed star successively in the same 
situation, in relation to the sun, as any of the superior pla- 
nets ; hence she will be in the different parts of her orbit at 
different distances from the star, the extreme of this variation 
being evidently the diameter of the earth's orbit; liow light 
requires, as we have seen, 16*^ 14'* of time to pass through 
tfaii diameter, during which the earth again describes a small 
arc in its orbit, which at a mean is 4(y',5. If, therefore, the 
effects of this change of appearances, produced by the gradual 
propagation of light, are to be accounted for, a reduction of 
them to the centre, or the sun, becomes necessary, which will 
in its maximum present the half of the above, namely 20",25. 
This reduction or effect is called the Aberration. To account 
for its direction and quantity in the different positions of the 
earth, we must have recourse, as in all cases of motion, to 
the mechanical composition of the result from the two mo- 
tions of the earth and the light ; these cause us to see the 
star in a direction indicated by the diagonal of a parallelo- 
gram, of which the two sides would be in the proportion of 
the two velocities, and under the angle which they form with 
each other at any given time; the above reduction is the 
maximum in the opposite directions, and can only take place 
when the direction of the earth's motion is perpendicular 
to the direction of the star ; it may evidently diminish to 
nothing when the direction of the earth's motion and that 
to the star are in the same line. To reduce this appearance 
again to the reality, tables have been made, as useful, nay 
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necessary, lauxiliarles, to the methods of astronomers, upon 
the same principles as stated for the Nutation ; the arguments 
of these are the longitude of the sun, they therefore serve for 
any angle between the sun and the star, to find the magnitude 
of this reduction. 

^ 147. It will appear immediately evident, that the planets 
must be all subject to the different reductions treated of m 
this chapter, in the same manner as the fixed stars, for we 
have seen that they are all dependent on the efiects of the 
motion of the earth itself upon the appearances, and in this 
case the result is rendered more complex by the proper mo- 
tion of the planets themselves. 

^ 148. Thus every star that we observe is to be freed 
from these effects, in order to present, as an ultimate result^ 
the quantity and direction of its motion. After these redile-* 
tions, there still remains, in a great number of stars, certain 
constant but small motions, of which, as yet, no law has been 
discovered, that will give an explanation applicable to all the 
stars, or to any great number of them. Peculiarities occur 
in these motions, which are called the Proper motion of ike 
fixed stars ; the greatest amount to about b* in Right aicetuionj 
or W in Declination; they will in future be of the greatest 
interest, because they evidently lead to the discovery of sys- 
tems of heavenly bodies in revolution, similar to the solar 
system ;• of these, and several other phenomena and appear- 
ances of the fixed stars, it will be proper to mention a few here^ 
after to show their peculiarities. Kecent and accurate obser- 
vations have discovered a great number of them. 
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Dtitribuiian of the Fixed Stars. — Dtsiinetion hetufeen them ; 

and Changes thejf present, 

^ 149. Althouoh we are tmable to ascertain by any direct 
Jiieaasi whether the apparent grea^r or smaller brilliancy of 
Ibt ftars ig doe to their real magnitude or to their smaller or 
greater distance^ we might, howeveri be led to suspect^tbat 
the latter is in part the tme canse. Under the supposition, 
which we besides see verified in all that has preceded, that 
every celestial body, or system, will be placed at a certaia 
distance from the other, by allowing an approximately equal 
space to the different systems, of which we suppose the fixed 
Stars to be the central bodies, or suns, we find their number 
also increases in an approximately similar ratio, with the de^ 
Cl^se of their apparent magnitude. Such ought to be the 
ease if any number of objects, nearly equally distributed in 
Space, were viewed from any one of them. 

The stars of the first magnitude are those which appear to 
us in brilliancy and magnitude nearest to Mars; they ara 
generally reckoned to be fifteen in number, though astrono- 
mers vary, both in this number, and in the choice of some of 
the stars, some having added the four largest of the second 
magnitude of other astronomers ; by all, however, twelve 
of them are considered as decidedly of the first magnitude. 

More than sixty stars are reckoned of the second magni- 
tude, upwards of two hundred of the third, and the number 
of each class increases as the apparent magnitude diminishes* 
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After having exhausted the usual subdivisions of magnitude^ 
the field of discovery extends itself immensely, and presenU 
no other limit to the increasing number than that of our op* 
tical powers. By the constant improvement of these instru^ 
tnents, a number of stars of considerable brilliancy are found to 
be composed of two and even of three, of diiOerent magnitudes^ 
and there «re some which have a periodical change of ap^ 
pearance or magnitude. We discover, besides the regularly 
defined stars, white spots of greater or smaller extent, either 
regularly round, or of irregular shape, which are called Nebula. 
A closer inquiry decomposes, them into a greater or smaller^ 
Or often even an indeterminable, multitude of stars ; these sub* 
jects deserve to be treated of more particularly, and though 
we cannot enter into the mathematrcal details, which are only 
for the professional astronomer, still, however, the collection 
of a few of the most striking facts must interest our readers^ 

§ 150. The most remarkable and most extended of all tht 
^ehulay if we may call it so, is the Milky Way. By this de^ 
nomination we designate a belt of whitish light, spreading 
itself with more or less breadth almost exactly like a great 
circle over the whole celestial sphere, and cutting the ecliptic 
near the SoUtice$. Some of the ancient philosophers, among 
whom was Democritus, declared this to be the efiect of an 
innumerable multitude of fixed stars; and this, long befote 
the invention of the telescope afforded a confirmation of 
the fact, by daily introducing us to the acquaintance of nuoH 
berless small stars, and more distant nebulae : as many as 
fifty thousand stars have been counted in it in a space of fi& 
teen degrees. 

It is a necessary consequence of the manner in which we 
find ourselves encircled by the milky way, that we occupy a 
place within this belt ; we may therefore suppose our solar 
system, and the stars of greater magnitude, to form part of 
the same multitude of stars, which thus appear spread over 
a wide extended surface of a certain thickness* We may 
even venture to conjecture, that the position of our solar 
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system is not central within this belt, as visible to us, and 
that we are nearer to that part in which we see the constella« 
tion of the Eagle ; because there the milky way appears 
broader, and the stars more scattered, than in the opposite 
direction, namely, towards the constellation of Orion : in 
respect to our elevation above the plane of the milky way, 
we may consider it as indicated by the angle supplementary 
to that subtended by the milky way. There is a singular 
coincidence, namely, that the largest star which we see, viz. 
Siriui^ or the brightest star in the Crreat Dog^ appears to us 
in the direction of a Diameter of the milky way. Desirous of 
finding a centre and motion wherever we see celestial bodies 
in any thing like a systematic order, we may easily suppose 
that some astronomer may have been prone to seek for such 
a centre in this star ^ and to consider the whole system, or 
accumulation of the stars which appear to us more brilliant, 
with all their successive gradations, down to the smallest of 
the milky way, as belonging to the same Nebula or cluster 
of stai*s, appearing so great, principally on account of its 
proximity. But to determine entirely any single point of 
this vast inquiry, exceeds, as yet, our means. Astronomy is 
too young for an epoch such as we cannot refuse to ascribe 
to motions of such immensity ; ages much more remote, and 
means much superior to ours, may determine them. 

§ 151- Thus we have again arrived at the limits of our 
actual or exact knowledge, and we are obliged to stay our 
judgment, until new and more accurate determinations furnish 
numerical data; but in the principles that have directed us 
in the solar system, the success obtained by the reduction to 
exact mathematical principles, has shown us the road to our 
object ; here we have no more to do, than to state some 
of the individual data obtained, as we have hinted. Thus 
we find, first. Stars, which, under the semblance of Fixed stars, 
without any comet-like appearance, or any motion apparent 
from the earth, have been positively seen and determined at 
aertain epochs, have never been seen before, and never again 
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appeared. Several ancient accounts of Buch appearances 
are extant, the discussion of which we may leave to the hii« 
torian of astronomy; we shall therefore only quote three 
such, recorded by the most eminent astronomers. Tycho 
Brake ohservedj in 1572, a star in the constellation of the 
Cassiopgaj which appeared suddenly, of a brilliancy about 
equal to Venus, and after an ephemeric existence of about 
eighteen months, during which its brilliancy almost constantly 
diminished, was lost entirely, without having changed its po- 
sition at all during the time of its visibility. - Suspicions of 
former apparitions of this star are not sufficiently supported to 
determine any epochs for it. From October, 1 604, to October, 
1605, a new star in the foot of the constellation of Serpeniar%U9 
occasioned Kepler to give an ample discussion of his obser- 
vations ; its appearance was also sudden, and in great bril- 
liancy, diminishing continually until its final disappearance. 
A third star of similar ephemeral appearance was seen in the 
head of the Swan, in 1670. 

A second peculiarity of some of the fixed stars, and per- 
haps somewhat analogous to the preceding, is the periodic 
appearance or disappearance of them ; of these, we know at 
present only six, namely, o in the Whale, x in the Swan^ the 
changeable star in Hydra^ one in the Crown, one in the Lion, 
and one in Virgo. 

A third kind exhibits periodic changes of light without 
disappearing entirely. Such are Algol in the constellation 
of the Head of Medusa, ^ in the Lyre, r) in Antinous, 6 of 
Cepheus, a of Hercules, and some others; of some of which 
the epochs of the changes of light have been determined with 
a considerable degree of accuracy. 

A fourth subdivision may be made of such as have formerly 
shown a variation of brilliancy, but which now appear inva- 
riable in their aspect, as one in the breast of the Swan^ and 
one in the constellation Virgo, 

(.Lastly, some appear to present a constant diminution of 
light, as a DraconiSf 6 Ursa majoris, 13 Aquilce ; while others 
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appear to continue rather increasing in light| as one in Sagi^ 
iarius, and one in Pegasus* 

^ 152. We again see all the combinations which are pot* 
fible in their variability of light, in some measure, presented 
to us in actual observation ; we may still quote some details, 
with the view to give some idea of their possible causes, and 
•ven the scope of speculation with which they may supply 
the imagination. 

The sizxAlgolj quoted above, has a period for the changes 
of his light, that is well ascertained, of 2 days, 20 hours, 
49 minutes ; of these, 3^ hours are employed in diminishing 
its light from the second magnitude to the fourth ; the same 
time is again occupied in its return to the second magnitude, 
in which, therefore, it appears the rest of the time. For such 
a change, we might be inclined to account, by the revolution 
of an opaque body of considerable proportional magnitude 
around the fixed star, or sun, when we consider, that were 
we to see our solar system from a distance, the passage of 
the larger planets before the sun might present an analogous 
phenomenon ; at the same time the opaque and smaller 
body must disappear to us, in the proximity of the luminous 
central body, as we observe in the approach of the planets 
to the sun ; and the result, at our distance, where both bodies 
no longer subtend any ascertainable angle, can only show 
itself as a diminution of the light which tlie fixed star itself 
presents. 

§ 153. That such may, and we might say, must, be the case 
with many, if not the most of the fixed stars, in a variety of 
gradations, and difierently from points of view other than the 
earth, or our solar system, we have no reason to doubt, upon 
the simple consideration of what our own solar system 
might present at some proportional distance j perhaps, how- 
ever, there may be a peculiarity in our system, in the circum- 
tance of the proportional smallness of the planets, which 
We must suppose to be varied in difierent proportions in 
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the vniversei like aU the circumstances hk tekre. In this 
constellation Cetus^ or the Whale^ two stars present us changes 
of light ; the one of them passes, in about three httddredafid 
thirty- three days, through all the changes from the second to 
the tenth magnitude* 

The star in the constellation VirgQ varieb from the sisrth 
magnitude down to the lowest, when it becomes invisible iti 
common telescopes; in forty days it increases from the 
smallest magnitude to its greatest light; in this it remains fifty 
days, tvhiie it remains of its smallest magnitude fiftj^sevea 
days; so its whole epoch of change is about one hundred^ 
mnd forty-seven days. ' Upon the variable star in the Berpeni 
observations have been made since 1662, by many astrono^ 
mers ; these give lour hundred and ninety -four days for the 
epoch of its change of light, between the fourth magnitude 
and less than the eleventh. The variable star in the Xfortkem 
Crown furnishes an epoch of three hundred and thirty-^ve 
days, varying between the sixth magnitude and nearly va^ 
nishing. 

The variable star in Hercules has a period of fifty-nine daySb 
That in Sobiesky^s skidd nearly sixty-nine days. The starjS 
in the Lyre has an epoch of only about six days and a half; 
nJtniinoi of seven days and a quarter ; S CepheU^ an epoch of 
about five days and one- third. The variable star in Jlqaarim 
has an epoch of three hundred and eighty-two days. ' . 

^154. We might enlarge the register still farther, but withi- 
out particular adVfintage in this place. Much labour has 
long been bestowed upon this interesting subject. 1%\% evi»- 
dent that if tho changes of magnitude, light, or brilliaacjr, 
as we may choose to call it, should be attributed to a periodic 
approaching or receding from us, we should have to tend to 
them a velocity too disproportionate to all those we are ac- 
quainted with, in a direct line backwards and forwards^ 
of which we have no example, and which has little probability ; 
we may therefore rather suppose the suggestion made above 
33 
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ia respect to Mgol^ to apply io a general manner to these 
changes of light,, namely, the revolutions of opaque- planets 
wound them, which weaken their light periodically.- To ex- 
plain the yet incomprehensible phenomenon of the sudden 
appearance, in their greatest light, of the three stars first 
mentioned, with our present means of philosophy, we must 
have recourse to the supposition of an extraordinary destruc- 
tive catastrophe, of the ignition of a whole world, of a mag- 
nitude much superior to ours, or even a whole system similar 
to the solar system, at an infinite distance from us ; for the 
magnitude as well as the fixity of the phenomenon, which 
presetted no annual parallax, evidently leads to both these 
suppositions. Unwilling as we are to admit that nature would 
destroy her own most extensive and splendid works, we are, 
however, even on this supposition, within the circle of our 
experience, in the small scale of our daily observations, 
where successive changes in the state of matter, apparently 
present us witfi corresponding phenomena of continued de- 
struction ; and we have been led to the discovery of some 
of our fellow travellers in the solar system, the small planets, 
by the same supposition. Considering this catastrophe from 
the elevated position which we may assume, such a phenome- 
non among the multiplicity of worlds, in the long interval 
of time, might be considered no more extraordinary, or 
against the order of nature, than the death of a man, whose 
brilliant or moral attainments and actions appeared to deserve 
for him continuance in life, and rendered the benefit of his 
constant activity desirable to his fellow men. Future re- 
appearances alone can lead to the discovery of epochs, if there 
should be any, for their appearance. 

§ 155* Lead by observations and calculations to that 
station, where the astonishment at first excited by a new phe- 
nomenon is resolved into reflections upon its causes, based 
upon theories and calculations, which have represented the 
previously observed phenomena with an accuracy at first 
hardly suspected, we are not astonished to see fixed stars, or 
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sons, as we are accustomed to consider them, perforlidiig 
revolutions around each other ; that is, the discovery of #ale2^ 
lites to the fixed stars ^ as Mayer of Manheim first announced' 
these phenomena, about half a century ago. Instead of 
opaque bodies, luminous bodies, that is^ such as ore of suffi- 
cient mass to become luminous by their heat, also revolve 
around each other, or rather, around a common centre oi 
gravity, exactly as we have found the sun and the planelfl, 
and the satellites and their primary planets ; so we must ex* 
pect to find other bodies, whether luminous or opaque, re-^ 
volving around suns, and varied in magnitude and numberi 
as far as nature is varied in all her works. 

Such revolutions have really been found to take place be* 
tween most of the double stars ^ Mayer ^ in observing the 
double star a Hercules, found it to present very different ap* 
pearances from those previously recorded by Bradley, who 
saw the small star preceding the principal and larger ooe^ 
while he found it evidently following ; it had before appeared 
only half a second distant from the larger, he saw it at 1*' 
distance. Soon after, several more such secondary stars were 
discovered around it. Mayer, on comparing the situation of 
the secondary star, of ^ Cygni, with that given by the obser* 
vations of Flamstead, found it to have gone northerly 19",3« 
These stars have since performed the greatest part of a revolu- 
tion around their cehtre of gravity ; as they are, besides, among 
those that have what is called a proper motion, it will at once 
appear that these two circumstances must combine together 
in the production of this change of place* ^ 

Thus we have by gradual steps, and almost unawares, ar^ 
rived at the result or phenomenon of solar systems, perhaps 
even composed of more than one sun, with planets, and satel- 
lites, tracing a path in the immensity of space, io a revolu- 
tion as yet inextricable ; and, as we must conclude from the 
slow path, in an epoch exceeding by far all our ideas of his- 
torical annals. 

The change of place of secondary stars is also observ« 
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able ia ftara haiing no proper modon. The star Arduruif 
which by common means presents a great brilliancy, or, m 
it is ttsnally called, magnitude, Mayer immediately found 
to contain a whole cluster of such stars ; these secondary 
stars are generally of the eighth, ninth, tenth, and even lower 
magnitade ; of a pale and quiet light, varied in its colour. 
As more such examples of revolving double stars were 
immediately quoted, besides the above, a Arieiis ; eor Carolii 
Regtdus ; 6 Bootes ; s and / Delphini; ^ Andromeda ; f* and / 
Cigni; IB Lyra; ^Aquarii; u Pisces. 

.The same discoverer also announced stars to be single at 
his time, which in other catalogues were stated as double, 
thus recording the moment when, by their situation, their 
secondary stars were hidden behind the primary ; such was 
the star Q of Sagittarius. 

§ 156. These observations have since been pursued farther, 
and some of the data more accurately ascertained; and sys- 
tems of three fixed stars have been found to revolve around 
each other. From the fact we have stated, that minute quan- 
tities are all that we can see of motions and bodies, undoubt- 
edly much superior to all those we have treated of in detail, 
in the three preceding parts of this volume, it is not aston- 
ishing that the exact determination of the laws and pheno- 
mena has as yet escaped our investigation. But what we 
have discovered in the magnitudes, positions, and motions 
of the fixed stars, that is, in all their proportions of mass, 
motion, and geometric position, is so closely connected with 
what we have found on a small scale in the solar system, that 
we neither can, nor indeed would wish to, refuse to find 
these bodies governed by the same laws, nor forego the de- 
light of comprehending the mechanics, or mode of action, of 
nature in her greatest work. 

No idea of magnitude or distance must deter us, when 
we are informed by a simple calculation, that a celestial 
body, in order to be visible to us at the distance of the nearest 
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possible fixed stars, that is, when the orbit of the earth 
ceases to subtend an appreciable angle, will need to be at 
least two hundred and fifty times larger, or more brilliant, 
than the sun, (that is, it must be considerably larger than 
the orbit of the earth,) if its visibility was dependent on 
magnitude alone ; hence the secondary bodies of first and 
second rank, as we see them in our system, may also be 
so much more numerous, and greater in other systems. 
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CHAPTER IV. 

Of the JSTebulce ; General Views and Systems. 

§ 157. The greatest and most extensive phenomenon that 
can come within our observation — the last and highest in the 
scale of our researches^ appears to be presented to us in the 
JVebulous Stars. We see, with middling good optical powers, 
a number of luminous spots, apparently scattered without 
regularity sometimes, nay, generally, surrounding one or 
more stars ; with increased optical powers, this light is 
decomposed into a number of stars, increasing with our 
power of vision, exactly as we have stated to be the case 
with the milky way, in which some of these nebulosities 
appear to lie. A near examination of the appearances of 
the constellations of the Pleiades and the Hyades has already 
presented us an image of this gradual increase of distinct- 
ness of vision ; these groups of stars, which to some visions 
present a confused light, while others are capable of counting 
a certain number of stars in them, so that they become nearly 
a test of the different optical powers of different persons, are 
resolved into a certain determined number of stars ; but such 
is not the case with the nebulae, the full subdivision of which 
appears in most cases to lie beyond our reach, and greater 
optical powers continue to show always a greater number ; so 
that some of them, after the application of our greatest pow- 
ers, still have a mere whitish light ; we also discover more 
such nebulae with greater optical powers. 

The oldest discovered nebulae is that in the belt of Andro- 
meda, which was seen in 1612, and is suspected of having 
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been seen before ; its. form is irregular; it occupies about 
one quarter of a degree, with three white, pale, and unequal 
radii. Another is V W south of this, in the same constel- 
lation, but only about 1' in diameter. 

The most remarkable is that in the constellation of Ortoif, 
discovered by Huygens in 1656; its form is also irregular, 
somewhat approaching the .^hape of a hand, it presents, by 
its brightness, the gradual dis^o^ure of an increasing number 
of stars, and an increase of the light in the other parts, which 
occasions the appearance of a change of form* It is one of 
the finest spectacles for contemplation with a great magnify- 
ing telescope ; it shows seven stars distinctly, or more deter- 
minately assignable. Not far from .^his is another nebula^, 
which, with an apparently central star, shows a whitish disk 
nearly circular ; but it is very small in proportioa to the pre- 
ceding. 

Praaepe in the constellation of Cancer, a. ,CQl|eA;tion of 
thirty-six distinct small stars, when viewed with tl^^ tel^spope, 
presents to the naked eye the appearance of a.nebulse, for 
want of s]afficient power of distinction. < . i , 

Between the constellations of the Balance and the ^erpe^f 
is a . nebula composed of an immense number of stars of 
very smaU magnitude, becoming more dense as tl^ey are 
nearer to the middle, where they are confounded in a strong 
whitish light ; nearly similar to this, is one in the constellation 
of Serenke. 

The numbi^r and variety of these assemblages of stars, 
that have bejei^ observed since the perfection of telescopes, 
have constantly increased ; at present, the catalogues present 
upwards of one. thousand, of varied forms and magnitudes. 
The southern Ip^qiisphere has presented a number, and among 
them two remarks^hle ones, which become visible tp naviga* 
tors on approaching the south of Africa, or the straits of 
Magellan jm America..: From this latter circumstance they 
have receiy^4 the name frf .the Magellanic clouds; they pre- 
sent the aj|[^|^earance of ^^ ^i^^lji^f .^p4 ^ ^^^S9F ^^^^^ ^^?{V4 
exactly like the milky way. 
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Tvf o other places in ^ soatheni hemiflphere haw exdled 
•ooie attention among the navigators in those seas, by lihe 
appearance of particularly strong darkness, from the com- 
plete want of stars between places abonndtng in them, as 
between the two branches of the milky way, be. 

^ 158. After having obtained, by actual observatiomt upon 
the double stars, the positive proof of th^ revolatiotts of sons 
-artniBd suns, and found oaf trkpectation of the immense vm- 
riety of the combinations, which nature may display in die 
arrangement of the heavenly bodies confirmed in the astro- 
nomy of the fixed stars, as in our solar system, by the later 
discoveries made in it, we maybe allowed to venture forward 
with boldness, in our speculations upon these multitudes 
of stars, which we find scattered over a space immeasura- 
ble even by imagination, and realizing the idea of Infinity. 
In the vicinity of our solar system, the minutiae of which havie 
been so interesting to us, we have found a number of others, 
of which the details pass unobserved by us, although we can 
observe some general results in the double stars, or we might 
even say compound stars, and assign probable censes for 
other appearances, as in the case of the changeable stars. — 
With all these, we have found ourselves in such an immensity, 
both of number and distance, by extending that system in 
which we are to the limits of the milky way, that we are 
prepared to consider those different assemblages of stars re- 
duced to mere confused light, by the immensity of their dis- 
tance, as assemblages of fixed stars, with their secondary suns 
and planets, of the same kind as our own nebula, as we may 
now allow ourselves to call all our brilliant scenery of a 
starlight night, as far as the naked eye discovers it. Thbs 
we find Infinity filled with systems and collections of worlds, 
in such numberless quantities, that we might be tempted to 
suppose them to be created successively ; as we may be sure 
that even light, to bring us the tidings of their existence 
and form, must travel thousands of centuries to reach us. — 
Only one difficulty might occur to some readers in this, 
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namely, tlie apposed necessity of the immeuse magaitu^ 
of the fixed stars to render tbem visible at such a distance ; but 
upon this head we must observe that it is a general optical- 
phenomenon, that the visibility of all objects whatever, der 
pends not on their magnitude, but on the contrast of colour^ 
o^ light and shade, which they present in relation to the sur- 
rounding objects. 

§ 159* lareasoBingiiponthe various subjects of astronomy, 
we have gradually arrived at a station where all means of 
distinction and Judgment leave us, except direction, forms^ 
and time ; even magnitude and number becoming indiscerna- 
ble. These mathematical ideas are therefore the only means 
of registering these, the greatest phenomena of nature, until, if 
possible, we should acquire optical powers capable of dis- 
covering changes that may lead to the knowledge of magni- 
tudes. To this elevation of scenery, and abstraction, the hu- 
man intellect and its laws of reasoning have led us. By the 
Copernican system, and the discovery of universal gravitation 
in our solar system, we have obtained the knowledge of our 
proper station in the universe; if we find ourselves occupying 
no very predominant place, and still see such an abundance of 
means, objects, and beings, in penetrating into the details of the 
creation on earth, what a more elevated idea must ,we con- 
ceive of the diflerent arid evidently superior parts of the 
universe ; should we refuse to admit them as destined to the 
enjoyment of intellectual beings, when we see so many en- 
joyments to be derived already from what lies near us ? The 
number and the gradations that we observe on earth, we can- 
not refuse to admit to the universe at large; and when we 
presume to consider ourselves as the highest beings in this 
creation, we do no more than any of the animals around us 
evidently proves that it does on his part ; namely, to lay 
value upon every object, only in that proportion in which it has 
value for that animal ; and his fears are, like ours, directed 
agaunst superipr means of any kind. The general tendency 
24 
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of all creatures towards happiness is a sufficient Jproof that 
a benign aim lies in this great Whole, for otherwise our moral 
and intellectual faculties and tendencies would be treacherous 
to ourselves — a contradiction in morality as palpable as 
magnitude without extent would be in the physical world.- 

^ 160. In leading our reader through the extensive and 
varied sceneries of the Universe, from eminence to eminence, 
we have stopped occasionally at prominent stationis, to cause 
him to bestow a general retrospective glance, and some re- 
flections upon the connexions of the results with the sur- 
rounding parts — the moral world, the intellectual Assistance 
which astronomy has lent, and the benefits it has already be- 
stowed upon human society. Arrived, in our journey, at 
the very limits of our physical and intellectual means and 
abilities, where no guide remains to us, but geometric por 
sition and time, all simple magnitude of any kind being 
reduced to the mere possibility of indicating its presence by 
an indivisible point ; the immensity of this Universe, and the 
multiplicity of worlds, with all their infiaity of creatures and 
objects of enjoyment, will, I hope, have occasioned some 
elevation of feeling, free from the mean attachment to phy- 
sical appearance and animal enjoyment. 

May it be allowed, from this station, to make a digression to 
overthrow a prejudice that is still often thrown out against 
astronomers, as unreasonable as ignorant, or, perhaps, mali- 
cious, which pretends to consider them as irreligious, and 
astronomy itself as contrary to religion, in an age which 
boasts of civilization and enlightened liberal views ; a proof 
of the slow steps with which the general mass of mankind 
follows the strides of the reflecting man, for whom mental 
occupation and enjoyment has more value than mere corpo- 
ral pleasure. 

Truly, there must be a difference between the religious 
ideas of a man habituated to consider all these worlds not 
as spread out for his idle gaze ; whose mode of acquiring his 
Imowledge of them is grounded upon truths as undeniable 
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as eiistehce itself, arid. seeking in all a rational aim; white 
he finds immutable laws and order, he cannot refusef thiim to 
be the abodes of intellectual beings, endowed with faculties 
similar and superior as well as inferior to his, capable of 
feeling happiness and enjoying the same contemplations, an^i 
"we might say, capable Of exchanging reflections with him. 
Such ideas are different fronti thos^ of the ignorant, and moist^y 
corporally feeling man, who^ in his presumptuous arrogance, 
considers himself the master of the Creation, and foolishly 
looking dbwaupon it as;iha^for him alone, still trembles «t 
every flash of* Ughtnin^-^an accidental phenomenon of oor 
atmbsphereylbo Striding to come under our consideration heH; 
'^whoyat'the'isame' time that he pretends to believe himself 
theaiox of aU^iexperiences^very instant his mean dependence 
^pbn every one of the nuihherless combinations and incidents 
'^resulting frbm the laws, of nature, without,' and even against, 
'hiseontroL ! ; > 

'Vyill not a man, with the elevation of ideas which this sci- 
i^n^egWeSf be indikbed with more liberal ardour and cheerful- 
<i)es0 to'add'his shai<e in promoting the good to which he sees 
all this order of the ;universe tend f How , much greater is 
the' satisfaction of doibg good from these motives, than from 
>ihe selfish impulse of feari of punishment, oi^ hope of reward? 
How much more cheerful is.!; liib itself, passed under these 
-iriipressiong, than toiled throbgh with fear and trembling? 
Under such inbpressions, duty constitutes a pleasure^ andmis- 
4brttine''i<66es its Weiight.^-^iWfaat> an extensive life exchanged 
-finkh&isiptisitkcted one in ignorahcei !. Must not «such religiouis 
4dkdb'be ic^ more practical utilaiy .lo humanity-^more (con- 
ducive to social feelings and happinesjs-^than those grduoded 
tijjofi fi^rv* iand wtthi the sebret reseifve ; df , ultiniately mending 
;any wi'Ong,; evbr so piwmeditatedjiiby ah!emptyi> JPon»tt20,' a 
tardy:/ 5e/<iet;e^ without aetualiy)'kd6wing hiha^9 Capable of 
-rendering to hiKQself acoomit'oftkbbrlmmutabfe Jaws which 
maintaainUhig eternal order-^cohvitibed of its great and benign 
aib^vfae canaot&e frightened by hi'm^ who, insteacl of hold- 



m^t)Kt «be bheeHfig pt-oep^t of roorU enj^i^nbenttii: die use 
^f'th^: hulil'xn facaltres to the promotnoo^ of moral good, 
4e^idivig to the Deity the vilest pasuons of many daries td 
-threalen with wrath and vengeance, in the name of the grdat 
rkaker of all diis, for every idea di^rent from hb.. 
•'• ^ 16^1. It will be proper to touch slighdy upon ii subject 
'^bicii^ is^ not yet admitted ioto the domain of astronon^ di- 
-rec^y^f nor decided tealiy t6 belong to it, namely^ ccfvtain ap- 
(liefarandeib ^ opa<|«e bodies between us and the sun, or inasses 
*of fight, apparently more remote thaai^ our atmosphere;, such 
dre, for instance, those of temporary large nebilbe, oi^ streaks 
;of light similar tothe tail of a comet, thbkighdiey may have 
been visible for several hours; they belong certainly tt> the 
clasiof atmospheric meteors, as well. as. the phenomenon lof 
aerolltes,'of which it was also first thought, by some, that tfaey 
.were to be cohsid^red either as thrown to us by the moon,^ or 
as comets revolving around the earth; both suppositions whijch 
whathas been said heretofore in this boK>k will evidently prove 
ilmpossii^Iey withdut needing discussion ^ all jbhese are evidently 
explicable, upon well averred principles of natural philosophy, 
to be chemical products of our atmosphe!^; 

Only such phenomena as presented a longer existence, or 
'seen from several places, either had no parallax, or only such 
a one as would refer them to a great distance,^ are worth no- 
ticing in an astronomical light, because, being accidental, 
•they easily escape the notice of astronomers; therefore, also, 
the most of the accounts of objects of this nature being 
^om spectators not sufficiently masters of scientific principle 
to guide their judgment, they must be considered atid. dis- 
cussed with great diffidence. 

At various times, black spots of small dimensions, similar 
•to planets or satellites, have been observed upon the sun ; 
thus, m 778, the 17th of March ; in 807 ; in 1169; and in 1607, 
the 28th of May ; a dark body appeared to pass before the 
sun, which was suspected to be Mercury, but could not be it 
according to his well known course ; the httec observation 
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was made by Kepler with the naked eye, and therefore the 
body roust have been much greater than Mercury ; later ob- 
servations of 1762, and 1764, have shown spots of one half 
of the sun's Diameter, passing in a few hours over the disk 
of the sun, by gradual and regular motion, having the ap- 
pearance of round opaque bodies, but we know of no celes- 
tial body agreeing with these phenomena ; the suspicion of 
a satellite to Venus, and of a planet between Mercury and 
the sun, have of course been alleged in attempting to explain 
these phenomena. In the year 1245, a brilliant star was 
seen^'in the south, in the constellation of Capricomus^ of a 
planet-like appearance, which, in consequence of its reddish 
light, was taken for Mars ; but this was inconsistent with the 
true place of that planet. 

Separate accounts of these novel appearances, or stars, 
have even been written, in which these phenomena are re- 
corded, together with those of the stars of temporary ap- 
pearance, of which we have spoken above. Attention 
and an accurate register of the times and appearances, will, 
in the succession of time, clear up this doubtful point, and 
discover periods of return, if there be any regularity or per- 
manency in them ; until then, they must be considered as 
merely accidental as well as unexplained appearances, upon 
which our imagination is not yet furnished with any means 
for speculation, and which appear not to have any influence, 
or, as we might say, not any co-operation in the general 
action of attraction in our solar syi^tem. 
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PART V. 



OF THE EARTH. 



..'• 



CHAPTER I. 



Appearances produced hy the Revolution and Rotation of the 

Earthy and their consequences. 

^ 162. Let us return from the infinite distances which we 
had reached in the preceding part, to devote a more close 
attention to the planet which we ourselves occupy, an intimate 
knowledge of which, therefore, interests us so much. In the 
chapter on the earth, as a planet of the solar system, the most 
general features of its revolution and rotation, and its con- 
nexion with the moon, have been shown. 

We have observed that the motion of the observer on the 
surface of the earth, in consequence of its rotation around 
the axis, was the subject which required the greatest attention, 
as it has the most extensive effect in rendering the motions 
apparently complicated, and requires us to substitute for tb^ 
fallacious judgment of our senses, the mathematical reasoo- 
ings which account for a phenomenon in all its bearings. 

We .shall here, at first, present, some farther details, the 
consequences of the double motion of the earth around 
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the f nOt and of its rotation. These two motionSi iheir dSatt^ 
HbOf and the inclination to each other, under which they take 
place, do not appear to us as yet to have the same necessary 
connexion between each other, as we have found in the most 
of the celestial revolutions ; at any rate, our object in this 
diapter can only be to show the effect resulting from the one 
or the other, or their combination. 

The sun occupying one of the foci of tiie ellipse of the 
earth's orbit, if a line be drawn at right angles to the 
greater axis, this ellipse will be diidded into two unequal 
parts, which, if measured by the angle in the centre of the 
orbit, will be respectively ninety-nine and a half, and eighty 
and a half degrees, and this difference increases about nine- 
teen and two-third nunutes in a century. (Tablb L, line 1 8 
and IS.) This evidently occasions the earth to perform its 
revolution in the two parts in unequal times ; so that it is now 
seven days longer in performing the part in which the 
apogee lies than that in which thcf perigee liel. A similar 
difference also occurs between the two solstices ; this, there* 
fore, constitutes a difference in the duration of what we call 
the four seasons of the year. It thus happens, that when the 
sun appears to us north of the equator, it is farther from the 
eai^th than when it is south of it, and consequently the spring 
and summer of the southern hemisphere of the earth are 
shorter than those of the northern. The immediate conse- 
quences of this upon local climates, come rather under the 
scope of physical geography. 

^ 163. In the case of the earth, as in that of the other 
planets, the inclination of the axis of rotation to the orbit main- 
tains the same absolute direction, and the same inclination to 
the plane of the orbit, at least with very small oscillations of 
very long periods. Thus then the earth is carried around the 
sun in such a manner as to present alternately the north or the 
south pole by preference, or both equally, towards the sun ; 
this last must evidently be the case at the two equinoxes, that 
Si, when the line from the centre of the sun to that of the 
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earth is perpenc^icular to the earth's axis. From this it fol- 
lows immediately that the two solsticial points are those where 
the greatest incliDation of the same two lines take place, and 
that the maximum of this angle must he 23° 27' 57'', on each side 
of the plane of the ecliptic, that is, the same as the obliquity 
of the ecliptic. In our denominations of these four points, 
which determine, as we see from this statement, the changes 
of the seasons, we again adopt a language similar to that we 
have already so frequently employed, expressing the actoal 
Occurrence, by the appearance it presents to an observer in 
the northern hemisphere. Thus, the equinox corresponding 
to 0° T , where the sun appears to pass to the northern side 
of her apparent orbit, is called the Vernal equinox; the solstice 
following, which, therefore, takes place when the sun appears 
fSbe most towards the north, is called the Summer solstice ; 
the equinox of the fall is in 0"^ ^^^ or when the sun appears 
to leave the northern hemisphere; the Winter solstice^ finally, 
is when the sun appears at the greatest southern deviation from 
the equator. This is evidently, like all language, a mere matter 
of convention. This shows, that, generally speaking, the 
earth is only equally illuminated during one of its whole daily 
rotations, in two points of its orbit ; that is, in the equinoxes ; 
when in these points, therefore, all the parts of the earth have 
the day and i}^e night of equal duration. In proportion as 
the sun appears to approach towards the one or the other 
pole, that is, when, by the position of the earth in its orbit, 
that pole is inclined towards the sun, the days increase towards 
the same pole^ and a proportional part of the earth around 
that pole never loses sight of the sun ; while on the opposite 
hemisphere, exactly the reverse takes place, the night he^ 
coming longer ; that is to say, the sun is visible a less space 
of time, and around the pole of this hemisphere the sun re- 
mains then invisible during the whole revolution of the earth. 
§ 164. Wherever we observe the eflect of the sun, we 
have always foimd heat and light united ; hence the circuu)- 

stances first described, as producing the different length of 
35 
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of all creatures towards happiness is a sufficient proof that 
a benign aim lies in this great Whole, for otherwise our moral 
and intellectual faculties and tendencies would be treacherous 
to ourselves — a contradiction in morality as palpable as 
magnitude without extent would be in the physical world.- 

^ 160. In leading our reader through the extensive and 
varied sceneries of the Universe, from eminence to eminence, 
we have stopped occasionally at prominent stationis, to cause 
him to bestow a general retrospective glance, and some re- 
flections upon the connexions of the results with the sur- 
rounding parts — the moral world, the intellectual Assistance 
which astronomy has lent, and the benefits it has already be- 
stowed upon human society. Arrived, in our journey, at 
the very limits of our physical and intellectual means and 
abilities, where no guide remains to us, but geometric por 
sition and time, all simple magnitude of any kind being 
reduced to the mere possibility of indicating its presence by 
an indivisible point ; the immensity of this Universe, and the 
multiplicity of worlds, with all their infinity of creatures and 
objects of enjoyment, will, I hope, have occasioned some 
elevation of feeling, free from the mean attachment to phy- 
sical appearance and animal enjoyment. 

May it be allowed, from this station, to make a digression to 
overthrow a prejudice that is still often thrown out against 
astronomers, as unreasonable as ignorant, or, perhaps, mali- 
cious, which pretends to consider them as irreligious, and 
astronomy itself as contrary to religion, in an age which 
boasts of civilization and enlightened liberal views ; a proof 
of the slow steps with which the general mass of mankind 
follows the strides of the reflecting man, for whom mental 
occupation and enjoyment has more value than mere corpo- 
ral pleasure. 

Truly, there must be a difference between the religious 
ideas of a man habituated to consider all these worlds not 
as spread out for hb idle gaze ; whose mode of acquiring his 
Imowledge of them is grounded upon truths as undeniable 
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in the straight line joining the centres of the sun «nd earth ; 
that is, they will have the sun in their Zenith : This will 
be the case until to those points that have the same latitude as 
the Solsticefs, where this phenomenon can evidently occur 
but once. 

As no more than the half of the surface of the earth can 
be illuminated at once by the sun, it is evident that in the 
neighbourhood of each of the poles there must be always a 
part which loses the sight of the sun ; its distance from the 
pole will correspond to the deviation of the sun from the 
equator ; the part of the earth subject to this phenomenon 
must extend, on both hemispheres, to such a distance from 
each pole, as will correspond to the obliquity of the eclip€i<f, 
or 23° 28' V nearly • The part of the globe around the pole, 
thus marked off, is called the Frigid Zone^ which evidently 
occupies the same distance around both poles. 

All the intermediate parts of the two hemispheres' of the 
earth, namely, from the distance 23° 28' (approximately) from 
the equator, and from the poles on each side, where all the 
changes between the two extreme cases stated take place^ 
form the Temperate Zones of the earth, which, like all that 
we see about us of a medium quality, form the greatest portion 
of the earth's surface. 

The principal distinctions which have furnished these divi- 
sions are strikingly evident, and their limits are well deter- 
mined. They form less circles of the terrestrial globe, 
which are parallel to the equator, whence they have, like all 
such circles of the sphere, the general denomination of Pa^ 
raUeU, The two parallels dividing the torrid zone from the 
two temperate zones are called the Tropics; those surround- 
ing the poles, at the same distance from them as the tropics 
are from the equator, are called Polar Circlety which; there- 
fore form the division between the temperate zones and Uie 
frigid zones. These denominations are taken from the phe- 
nomenon that most affects the feelings and the enjoyments of 
man, namely Hea^, which is the principal cause of vegetation 



pa the etrthy ai well ai of the eziftence of die uiiiiite4 
Cfefttion. The gradual succession of changes resulting fron 
it, jind acting upon human beings in the different parts of the 
earth, are of great importance in determining the manner of 
their existence, and, therefore, in fixing their moral or intel* 
lectoal state ; these, however, are always more equaliufd by 
the progresses of civilization. A mpre close investigadon of 
this intgect is of great interest in the history of civilisation, 
af well as in the future improvement of the human race ; but 
is entirely foreign to the object of this work. 

If the whole surface of the earth be supposed to be repre- 
•anted by the number 1000, the proportion of the superficial 
OMtePts of the different Zones will be as follows : 
The Torrid Zone will be expressed by 398 
The two Temperate Zones, • • • • 620 

The two Frigid Zones, 82 

Or more accurately : According to the most modem de- 
terannations, the Torrid Zone is equal to 202784 

Temperate • • • • 264364 
Frigid 42118 



Total, 609266 
Though no well-ascertained and regular law for the diminu- 
tion of the temperature of climates has as yet been discover- 
ed, an approximate result appears to be presented by the 
product of about 49° of Farenheit's scale into the square of 
the cosine of the latitude, (that is, the square of the distance 
from the earth's centre to the perpendicular drawn from the 
point on the earth's surface to the plane of the equator). — 
But this variation is of course very much influenced by local 
circumstances, which act according to the general laws of 
nature, upon the absorption and communication of heat in 
different substances, and their different state. 

The greatest and most general influence of a local nature 
is the elevation of the place above the level of the sea, which 
i$ to be considered as the general surface of the earth, ac« 
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tordingto well founded philosophical principles. For equal 
btitudes it is always found that the heat diminishes with the 
increase of elevation above the sea; and even in penetrating 
into the earth, we find an augmentation of the mean tem- 
perature. 

§ 166. The variation in the length of the day and night, in- 
creases constantly from the equator towards the poles. Under 
the equator, the sun always appears to rise perpendicularly 
from beneath the horizon ; the days and nights will thence be 
equal all the year, with that difference only, which we have 
in its proper place designated by the name of the variation 
of the equation of time ; only the half of which is of course 
sensible in that difference. 

When the point in the equator, which is under considera- 
tion, is in the plane passing through the centres of the sun 
and the earth, and perpendicular to the equator, or in its 
transit through the meridian of a place, the zenith distance 
of the sun will always be equal to its angular distance from 
the equator ; that is, to its declination. As we proceed from 
the equator towards either of the poles, the length of the 
days becomes unequal^ and their difference increases with the 
latitude. In every place between the tropics, the sun will 
pass twice every year through the zenith ; it will, therefore, 
be seen on both sides of the zenith alternately. 

At the parallels of the tropics, the limits of the greatest de- 
clination of the sun, or about 23° 28'on either i^e of the equa- 
tor, the sun reaching the latitude of the place only once in a 
year, it will appear once every year in the zenith, and all the 
rest of the year on the same side of it ; its greatest distance 
from it can be no more than twice the obliquity of the eclip- 
tic. The first of these cases takes place at the solstice of 
the same name with the latitude of the place ; the last at 
the corresponding solstice in the opposite hemisphere ; that 
is, in the northern hemisphere, the first at the solstice of 
Cancer f and the second in the solstice of Capricorn; and at 
tbese points the difference between day and night is already 
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Mariljr tiro ham. from the cqinK^, or li[ hoars. Tkmm 
nme pointi will alto determine the tf met of the longest ov 
shortest day, for the whole hemispheres in the same order } 
the difference increasing constantly with the latitndei niitil at 
the polar circles the length of the day or the night will vary 
the full time of the earth's rotation around its axis, in the 
above extreme cases. 

Besides this, at the two polar circles, the*, son appeans 
nearly two days above the hoiison by the mere eSeci of the 
xefracUon of onr atmosphere, of which we shall have to tpe^k 
hereafter ; and other phenomena peculiar to the atmosphere 
of these climates vary the appearance of thdr days and 
nights differently from any thing we are accustomed to see 
in the nuddle latitudes. ^ ' 

^ 167. We have often been obliged to make use of certaia 
denominations of planes and lines, transferring pure mathe- 
matical ideas to their application in the material world* 
These are so generally known, that I considered it permitted 
to make use of them before I bad accurately defined tfaem^ in 
the manner that Astronomy and the mathematical considera- 
tion of the earth makes use of them. By defining them now, 
we shall unite what we have said of the manner of detern^in^ 
ing the positions of the fiied stars, and the celestial bodies 
in general, with the geometry of the earth itself. 

The plane which appears to us extending around us at 
an undetermined distance, and thence appears limited by a 
great circle surrounding every observer, is called a horizon" 
ial plane, and the great circle terminating it is the Horizon. 
To this plane we erect a perpendicular through the point of 
observation, which we consider also as extended infinitely, 
both above and below this horizon. The point over our 
head, to which we refer this perpendicular, is called the 
Zenith or Vertex ; and that in the opposite direction, which^ 
therefore, it is always impossible for us to see, is called the 
Aodtr. Thus we form a mathematical sphere around every 
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6b8erver, or point on tbe earth's surface, which naturally 
furnishes the fundamental points of reference for any position 
of the celestial bodies, as well as for that of diiSerent parts 
of the earth, so far as they mutually lead to conclusions 
bj means of observations. Perpendicular to the plane of the 
horizon, we imagine a plane through the vertical line and 
any point whatever that may come under consideratiooi 
whith we call, therefore, a vertical plane ; and the circle to 
which it is referred, at any infinite or unlimited distance, is, 
tberisfore, a Vertical circle. The extension of any such plane 
on the other side of the horizontal plane, that is to say, in the 
hemisphere beneath the horizon, and ever invisible to us, 
evidently passes through the Nadir. 

The sphere thus determined in a mere imaginary manner 
for every observer, obtains its determined position, and 
what we would consider as JTiaafy, if we were not already in- 
formed of the complicated motions of the earth, on a<> 
count of the line of the Zenith and Nadir being in co- 
incidence with the direction of gravity at every point; 
the horizon becomes a plane tangent to the surface of 
the earth at that same point. The Meridian of a place will 
form one of the vertical planes just described ; we thus ob- 
tain the plane of the meridian as a second determined plane, 
to which to refer all the motions of the celestial bodies ; its 
position in respect to the horizon is therefore constant, for it 
will pass through the zenith, and those points to which, aa 
we have seen, the prolongation of the earth's axis is referred, 
. namefythe Polea. Here we join the mathematical divisions, 
referring to the earth, to the phenomena which we have 
found iii Part III. Chapter 3, to result from its revolution 
and rotation; and we easily see the coincidence of the situa- 
tion of the place upon the earth in respect to the son, with 
the passage of the sun through the meridian of the place ; tliei 
former being what we might call the external, the latter the 
internal aspect of the same phenomenon. The lesser circles* 
of the earth, parallel to the equator, pasmg thvougb aoy 
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point of Its surface^ and which we have seen to be tMeA 
ParaUels ofJlUitude^ must of course refer themselves to the 
xenith, as above stated ; for they must equally refer to the di** 
rectioii of gravity, cut the meridian perpendicularly in the 
zenith, and be tangent to the great circle perpendicular to it. 

This would be the state of things if the earth were a peiv 
feet sphere, which we know is impossible, according to the 
laws of gravity and the nature of matter in general. The 
deviation of it will form an object in the next chapter^ where 
a short general idea of the actual figure of the earth shall 
be given. 

^168. The principles of the preceding section evidently 
give the fundamental ideas of all instruments intended for 
astronomical observations. We have given, by nature, for 
mathematical use, two circles perpendicular to each other f 
and tbt^ir direction, together with the perpendicular to one 
of them, namely the direction of the gravity ; if we place, 
therefore, by this means, the one circle in the horizoni and^ 
turning upon the direction of gravity as an axis, bring the other,' 
or vertical circle, into the plane of the meridian, we shall be 
enabled to observe the time when this mechanical meri(]Uonal 
circle coincides with the direction towards any star in the 
course of its rotation with the earth. This observation is called 
the Transit of a star over the Meridian^ which, therefore, if 
indicated by the Time. By the angular distance from the ze- 
nith at which this star will appear to pass it, we obtain what 
is called in astronomy its Meridional Zenith distance. It is 
evident that we may equally refer this angular distance to 
that from the horizon ; because the zenith being distant 90^ 
from every point of the horizon, this distance from the hori- 
zon, which is called the Altitude, must be the difference be- 
tween 90° and the zenith distance of the same point. In thus 
placing our two circles, we have chosen the simplest possi- 
ble case for observation, and at the same time the most effi- 
cient and most accurate. Placing the vertical circle under 
any required angle with this meridional position, we measure 
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of counei on the horitontal drcle, the angular diattoce of 
any other vertical circle from it ; thb angle is called the 
Azimuth of any vertical, or point in that vertical. Here. 
again we may, therefore, determine the Zenith diitance 
or Altitude of a point in any vertical that lids out of 
the meridian ; and this will be the most accurate means of 
determining it; the latter will therefore be resorted to 
whenever the first is not possible. 

^ 169. Observatories upon the best modem construction^ 
are therefore principally furnished upon the first of the aboVs 
principles ; and, as simplicity always tends to accuracy, the 
general instrument which we have supposed above, is stilt 
divided into two more simple ones ; namely : first, a simple 
Telescope f revolvi^ag with the greatest accuracy in the ver<f, 
tical plane of the meridian, and which, therefore, will serve, 
to observe the time of the transit of any celestial body through 
tliat plane ; Uiis time, compared with that of the passage of 
any other star, will give what in astronomy is called, their 
difference af Right Ascension* These, we have seen, are all 
referred to the point of 0^ T. The second instrument is a. 
Circle^ placed in the same plane of the meridian, and there- 
fore vertical, or perpendicular to the horizon. By this circle 
the point in the meridian to which any celestial body is referred 
in its passage is determined ; and thereby its angular distance 
from either the Zenith or the Horizon, and is called, as the 
case may be, the Zenith Distance, or the Altitude. With 
this circle, therefore, we determine the difference of altitude, 
or zenith distance of two celestial bodies; as we have seen 
that the poles of the earth also lie in this vertical circle, we* 
may easily see that we thus obtain a means to refer these ob* 
servations to a comparison with the place of either of the 
poks in this circle, or to determine their polar distance. We ^ 
have h^re again a case similar to what occurs for the horizon^ 
and the vertex ; referring these angular distanced to the plane 
of the equator,to which we know the poles to be perpendicular, 
26 
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We obtain (as a eoinpletiient of the'polar distances) the angular 
distabeeis from the equator, whicli are called in astronomy the 
JDccKnahoii of the heavenly bodies. 

In the meridian, therefore, the coincidence of the two spheres 
which are formed, the one upon the horizon and the other 
upon the equator, takes place, and in this all the m6st accu- 
rate astronomical determinations are made with the greatest 
facility, and most near to what we may call the point of 
junction between pure geometry and the most invariable law 
of nature, Chravity. 

% 170, For the determination of the place of a-heavenly 
body, when out of the plane of the meridian, we evidently 
see that we are reduced to our two first circles, J9ara22e/ and per- 
pendicuUtr to the horizon ; from these we must determine every 
other position, by the assistauce of the Time; or by a com- 
piairison with a known point in the celestial sphere ; or by 
means of the Azimuthal angle itself, by referring it to that 
which it would occupy in the meridian ; and thence we obtain 
the corresponding right ascension and declination, by which 
it is transferred to the celestial sphere in general. 

Recent improvements in optics have given birth to another 
kind of instrument, by which angles are measured in the 
plane perpendicular to two mirrors, namely, reflecting in- 
struments; circles, or sectors of the same, are made upon 
this principle. The accuracy of the principles employed, 
and the great aptitude of those instruments to every kind 
of observation at sea, has brought them to so high a degree 
of perfection as to vie in point of accuracy with instruments 
of other kinds of much greater magnitude. It is evident that 
in this case, the angle measured being necessarily always in > 
the plane passing through the observer and the two points 
observed, it will necessarily also obtain the altitudes, or ze- 
.nith distances of the two points observed, and thence the 
time of the observations. From these, by means of mathe- 
matical calculations, we must ultimately obtain the position 
which any celestial body occupies, whether we may have ob- 
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served it in the meridian itself, or out of the same ; both of 
these are equally possible with this kind of instrument. 

^171. We require iDStruraents for measuring time with 
more minuteness than can be done by a single revolution of 
the earth, not only for the general consideration of astronomy, 
but in the detail of observations. 

To do this with great accuracy required, of course, a 
very advanced state of improvement in mechanical skill, and 
the application of natural philosophy ; to this, and to the 
grSt value which the accurate determination of the time at 
sea possesses in the determination of the longitude, we are 
indebted for a very great perfection in time-pieces, both 
in the form of Clocks^ as used in fixed observatories, and 
of ChronomeierSj which are transportable with more or less 
facility, according to the use they are intended for. 

In treating of the subject of instruments of astronomy, we 
can do no more than give the very first elementary principles. 
These, when accuracy is desired, must be approached as near 
as possible ; and, the greater the accuracy that is required, 
.the nearer must the instrument used in the observations be 
brought to the simplest elements; mathematical science is 
sufficiently improved to deduce from observations thus ob- 
tained any desired result with complete accuracy, and this 
can never be obtained by making the instrument itself per- 
form the calculation. 

^ 172. We have seen that the meridian of any place 
passes through the vertex of that place, and the poles of the 
earth } we have also seen that by measuring the meridiohal 
altitude of any celestial body, when we know the position of 
the pole in the meridian we can determine the polar distance 
or the declination of that celestial body. Inverting this prob- 
lem, and having the declination of a star well determined, we 
may evidently determine in return, the zenith distance of the 
pole, or its altitude ; or the angular distance of the equator from 
the horizon, or of the Zenith from the Equator. This last cor- 
responds to the angular distance of the place of observation 



Aom the equator, whitb ii cMeiihe iMUuie rf'li^ pUu^ 
tn the vertical line, or direction .of gravity, corresponds, w 
lee have seen, to a ra^s of a qihere tangent to the place of 
Ae horiion, which wotdd be stt the same time Aat of tbr 
earth, if It were a perfect sphere* *• 

It thence resnlts, that by observing tiie meridional altitiidel 
df any celestial body, whose decBnatfoo'at the moment is 
enctly known, we are able to Ifaidihe LolAMfs of the place/ 
The elevation of die p^ towards which this latitode oonrts,' 
above the horiton of the place, is equal to it, becaus^^ii 
having the equator to [nticeed towards either pole, it is evi- 
dlent that this pole appear! to elevate itself more and mbrr 
above the horiton,' and beingafiKed pmnt in relation totiio 
rotation of the earth, it never passes beneath the horiton of 
the place in the course of this rotation* Thence the aMmder 
of die pole is equal to the btitude of the place. 

^ 173. We have already seen how the difference of £m>^* 
gUuie of two places on earth is determined, by the simnha*' ^ 
neous observation of a certain instantaneous phenomenon ; 
one in which the moon is concerned being nsnally taken ; be- 
cause that satellite has the most rapid apparent motion ; we 
may here quote such other methods as refer to time simply, 
or to transits over the meridian. If we suppose an accurate 
time-piece, that shows the time of one place, to be transported 
to any other, we shall find it to show as much difference be- 
tween the meridian transits of a celestial body (for instance 
the son) at the two places, as corresponds to the^ difference 
between the meridian of the two places, and considering the 
three hundred and sixty degrees of the circumference of the 
earth, to perform a rotation in twenty-four hours, we can,' 
by this proportion, easily reduce this difference of time to 
the difference of the degrees of the equator, which denote 
the difference of longitude. It may even be indicated in 
either way indiscriminately. 

The great velocity of the moon's motions allows us to 
compare the time of her transits through two meridians irith 
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those of stars near her, in order to determine their dif^ 
ference of longitude ; because this velocity of motion will| 
for the difference of absolute time of the two observations, 
indicate a proportional motion of the moon, for which the 
perfection of the lunar tables at present indicate a certain 
time necessary to perform it, which will again be the differ- 
ence of longitude between the two places. 

There is no determined point given by nature, from which 
the Longitudes on earth should naturally begin. Astronomers 
count from the most convenient, well determined, observatory, 
for which Paris and Greenwich are the most used, because 
the most extensive tables of those differences al'e giveh for 
them; for geographical maps, and particularly those on ai 
globular projection, the meridian of the island of Ferrd 
was long, and is generally yet, called the first meridiati ; and,' 
to give it a fixed determination comparable with the obser- 
vatories, it is assumed to be twenty degrees west of the ob- 
servatory of Paris. 
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CHAPTER U. 



Figure of the Earth, and its consequences. 

§ 174* The general principles of natural philosophy in- 
dicate, that the figure of any body whatever must be the re- 
sult of the forces acting upon the different parts of matter 
which compose, it, . For the celestial bodies, we have the 

■ • • ' 

most perfect freedom of matter, in kind, quantity, and all 
its general properties ; we find it, besides, under the most 
simple and general law, namely, that of Universal Oravi' 
tatxon* Adding to this the influence of the rotation of 
the earth, as the datum, or individual case, under which 
the general law acts, in the production of the figure of the 
planets, we must expect to find this figure, what is called in 
mechanics, a Resultant of the combination of two compound 
forces ; namely : the Attraction towards the centre of gravity 
of the body, and the Centrifugal force produced by the velocity 
of its rotation, on the one side ; and the Density and Cohesion of 
the matter composing this celestial body, on the other. The 
equilibrium between these must produce the actual form of 
the celestial body. 

It is evident from this, that the data to be obtained for the 
determination of the minute consequences, would also require 
a detailed knowledge of the component parts, or the kind 
of matter composing the celestial body under consideration ; 
to this the two forces just stated, and well determined by the 
laws of celestial mechanics, would then be applied. As long 
as we suppose matter uniform in state, and therefore in density 



and cohesioQf under the influence of grf(yitadon.aiid tb^ <^qip 
trifugal force, we obtain a soIquor of the problem, in sfL.sin;iple 
approximate form, as astronon\y presents ihe ptan^ts to us, 
namely elliptic bodies. But when we consider tl^e. earth with 
the interest so natural to.man^ aqd even so qece^f^y, for an 
infinity of cases, and minute scientific inquiries, th^. result iQ 
this general form has proved insufficient. Actual measure- 
ments upon the earth's surface, and observations of the me- 
chanical effects of the earth's attractipn, have shown difier^ 
ences, which, though they would be unimportant for celestial 
bodies, seen at a distance, are observable, and worth pur in- 
quiry, when our own abode, the earth, is under consideratioa. 

^ 175. Willing as we should be to adopt, as most simple, 
and therefore most conformable to the laws of nature, that 
the axis of the earth's rotation should be exactly the smaller 
axis of the ellipsoid, corresponding to the efiect of the cen<- 
trifugal force, and due to the velocity of the rotation of a 
body, or planet, of equal density in its whole mass ^ we know 
already too much of the observable influence of the ellipsoidic 
figure of the earth, compared with that of the mere spheric 
form, in the modification of the general result of mutual at- 
traction, not to be apprised of the necessity of attending to 
the more minute circumstances ; the inequalities of the sur- 
face, and the difierent specific gravity of the difierent parts, 
for instance, deep sea and high mountains, may show, by the 
simplest reflection, that when we enter into this inquiry with 
means of minute accuracy, their efiect must become sensible 
to us ; and what we expected to present perfect Geometric 
regularity, must be the figure corresponding to the Methani' 
col equilibrium of all the parts of the earth. 

Such is the present state of the theoretical question, in 
respect to the figure of the earth, to discuss which in full is 
the scope of mathematical analysis ; we have, therefore, 
noticed it here as far as is possible, in laying down the above 
principles. It rather belongs to our plan to state some of 
the principfd results hitherto obtaiped ; and these, ey^ wiUji- 



'Atrt' enieflttg into the more minirte details which belong Id 
Geodesy and Experimental Philosophy. 

§ 176'. The simplest idea of all must naturally be to de^ 
tdrihine, by actual measurement, the Magnitude find the Figure 
^f the * earth simultaneously, upon the hypothesis, that the 
^rve generating the solid, an^ which, therefore, forms its 
principal section, is regular. The measurement of cer- 
ftiti [^arts of this generating curve, and the determina* 
tloki of their position in it, and thence the corresponding 
i^egments which they represent, that is^ the angle they sub- 
tend at the centre of it, will determine the whole curve, and 
consequently both its magnitude and figure ; by these means 
ihe magnitude and figure of the earth can be found. Ex- 
tensive Works have been made upon these principles at dtA 
ferent tiines, and in difierent parts of the earth ; at first only m 
lai rough manner, and under the supposition of the earth being 
a Sphere ; but of late with means of accuracy sufficient to 
p'fove Irregularities, of which the causes may lie in the above 
principles, though we are as yet unable to bring them undef 
a taw sufficiently conclusive to decide upon the minute de- 
tails of the problem. We have already stated that the best 
combination of the results of the various determinations of 
the oblateness of the earth give it in round numbers ^\^ of the 
equatorial diameter, or according to other calculations ^.j. 
The magnitudes corresponding with these same calculations 
and results, give to the equatorial radius of the earth 20925700 
feet English, and to the polar radius 20858198; that is, for 
the difference between them, or the flattening, 67502 feet ; 
the degrees on the equator become thereby 365223 feet. 
The two first data already suffice to determine all the di-« 
menslons of the earth. 

^ 177. Having mentioned the principal dimensions of the 
earth, we might extend them into details, which, however^ 
present neither special interest, nor any difficulty to the in- 
quirer, and are omitted here : we will quote only a com- 
parison of them with the effect of the rotation of , the earth, 
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tubieb pas«et imnotieed by ne^ notwithstanding its roagoltnde^ 
mdits difference in the principal parallels ; this consists kl 
if^ velocity. of motion which each point in these parallels. 
Jms'per wcoiid, land which are as follows >^ 
^'- -Under tbeEquatori the velocity per second is 1519,4 feet; 
'i Under the Tropics, ■*•: - - - - - 1014, 
^^ At the Polir circles, - - — - - - - 605,1 
-^*Sach is th0 rapidity of oiir Constant motion by the rota^ 
lidn < o( the esnrth, to which We are entirely insensible. 

§ 178. The grcfat inconvenience felt| in the extension of 
dii^eommunicatiims of the human society, and particularly in 
cohiraelloe, has long since pressed upon man the desire of uni- 
tokkn wieSghts and measures, founded upon natbre, and follow^ 
img a sin^e connected system. But the phyisical propensity 
io-continue in the state and habit that has become ftimilrar, 
^hichj in the moral world, exactly corresponds to Inertia in 
■Mchanics^ has hitherto frustrated the different attempts made 
«t Various times ; and it seems that also in this particular, our 
^iiproaches to reason are only by an oscillating motion, gra- 
doally coming to the true principle. A great work, executed 
•under cirCuAdstaifces unfavourable to science, because it was 
ooiisidered with the partial eye of political ambition and strife, 
has deduced from the data which have been quoted before an 
itfniversal unit of length measure, from which all other mea- 
iittres, and also the unit of weight, were deduced. From the 
•HKeasurement of 12° of the -ellipse of a meridian, compared 
^mih other measurements in other parts of the globe, the length 
^of 'the wbolie quadrant, or fourth part of the earth's meridian, 
*wa» deduced, and the ten millionth part of it taken as a fun- 
dan^ental unit, (which contains 39,381022708 inches English,} 
tand was called Metre* This has already been adopted ex? 
tensivcly in the scientific world ; because, besides its goodness 
df principle, and the great scientific operation, impartially 
•discussed by scientific men of many nations, upon which the 
•reinlt has been grounded, its actual unit has been executed 
27 



SdO PABT r«- ' 

>viUi greftt accuracy, and in considertible number. Tba Mr 
Oliracy obtairtable by this ndeans, for such an unit of lengtb'ti 
comes within convenient use in common life, being probably 
superior to that obtainable by the ledgth of the pendulom; 
pr ot(ier similar methods, under the suppositt6ti9 thai the mut 
being lost,, it became necessary to replace it. from nature, it- 
self, it is probable that the 4iations of the earth will agree. 
At ^9me future timei at least by the medium of the men of sci- 
ence, in the use of this or a similar imil of meiisitre, grbviided 
'fuppn. the dimensions of our globe. 

j,' 4' 179. By the law of universal gravitation^ heavy bo£tf 
.wilj,' on every planet, and therefore on the earth, fall with m 
determined velocity, which is iilidicated in Table 1L Bmt 
informed as we are of the principle, that this attraction, and 
this fall, which is a consequence of it, depend on the distance 
from the centre of attraction, for which we may as yet M^ 
cept in a general way the centre of the earth, and that upon 
.flx^ earth W6 ^>nd ourselves at different distances froin this 
centre, .according to the principles of its ellipsoidic form, we 
•paust be aware th^t the velocity of this fcdl must be different 
m,(f\fferent latitudes^ and at different eUvatims above the sur^ 
face of the earth. .Still, to observe this ^effect under thttt 
form, would exceed our means of nicety of distinction. 

By the Pendulum we have a mean to bring this force into 

.activity, and under observation, in a form and manner which 

fis.atonce easy, and susceptible of considerable accuracy. 

jThence we see immediately that, following the same method 

qf inversion that must rule in all experiments of natural 

philosophy, we may by the pendulum ascertain the figure of 

^tti^ earth; though here, as in all cases of a similar nature, 

t^e many influencing accessaries must necessarily be taken 

into account, in deducing any result whatever. 

, The. Pendulum, it is well known, presents a heavy body 

suspended from a fixed point, perpendicularly bedeath which 

it would therefore rest by the action of gravity ; but when 

made to oscillate on both sides of this line, it describes parts 
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of an arc of a circle, the radius of which is the distance be^ 
tweeti the point of suspension and the centre of gravity of 
the oscillating body. Its action, and therefore the time of 
mie of its oscillations, depends both on its length and the 
mtlracting force at the point* The regularity which this 
thne of oscillati<m presents, under equal circumstances, has 
rendered it the fittest regulator of our clocks for measuring 
tiie time; and the time of one second has been chosen, for 
that purpose, in astronomical clocks^ to be represented by 
the motion of the pendulum in going from the cinie extntoe 
point of its oscillation to the other, on account of its convei^ 
nient length. Astronomers have made use of the simple 
pendulum for the measure, or rather subdivision of time, prcf* 
▼ious to its application to clocks by one of them, Huygens. 
Thus the benefit of our most accurate means of measuring 
time is also derived from astronomy. 

^ 180. The difiereiit number of oscillations described in 
one rotation of the earth, or a day, that is, 24 hours, either 
Mitronomical or mean solar was first observed on the occasion 
of a literary expedition to the neighbourhood of the equator, 
In the southern continent of America, and often repeated 
afterwards. The pendulum vibrating seconds, as just men- 
tioned, at no more than thirteen minutes of latitude from the 
equator, was found to be (438,69 French lines, or) 38,96 
inches English ; and observations made in the latitude 
of 19° 50', gave for this length (441,37 French lines, or) 
89,199 inches English. 

Theory gives for the change of the length of the pendulum 
vibrating seconds, the ratio of the squares of the line drawn 
perpendicular from the point of observation to the plane of 
the equator. The difference to be minutely subdivided for 
each particular point of observation, according to its latitude, 
being very minute, no more than about half an inch from the 
equator to the pole, it is evident that these observations re- 
quire considerable care and attention, as well as calculation, 
npon all the influencing circumstances ; for here, as in all na- 
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Uattf and in all circomstances which we have seen in. celetthd 
bodies, aoy phenomenon whatsoever- is the resalt ofaCoflM* 
Unation of circumstances and effects, and the principles updi 
which we may ascertain the simple phenomenon, which iS: to 
be inquired into, must be, either to neutralize the others b|r 
the arrangement of the experiment, or the m^thbds orobsent^ 
ing it, or to keep account of these accessary ibfluemces, asr 
certainedi and numerically determined, from theory or obser^ 
▼ation, obtained by other means. 

It if evident that the quantity of the effect produced by ibt 
thange of gravity between the equator and the pole, is more 
sensible to observation, in the manner which has led to. its 
discovery ; hence a pendulum of a constant length, will per- 
form a different number of oscilli^tions under different latitude 
and at different elevations above the sea, and the ease which 
clocks afford us to count the nurob^r of these oscillatioifi 
in a certain time, for instance a single day, furnishes,, with 
great accuracy, a means to determine this other element of 
the calculations, by which the problem in view can again be 
folyed. 

The theory in fact shows that the number of oscillation! 
in equal tiems is inversely as the square root of the length c^ 
the pendulum. Or to conclude the proportional gravity di* 
rectly, which leads to the ellipticity of the earth,we have the 
principle : that the squares of the number of oscillations are 
as the gravity, at the different places, that is, inversely ai| de 
iradii of the ellipsoidic earth. 

This subject has been pursued of late with considerable 
ardour; observations of the pendulum have been made in 
a great number of places, and the figure of the earth thence 
deduced, compared with those of the actual measurementi 
made also in a great number of parts of the earth ; it has been 
found generally corresponding to an ellipticity of yjj ; they 
(Can evidently give no more than this proportion in a general 
fortn, the accurate lineal dimensions can only be obtained by 
gptual measurement. The discrepancy between the results 
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^om these two sources -bebg just now* the subject of aa^ij^* 
ons scientific researches, it is proper as yet to delay all judlgr 
ment upoq their results and proportional accuracy. 

It must ojf course he expected that all theiqequaliti^s q^ 
the figure of the earth must it^uence the: results of the p^- 
dolum ; and, besides, the local density will come into. y^ew. 
which may be as variable as the figure. 

In both the actual measuren^ent^ and the pendulum obsec-^ 
yatioQs^ the results are always reduced 4o, the surface of the 
•ea^ which.isxonsidered as furnishing the surface, to be adopt- 
ed ms the surface of the earth Jn general, as has been already 
observed. 

^181. In speaking of the moon, the connexion between 
the figure of the earth and the perturbations resulting, froin 
the mutual influences of the earth and moon has been shown ; 
fiN)m these, we again obtain a means to determine the elliptlcity 
Itself by a return of the theoretical calculations from the 
observed perturbations ; and this means is brought, by the 
present state of the science, to such a perfection, as to come 
into comparison with the two more direct ones which have 
just been treated of; it gives for this ellipticity j^j, little cliif^ 
ferent from the preceding determinations. So that an astro- 
nomer, without, going out of his observatory, can solve . a 
problem otherwise requiring extensive voyages to different 
parts of the globe. 

In a similar manner, the fall of heavy bodies upon the 
earth's surface, can be deduced from the revolution of the moon 
around it, to the coincidence of about tK P^rt of a foot with 
actual observations ; which corresponds to a diflerence in the 
moon's parallax of three-fourths of a second ; both quanti- 
ties within the limits of the accuracy of this kind of obser- 
vations. The length" of the pendulum compared to th^ 
moon's parallax gives approximate results upon the magni^ 
tude of the earth, and this parallax is determinable by observa- 
tions at dilBferent altitudes ; thus the astronomer can, by com- 
paring his observations with the theory, ascertain approxi- 
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iMifcTy^ cVen the magnitude of the earth, and its distance from 
ihe sun and moon, without leaving his observatory. 

§ 182. As we have already stated, the direction of gravity 
6r the vertical line is a perpendicular to the horizon of the 
given place, and this plane is a tangent to the surface of the 
earth > in consequence of the ellipsoidal figure of the earth, 
the perpendiculars or vertical lines can therefore pass through 
the centre oif^ the earth only in those two places in which the 
radius of the earth is also perpendicular to the surface, andf 
tl^refore coincides with itj this takes place under the equa- 
tor, and at the poles ; in all intermediate latitudes, the radius 
of the earth, corresponding to the parallel, will form an angle 
with the above vertical line, which, we may conclude from 
the circumstance just stated, will be greatest at the parallel 
of the earth equally distant from the equator and the poles, 
Where it amounts to 11' 6",4, for the ellipticity of -j.^. If 
therefore any latitude is to be determined, as referred to the 
centre of the earth, it is still necessary to correct the results 
of the latitude deduced from altitudes or zenith distances of 
celestial bodies, of which we have spoken above, for the an- 
gle of the vertical line with the radius corresponding to the 
place 'y by this is obtained the real Geocentric latitude of the 
place. In all cases, therefore, where the actual position of 
a point upon the surface in relation to the centre is to be de- 
termined, this geocentric latitude is to be employed ; such is 
the case in all determinations where the moon is concerned, 
especially in solar eclipses, occultations of fixed stars, lunar 
distances, and, generally, wherever the eflectof the deviation 
of the vertical line from the radius measured at the centre of 
the earth may become observable. 

This latitude is therefore, in fact, the same with that which 
is supposed to belong to a point on earth, under the most 
common acceptation, of latitude being the angle at the centre 
of the earth, between the radius of the point and the plane 
of the equator, when the earth is considered merely as a 
sphere. 
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! IliebniD^diate resnitf of obseiratioal of t^testittl todifi^ 
wisidg from their reference to the verticail line, wtikh Ik 
:that from which in fact all observations must set out, is called 
by astronomers Observed laiiiude; this is more convenieiitti 
riue in common determinations at sea, and sufficient JTolrtlMir 
laim ; it is, however, necessary to distiingais'h between tlie wil^ 
in all calculations where the figure of the earlfa is cbdcens^ 
imnd which may require accuracy; in common life^ tbiff^MfattS* 
Aion shares the same fate as the diflerenbe between mkah^'MoA 
4rue kokar time^ that is, to be disregarded^* • 

These two latitudes, therefore, progress according lb iU^ 
ferent laVs, froin the equator to the poles, and neith«lr of 
4l)em represents for equal degrees of its angle equ^l dktMliA 
in the meridian upon the earth's surface ; thus, for insfaoiif, 
(the point- id the meridian which is equally distant from thi 
(CiqiDator.iipd pole, would be that, where the imcarrecUd Zalt^ 
Ju409 Qflihe mere result of the observations, referred to Ibt 
rtertical. of. the place, would give 45° 5' 33'^,2, "and hot 4(i\ 
:(itbjE) \}dHi right angle) in either of the two latitude^. ' •'■''■ 
; :.TJhus w& again find that the common language represeiits 
lan ideatie^ding peculiar distinction, determination, and closeir 
litivestigatiop, as we have found to be the case every: where li 
I the revolutions of the heavenly bodies. > 

H §. 183*. The parallax for which we have, in the preceding 
.parts, considered the radius of the earth as invariable, is e?»- 
Idetitly also variable, from the same cause ; and in the ^tn^ ratib 
as the radius of the earth^s ellipsoid ; this beopmes more sensi- 
ble it) the Parallax of the moon^ which we have found var3ring 
iCOBsiderably in consequence of its different distances in the 
^different parts of ber orbit. A different radius must subteiid 
raidifierent angle at the same distance, and the parallax. mult 
increase or decrease in the same ratio as the radius. At tli« 
/equator, therefore, this parallax is the largest, and is therefiM<e 
that which is given in tables and nautical ephemeries, frorit 
; which, therefore, an observer in any other latitude has todeduce 
the parallax corresponding to bis place ; and this is^ of conriti 
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h0iM HlliW ilnliniMhai »f Smie rhfcifni itliii h tm\wUtm\ 
IP iMifoc^nillictaitf itbe 0iidiuo£ili««etutbitoMurdttdieil^ «!* 
Villmii (h«l My Jiift hiiijsimtd:pai^aii>tti«e«pd^ /toi dit 
hit^$m\\ «gaiii dHUgewiib'At aagleW eleraliMvisr t|* 
SwM.diMiMiioC Iht (DWiiu; >«ri; firbm thb cMnwtaliKnk 
fJNI rftf ti»>tpy mter jbm^ at fov-iiutia<m'» rfgMtfiir>p«i« 

||Mr»iit4ll Wl ikdiii^ithii Sbvoer of iflieieawr^ti efltwhiy fai 
solar eclipses and otoiltatioiiiiof Ba^- sttmij ihvklliria i» 

lo 9aM Mi^kM^fi'jbf ithUicbtnge> in thei^ius^of *i nardi, 
iliNm4biiipiti«A!jrilb tfie distance of the' Sua^YHlHieia' ihl 
/rfBM>:almdst4fliiirely Imensibla in bbaeryaiiow ii|MMi*'tlMil 
lllri|R»*-:iQdiOiJly viorjr;niimite cbfculadoM, wlHcIf «dll' «k<*M 
jiM\ilMBvacy^ dbtsfaable ^ hi (tiomnwbUbseiVatloif si taklir li 1Mb 
iMdcoimt) itt'fhat, caae^. and in tbose e<r the nee»eiffj>I«ICElik^^ 
^ttBra<4lita*(re'> bate the last- ttep'viAiicb Aie* itttmiim^ 
obliged .lof)a&ake,. to cUcalate«-iHtb'n|itiilt<d aceirraNiy^^ frsUi 
qiatbAnatical theoriesi applied io the motions of the <5^lestial 
•hodiesi and their appearances, that spectacle which they mturt 
ffresedt^toihim at any particular point on earth;- he hits still 
one difficulty to encounter similar to what he meets daily ki 
ibfijOiocal World, namely, the discussion of the effect of the 
jne4ippi' through which this spectacle is presented to him, 
,()M(t Mk to say, the Atmospheric RefraeAonj of which we shall 
.ftate the principles in the next chapter. ^ ^ 

i) !;^.i84« W!e should still have to discuss a subject of cob- 
^^fable importance, if we had sufficient data to come to a 
I^QclttsioQ uponi it, namely, the actual Density of the earth, 
^compai^d with either one of its component parts that cottios 
.pideir our immediate cognisance, as it is habitual to eottpare 
tiknm lunong each other by means of the density of pttre 
.wajler. 

• vlft Tabls II. line 15^ the density of all the planets has been 
,fHW0y compared with that same unit, by means of the resttlt 



CVAFT9« II. 317 



1 - 



tof the me^&orement of the solidity of the moantain Shel- 
^allioQ, and its effect ia deflecting the piumbline from the 
irertical direction of the gravity of the earth ; observed by 
means of zenith distances of stars on both sides of the moun- 
tains, compared to those which should take place under the 
iofluence of gravity alone ; the observed angular difference 
.was eleven seconds and two-thirds. This, as we have see^, 
gave 4,715 for the density of the earth, the density of water 
being unit. But we have ^en that proceeding froiQ this scale 
4p;the density of the sun and planets, we arrive at densities 
for. them which are considei*ably at variance with our ideas 
of solidity^ compared to the different kinds of matter around 
as, and therefore with th^t state in which we should expect 
to find the sun or the planets ; we therefore find here a sub- 
ject of inquiry of considerable interest and difficulty for fu- 
ture philosophers; the present state of our knowledge renders 
it proper to suspend any conclusion, and merely to take the 
earth as the unit, when compared with the planets, as has 
been observed in the general remarks upon the solar system. 

We may here remark, that all the principles of natural 
philosophy which we had to apply in our reasonings upon 
the physical state of the celestial bodies, lead us to the sup- 
position of a gradual increase of density with the approach 
to the centre of these bodies. The law of this increase is evi- 
dently all that we are able to inquire into, in order to solve the 
problem, and this will have considerable difficulties, on account 
of the comparatively small depth to which we are able to pene- 
trate into the earth. We have already seen that attempts which 
have been made with this view, by the observation of the pen- 
dulum in mines, have indicated results that appear to lead to a 
rapid increase, and a much greater mean density, than what 
has been hitherto adopted, on the faith of the observed de- 
viations of the piumbline. 

The theory shows already that the inequalities of the sur- 
face of the earth, the depth of the sea, and the different spe- 
cific gravity of the parts, do not influence the result of the ellip- 
28 
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*^di^ oTtbe'eioth snffiGiently to make (he difTerMice of niMMIt 
lor astronomical uses ; and the theory allows us to tonsidet 
Ae earth as yieldingi or rather as havuig originally yielded 
freely to the combined effect of the gravity and the centrifo- 
gal force. Thence, the lineal ififference of the radu of the 
%arthiHll be more observable, because proportionally greater 
'ttian the variation of the mechanical eflSsct from entire regu- 
larity. 

' ' A reasoning exacdy nmilar to the above, applies eiddenti[y 
tb the analogoos qoestion of the actnal or specific Hm/ of the 
earth, taken in mass, or its probably proportional increase 
towards the centre, upon which onr indications are as yet 
'too scanty to authorise ns to draw any concliisions; ' 
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CHAPTER IlL 
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Pf ihe iStmosphere ) Atmospheric Refraction ; and the Tidts 
';* ' of the Sea and of the Atmoiphere. . • > 

^, 185. Matter presents itself to us under ^Aree different 
gtatf^Si of which each has its distinguishing qualities and 
mechanical laws. These three states are Solidity^ Liquidity^ 
^nd Gaseous Fluidity; they have each their distinct, and 
exactly limited, relation to Gravity^ though matter, as such, 
19 in all these three states equally subject to its influence j; 
and this relation is susceptible of being expressed by mathe- 
matical formulae. 

. Solidity implies a Cohesion between the parts of matter, 
superior to Gravity. 

liquidity presents a state in exact equilibrium with gravity^ 
and therefore the most closely following its laws ; uce might 
indeed say representing them with exactitude. 

GaseotLs Fluidity impYies Elasticity; with the introduction 
pf this additional property of matter we obtain what we may 
^all a Force or Power ^ acting in opposition to Cohesion, and 
equally independent of Gravity. 

• • • 

. To apply these first principles of elementary philosophy 
to the purpose of our present inquiry, we have only to attend 
to the simple principles stated in defining the two latter states. 
Solidity J and its effects, we have generally assumed; or 
rather, we have not had need hitherto to distinguish between 
the different states of matter ; we have had to consider Mass, 
that is, an aggregate of matter , acting as one whole, produc- 
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ing a certain meclianical effect, and yielding equally to the 
general law of gravitation. In this chapter, matter in the two 
other states comes under our consideration, with the above 
enumerated distinctive qualities ; and the elastic fluid, or at- 
mosphere, surrounding our earth, may be first considered, in 
order to complete the general cLCCOunt of our earth. The 
peculiar effect of attraction, extraneous to that of the centre 
of gravity of our earth, which we can observe only upon the 
liquid and the fluid parts of our earth, and wl^ich, we might 
consider as corresponding to the perturbations. in the planet- 
ary system, because it acts as an apparent disturbance of 
the equilibrium of certain component parts of our globe, will 
furnish a separate point of view under which to treat them, 

^ 186. In speaking of the sun, ii was neces^^ry to sup- 
pose a general knowledge of the existence of pur atmosphere, 
and to state the general idea of the probability, we might say 
Necessity, of it in all celestial bodies. Whether we consider 
it as that part of earthly matter most remote from the 
centre of gravity or attraction of the earth, and a constituent 
part of the same, or as the result of the attraction of atry 
eentre of a celestial body upon the Ether ^ or most rare mat- 
ter, that we may suppose to exist in our solar system, and 
even the universe at large, condensed by the effect of at- 
traction*; we have^ from observation and experience, that 
knowledge of its mechanical laws and effects, which enables 
us to conduct our investigations' in respect to it according to 
the general principles of natural philosophy. 

^ 187. T'he elastic fluid of our atmosphere is the rarest of 
the three distinct kinds of matter that surround our earth. 
The perfectly free motion of its particles aibong each other, 
which enables it, by its elasticity, to occupy with equal quanti- 
ties a larger or smaller space, renders it also compressible by 
its own weight ; that is, by the effect of gravity upon its parts. 
In consequence of this, its density is continually decreasing 
with the augmentation of the distance from the surface of 
the earth, or what is called its altitude. This decrease takes 
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place itfk gecirietrital ratio, correspbittRfrg to Hit arithtaefl^ 
cal rtiHo of the elevkti'on. From thU circnrostance has bidfeii 
dedtr'cfiti a very cdfavetii^ ih'ethod of determining thtf elev^^ 
fltffi'of bbints oh the WifAcci of the earlfr, abbre the level Of 
ih^ sea, by tti^ams of^he h^^Wt of a fcoltifaiti of mercnry, tM 
heaviest fluid that we have in our ordinary temper^tiii^s, being 
jititin elckiilibriuiAwitfi'tlie pV^^sure of tht atmosphere by m^ans 
oti1^e[ Barometer: Thts will at any place, by thcf letogth of th* 
cofumn of mercui^y'y indicate the pressure of the whole superin- 
cumbent atmospliere, whence any difference observed between 
two places will correspond to a certain elevation between tbeni ; 
the laws of their mutual dependance, having regard to all 
the influencing circumstances, have been so well investigated, 
as to lead to very satisfactory results, when the observations 
are performed wjth proper care. 

A few remarks will show, that it is an idle pursuit to at- 
tempt to determine the actual height of the atmosphere. We 
have for the law of this research a gedihetrical series, del- 
creasing from the point at the surface bf'the sea, whlere its 
largest term is variable ; the number of terms are unascer- 
tainable, and though always approaching to nought, yet 
tiever reach it exactly. Of such series we, have had exam- 
ples in all the epochs and movements of the celestial bodies, 
wbose returns are only approximate. * In all actions, or re- 
sults from joint causes, we find a poipt of equinbrium, gra- 
dually approaching ; in this case we have the Elasticity and 
the Gravity of the air, which act in contrary directions, and 
under various influences ; to assign that limit to them m 
which they would equilibrate exactly, would be assigning 
the limit of the atmospere ; but gravity we have seen to ex- 
tend to such distances as would give no absolute limit to its 
aptVon, and the elasticity of elastic fluids, in the state of' 
rarity in which the atmosphere may be, at the great distance 
at which we should be willing to place this limit, is yet un- 
known to us, as much as its real nature. The conclusions 
which we might draw from the twilight, have reference only 
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to one of its peculiar properties, that of refracting ;ligbt.; 
jff^hich we nguist naturally suppose to become observable jto 
j^s only at a certain density of the atmosphere, which we 
ji^ve mori^.than jsufiSicient reason to belieive to be:far )ielow 
if3 ; greatest eleya^pf)?; this wouM,f{Qrrf sppp^ijl to an,|elevatifM| 

pf-ia6844.feet. >., '.-. ..,r ■ /./ ■ 

l,,TM^ g^eat^st height t;o w^ich th^ atmosphere has yet h^^ 
penetrated, is ,23018 feet, being 1640 feet above Qiimbo^ 
nago, the highest poiujk of the ^a^th in America. This .height 
was obtained by rising in an aerostat; the Barometer was there 
observed to stand at a little less than 13 inches, while at the 
/^a shore, it is usually about 30 inches. At this elevation, 
the ten^perature was 22° below freezing, while at the earth's 
surface it was 70° above it (Fahrenheit's scale) ; and the 
aeronauts, Gay Lussac and Arrago, found the state of the 
atmosphere unfavourable to breathe in* 

^ 188. It would carry us too far from the general tenor 
of this work to enter into the details of the constituent parts, 
the properties, either chemical or mechanical, of the atnios- 
pnere ; they are, however, of great interest. As the most 
extended and most rare part of our globe, the variation of its 
state is the greatest, and its influences the most extensive ; 
these subjects belong to general physics and to meteorology. 
Of its general effect, in respect to heat, and as the medium 
in which we live, there has been said of it as much as may 
suffice for our object, in speaking of the atmosphere of. the 
^un ; the property of it that falls more peculiarly under our 
consideration, connected with astronomy, is that of refract* 
ing the light. 

^ 189. Borrowing from the principles of optics the general 
fact : that the rays of light passing from one transparent vie- 
dium into another of greater density, under an angle other 
than the perpendicular to the plane dividing the surfaces, wil^ 
at the point of incidence, deviate from their former straight 
course towards this perpendicular ; we must immediately per- 
ceive that the density of our atmosphere gradually increasing 
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with the proximity to the earth, a constant deviation of the light 
from the outside until it reach our eyes must take place. Any 
celestial phenomenon will therefore appear in a place different 
from that in which it really is, « The ray of light from any ce- 
lestial body will describe, under this influence, a curve in our 
atmosphere, which, ultimately meeting our eyes, will present 
itself to us as coming in the direction of a tangent to this 
curve at our eye. This deviation will evidently take place in a 
plane perpendicular to the horizon, and therefore affect every 
vertical angle observed. The curve bending more and more 
towards the earth, the tangent to it under which we observe the 
ray of light will, therefore, be more elevated than the diretit 
line. The angle between this tangent and the direct line to 
the celestial body is called •Astronomical Refraction. If we 
knew the altitude of the atmosphere, and its exact nature in 
regard to this deviation of light, with the law of its progress 
according to the increasing density, we might calculate the re- 
fraction theoretically, as the change occasioned by the angle of 
incidence is founded upon simple geometrical principles; but 
the remarks just made upon these subjects show, that here we 
must appeal entirely to observation for the elementary num* 
ber that is employed in all the calculations, which in astror 
i^omy is called the Constant Factor; this has been of late 
determined with considerable accuracy and care, as have 
also the theoretical laws, with the co-operating influence!. 
As the variation depending on the angle under which the ray 
of light passes the atmosphere, is so much the greater the 
more this ray of light differs from the perpendicular, the re- 
fraction at the horizon is the greatest ; the quantity or angle 
of this horizontal refraction is given in Table IL for several 
planets. At the Zenith it becomes nothing ; because the rays 
of light falling upon the different atmospheric layers, of 
different successive densities, in a perpendicular direction, 
no deviation or refraction is occasioned. 

§ 190. Knowing now that the principle which we have 
used in our observations, to determine the positions of 



ffill^j at wq n^igtit. saj, n^otfalixes this e^t bjT; Hf OfQid)? i^ 
A{«ecado|i. For tb)8. purpose^ »re principally, used t^Pflmff 
4mit <^,sach ^z^ itan, aa, oa a(:(^iiii( of, itheir JliAdmP 
/jrpm th^ pole h^mg,Ui§ than the lutiUide, of, t^.pjaiic^.iif 
Iflffenradon, will, psuut the. meridiaoi on both vdesi^f tj^e p^ 
jllioyetbe horison* It u eauly seen that, as tl^ 6xf^ sti^i^jlfl 
pptcjhaDge their portions to^any perceptibk amooiU hetif mi 
4ifo encb paisagetf itan gp situatdl giyet bjT 4ie diitp^ij^qni ii)f 
tlpe resultfl of their altitudesi when referred to. th^ ipi;9|[;^]|^ 
fjolar distanqei the difference of the effi^ct.pf tb9,a^tr)9P994ci4 
fefraction in th^ir taro difierent pauagesf* 9ut: tim /diffecftnft 
infloence'of the different state of the atmpipb^re, wbiidi 
fpipplicateii th^ appeiirapces, must be ta]|/ei|. ipfo. a<;cpmKt tp. 
det^rnune the li^iys of the qhaiige, ap if.ell ii^ proportion, to H^ 
^Jiitudes, a^totl^ causes pro4acuig cbwges io^.tbe. atmofi- 

jfiere ; these efecM ^J^ (jbeteiiminedifi «9C<nrdApj^ wi^iin)AlJ»ft- 
■^atical principles, for the di&rent states of Uie atVQspherei 
as indicated by the Barometer and the Thermometer^ the two 
most perfectioned meteorological instrumeuts that we have at 
present. The variability of the atmosphere being indepeue 
4ent of the observation, or the position of the celestiai body, 
tbis influence constitutes a peculiar correction to be applied 
to the effect of the refraction according to the given case* 

^ 191. In investigating the principles of the perturbation^ 
we have seen that the effect of an attraction extraneous to 
that which the celestial body obeys in its revolution^ or if we 
Qiay say so^ of a minor or partial gravitation towards otherS| 
occasions an enlargement of the ellipse of revolution, when the 
attracting point is outside of the same. We have seen the 
most marked effect of this extraneous attraction ip the orbit 
which the moon describes around the earth, as affected by the 
attraction of the sun. We have also seen that nptwitbstandr 
ing the small mass of the moon, its effect ^pp^ the ear|h was 
xemmrkably great in its consequences. 
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Havihg stated at the beginning of this chapter, the fact of 
three different states of matter on our globe, and the variety 
they present in their relation to gravity, we might aprioHhe 
induced by the confrontation of these two facts, to inquire 
into the possible difference of the influence of an attraction 
other than that of the centre of the earth upon each of these 
states. In the solid state, the Cohesion of the parts, joined 
to their density, as it presents to us difficulties in their separa- 
tion, and requires more power to overcome their gravity, we 
have also to expect it to be more free from any change of 
shape from the lesser extraneous attractions ; indeed we also 
find in nature no ascertainable effect, and the smallness of the 
effect observed upon the liquid part of our globe, the seas, 
might be considered as indicating that the effect upon the 
solid part of the earth must be entirely unobservable. 

But, as Liquidity presents a state in perfect equilibrium 
with gravity, the great mass of water upon our earth, the sea, 
in a change of its form, and of the relative position of its parts, 
must exiiibit the effect of the attraction of the moon and the tun, 
corresponding to the proportion their attraction bears to the 
earth itself* In this way the form of the surface of the sea is 
modified into that of an elongated ellipsoid^ presenting the 
form resulting from an equilibrium between the co-operating 
attractions. The moon and the sun having each necessarily 
its own separate effect, the intermixture of the two figures 
produces an intermediate form, which varies daily, in con- 
sequence of the different angle of the directions under which 
the sun and moon act upon the earth. 

If we suppose the sea to surround the whole earth, it would, 
within the time of its revolution in relation to the sun and 
the moon, present this form, successively changing its position 
in proportion with the relation of their diurnal revolution. 
The elevation of the water towards each of the attracting 
points, will cause a depression on both sides, at right angles 
Co that line, and another elevation on the side of the earth op- 
posite to the attracting point, or as we have seen above, to the 
29 
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direction resulting from the combined attraction of th^ gini 
and moon. 

Thus the surface of the sea always presents four distinct 
points, of which two, diametrically opposite to each other, . 
are elevated above the natural level; and two others, likewise 

• 

diametrically opposite, and at right angles to the two pre- 
ceding ones, are depressed below this mean level. Every point 
of the circumference of the earth on the sea shore, therefore^ 
sees, twice in the course of one rotation, or day, the waters of 
the sea swelling against the land, and again twice receding 
from it ; the first is called the Floods the second the JE%6, cf 
the sea^ and the whole phenomenon constitutes what is called 
the Tides. 

4 

^ 192. In the tides, then, we again have a combined effeet 
of the attraction of the sun and the moon, subject to all the 
variations of the relative magnitude of their influence, which 
varies naturally according to their distance, and the angle 
uiider which they act. On account of the pro3dmity o£ the 
moon, compared with that of the sun, the effect of the moon 
upon the tides is about three times as great as that of the sun, 
the tides therefore, generally speaking, follow the course of the 
moon ; the action of the sun modifies this effect, but this modi- 
fication, though of great importance, is discernible rather 
in changing thee onsequences of this effect, than in the general 
course of the phenomenon. 

We are aware, from what has been said heretofore, that 
the variation of the distance of the moon, or even of the sun, 
the different angles the direction of their action makes with 
the equator of the earth, considered as the plane of rotation, 
in which the principal action of the tides must take place, and, 
therefore, the variation of the angle the moon's direction 
makes with the plane of the ecliptic, in which action of the sun 
takes place, which are all variable quantities, must influence 
the quantity of the tides. Hence arise a variety of epochs 
similar to what we have seen in other parts of astronomy ; 
we should therefore again have a variety of details to consi- 
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dier, and several epochs to determine, which cross each other, 
if we would enter into the details which it furnishes to analytic 
calculation; of these, however, a few of the principal results 
may suffice to give a clear idea of this subject, which is all 
that is to be done in this place. 

^ 193. The general phenomenon that is first apparent, 
shows us the waters of the sea rising for somewhat more than 
six hours, and falling an equal length of time, to rise and fall 
again with little variation during the other half of the day, so 
as to coincide again the next day with the same relative situation 
of the moon; these changes occupy in two such revolu*-' 
tions, about fifty minutes and a half more than one day.-— 
If we commence daily observations upon this phenomenon 
at the time of the conjunction of the sun and moon^ that 
it, at A*etiy moon^ we shall soon observe that the magnitude 
of its efiect is the greatest at that time, and diminishes^ 
till the sun and the moon appear at right angles to each other,' 
or in quadrature. The reason of this is as follows : the two 
lines of their attraction are then perpendicular to each other^ 
and therefore th€f resulting elongation towards the moon is 
only the difierence of the two efiects united at first. From 
this time, the magnitude of the tides will increase again Until 
the FuUmoofif when the action of the sun and moon bring in 
the siame line, but in opposite directions, will both again tend 
to lengthen the same axis of the elongated ellipsoid, and pro- 
duce an efiect nearly equal to that of the new moon. 

These variations of the magnitudes of the tides will again 
vary in consequence of the combination of the changeable 
distances of the sun and moon from the earth, and be so luuch 
the greater, the smaller they are. That in this also the angle 
with th^ equator, under which they act, comes into considera-^ 
tion, is self-evident. 

Observation has also i^own a decided increase of the tides 
at the times of the equinoxes and solstices, which added to 
the before mentioned circumstances, produce the greatest ele* 
vadons of the tides at the new moon and full moon, neat ^st 
to these epochs. 
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,.. ^ 193* The magmiinde of ^ tid^; tkrai^^l prttwrvii 
the above law$ of variadoo, is however dLS^Breat at eve^jitfdif- 
Arentplacesi in its absolute qpandtj, and varies, belwefiii Jugb 
and low water, from three to sixty five feet.. It genendljr/aiH 
pears to be higher in higher latitadesi jnrhere tl^e^ jinf ^ifjalh 
Iraction is under a less angle with the surface of jlhe aen^ and 
thence acts under more favourable €ircunista|ices.aB<^*^*^ 
attraction of the earth upon it; the maximqni ialUog in 79f 
degrees of latitude. But this quantity if genemHyi so- miadbl ' 
nader the influence of local circumstances, sa^ aa tbe^depibi 
width, and configuradon of the channel it nay bavp to paii^ ami 
the configuration of the shore upon which it 4nli^ place^itli^ 
earrents of the sea, and the prevailing winds, |KG«r Ibaina {;eh 
Mral law is as yet discoverable. 

Theoiy alone would give it directly in proportion lo*the 
nagnitnde of the attracting mass, and ioveiaely- at die s^aie 
9f the distance, combined with the attracting power crfl «lie 
eardi, under various angled. In order then to. obtain a series 
of comparable observations, with a view to the inivestigatioii 
of the theory, it is necessary to continue them at the same place, 
under the same circumstances as to local influence during the 
whole time of one or more Revolutionfi of the mQon^a orbit^ 
that all the situations of the moon, in relation to the son, majf 
be compared in every respect. There will still, after this, re^ 
main the influence of the winds as an accidental circumstance 
to be noticed, of which no account can be kept, but which it 
considerable. ..; i 

Though the action of gravity is propagated with more nw- 
pidity than that of light, the greatest effect of the tides fe]« 
lows the moment when the position of the moon would Jndi* 
cateit at various intervals. In this, as in the magnitade <of 
the tides, the influence of local. circumstances is very grcat^ 
therefore this time of retardation is ^usually indicated fiMt the 
difierent seaports, as it takes place at the time of full and Haw 
moons ; this must of course be also subject to the variation 
of the force producing the tides, and therefore varies: withiil./ 
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^ 196. The phenomenon o( the tides presents such a di^ 
rect connexion with thle attraction of the moon, that it can 
be again employee! inversely in the determination of some of 
the other results of this attraction^ as for instance, the propdv* 
tion between the lunar and the solar nutation, and other suni^ 
lar data ; for instance, the mass of the moon has been deter- 
mined by it to be ^i,j» or 0,014556 of that of the earth. 

^196. Seeing that such an effect is produced upon the.sem 
by the extraneous attraction of the sun and moon, we are coq«» 
▼inced that a similar one of much greater lineal extent must 
take place in the atmosphere, the physical state and proper^ 
ties of which render its influence so much more easy; and«jto 
account of its full freedom all round the earth, its motionmost 
be constant and unimpeded, the differences of elevation of tbe 
surface of the eart^^eing too minute to have any remarkabki 
influence in this resjiiect. The atmosphere has been Considered 
to form an ellipsoid around the earth, the proportion betwecil 
the polar and equatorial diameter of which is as 2 to 3. The* 
ejSSect of these tides must therefore be different at diffidireilt 
latitudes. 

The influence of the varied temperature, whether local or 
general, shows us a great variation in tike barometer, the iiH; 
^trument by which we measure the. pressure on what we call 
the temporary height of the atmosphere ; however, tte varia^^r 
bility of its other mechanical powers, and its cheihical state^ tk6» 
doubt, have jn great share in prodocmg the variations which we- 
observe in the barometer. The number of cireuknstances >imd^ 
influences combining, necessarily require aa extension of ^he* 
series of observations leading. to a theory; the cireuoMtan*^- 
ces must also be determined for a great length of time, and a 
great variety of places, they require the co-operation of many 
persons, and a close and frequent daily attendance. This 
has not, however, impeded this interesting inquiry ; registers 
continued for long series of years have been made, and the 
corresponding observations are multiplying constantly ; but 
an accurate systematic result is as yet so much more diflicnlt, 
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as the chemical influences in the atmosphei^ appear tb^be as 
great, if not greater than the mechanical ones. 

The fact of the daily tide in the atmosphere has been al* 
ready discovered to arise both from the sun and the dioon; but 
c^servations must be made upon this subject, which essenti- 
ally distinguish the phenomenon of the tides of the atmosphere 
from those of the sea. We cannot observe it by an actual lineal 
measure, like the tides of the sea. An extraneous attraction 
upon an elastic fluid will not draw it from its place in the 
iame state of density in which it is there, as is the case in 
water; but it will, at the same time with this extension, di- 
minish its density, and wfe might even expect this to be the 
greater part of the eflect. Hence the equilibrium Which we 
observe in the column of mercury of the barometer, can only 
indicate a fractional efl'ect of the atmospheric tide, and this 
ii shown by a very reduced lineal roagflhude ; namely, in 
tile proportion of the height of the atmosphere to the column 
of mercury; All this is likewise subject to the modification 
of what we may call this height of the atmosphere, which, as 
seen above, we are deprived of direct means to ascertain. We 
nay hence conclude, that the tides of the atmosphere, which 
principles indicate as unavoidably existing, consist rather in 
at change of its density, or at least more in this dian in an ex- 
tension of the denser part of it to a greisiter elevation above 
the snrface of the earth ; this fact^ therefore, renders the in- 
^vestigation a much more delicate subject. In this,'sLs well as 
in all other sabjects in Meteorology^ -we are not yet prepared 
to obtain accurate results ; and a deeper inquiry into them 
lies out of the limits of bur aim in this volume. 
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CORRECTIONS. 



IPase 3, ttne 30, for ** apparent,** read " apparently difierent 

13, 27, for " 1800,'* read >» 1801.'*^ 

— , 88, for " 1813,** read " 1820." 

10, 21, for " given,** read " represented.** 

18, 89^ after " exterior,** add ^* to each other.*^ 
SO, 3, for *< land 2,** ready's and 3.** 

— , 4, for " Fig. 1,*' read " Pig. 2.** 

— , 8, for " Fig. 2,** read " Fig. 3.*' 

-, 23, for " Fig. 2," read " Fig. 3.** 
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34, 10, for " apparent angular, * read " apparent greatest angular. 

35, 36, for " and approaches,'^ read " and he approaches." 

36, 36, lor " in," read " in her.** 

38, 19, for " increases,** read " decreases.** 

—, 29, for " most," read " more.** 

— -, 31, for " from her first appearance," read " shioe hex last ai^earance." 

42, 14, for " Venus.'* read '* Venus ; and.** 

43, 28, for " superior," read " superior to each other." 
46, 28, for " even," read " if it" 

JS3, 30, for " ascertained," read " Resulting.** 

56, 7, for " relation,'* read " rotation.** 

— , 15, for "eighth,** read "ei^t.** 

43, 7, for " supposition that,** read " suppodtloii of that." 

-, 10,for«TT^^^,"'««*"W^7r-" 

75, 3. omit " ^^." 

85, 36, for " and,** read ** acting." , 

94, 19, for " place,** read " direction.'* 

110, 15, for " of the," read " by a.** 
— , 33, for " t,** read " t'.** 

111, 3, for "t,** read "t*." 
119, 7, for " the,*' read " their.** 

122, 5, for <' Orbit,** read " plane of the Equator.*' 

— , 22, for " direct," read " ftill." 

124, 24, for " as equated," read " of Jupiter." 
32, after «• «xpect,*' add "it.* 
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125, 28, after " times,** add " that.*' 

137, 22, for " of that of,'* read " of that of the orbit of.'* 

138, 10, for " Table H.** read " Table III.** 

— , 13, for " distance,* * read " distance fhmi us.* * 

141, 1, for " calculated,** read " contained.** 

157, 2, for " with their orbits,** read ** with the plane of their orbits." 

162, 33, for *« stars," read " stars ;*♦ 

— , 35. for " time ;'* reacU" time,** 

164, 24, for " sphere ;\* read " sphere,** 

168, 24, after "such,*^ omit the comma. 

182, 25, for " haye." read " leare." 

183, 12, for " nebuliB,** read " nebula." 
— , 19, do • do. 

187, 2, after " finds,** add " them sulnect to.** 

109, 19, for " point ;** read " point,** 

200, 5, for '* and be,** read " and there be.'* 

205, 5, after " indicate," add " with satisfactory acc«ra«y." 

207, 4, for " elUpUc," read " elUpsoidic.** 

— , 28, after " preaent,** add " us. 
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REMARKS. 



A SLIGHT attention will make the Plates and Tables easily un- 
^rstood. 

In the Plates, the references have been avoided as much as pos- 
sibloi by writing in full all the most necessary explanations and 
references. 

In Plate I. the orbits of the Comets are distinguished from those 
of the Planets by being drawn in somewhat stronger lines. 

The Tables will easily be understood, as, in general, they have 
the Planets at the heads of the columns, and any of the terms in- 
quired into, as indicated in the margin, will be found in the column 
of the corresponding Planets. 

Table Y. presents more properly what is called in Astronomy a 
Table of Double Entry , or similar to the Pithagorean Multiplication 
Table ; the planet, as ranged in the lefl hand column, will see each 
of those marked at the heads of the columns as indicated beneath 
this second plao^t, when in their greatest elongation from the Sun. 

Wherever double numbers appear in the tables for the same re- 
sult, the upper indicates the best determinations followed until very 
lately, and the lower denotes the newest result obtained ; those 

numbers only that are different are written, the indicating the 

repetition of the upper numbers. 
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